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PROBLEMS

1. WHOLE RATIONAL EXPRESSIONS

The problems presented in this section are mainly on the
identity transformations of whole rational expressions.
These are the elementary operations we have to use here:
addition, multiplication, division and subtraction of mono-
mials and polynomials, as well as raising them to various
powers and resolving them into factors. As regards trigono-
metric problems, we take as known the definition of trigonc-
metric functions, principal relationships between these
functions, all the properties connected with their periodi-
city, and all corollaries of the addition theorem.

Attention should be drawn only to the formulas which
enable us to transform a product of trigonometric functions
into a sum or a difference of these functions. Namely:

cos 4 cos B=-;—[cos (A< B)+cos (A— B)},
sin A cos B=[sin (4 + B) +sin (4— B)],

sin 4 sin B —:-—;—[cos (A— B)—cos (4 + B)].

1. Prove the identity
(a® + b%) (2* + y?) = (ax — by)® + (bx + ay)®.
2. Show that
(az+b2+02+d2)(x2+y2+Z2+t2)-‘—_‘—
= (ax — by — cz — dt)® 4 (bx + ay — dz + ct)? +
+ (cxz + dy + az — bt)® 4 (dx — cy + bz + at)?.
3. Prove that from the equalities
ax — by —cz—dt =0, bxr+ay —dz+ct =0,
cx +dy +az—bt =0, dr—cy -+ bz + at =0,
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follows either a = b =c=d =0,0orz =y =2 =1t = 0.
4, Show that the following identity takes place

(a® + b + ¢®) (2 + y® + 2% — (ax + by + c2)® =
= (bx — ay)? + (cy — b2)? + (az — cx)?.
9. Show that the preceding identity can be generalized in
the following way
@+a+...4a) BB+ 4+...+0b) =
= (atby + azby + ... + a,b,)? + (atb, — azby)? +
+ (a1bs — azby)® + . . . + (ap-1b, — a,b, )%
6. Let
n(@+b+c2+...+ 8B =
=(a+b+c+ ...+ 02

where n is the number of the quantities a, b, ¢, .. ., L
Prove that then
a=b=c=...=1

7. Prove that from the equalities
d+a+...+at=1 bi+b+...+0b=1

follows
——1<a1b1 +a2b2+ .« . —I—anbn< +1..

8. Prove that from the equality
y—2+GE—2+(—y?=
=Wy+2—22)2+(z+z—2y) + (x + y — 22)2

follows
zT =y = 3.

9. Prove the following identities
(a® — b9 + (2ab)* = (a® + b7,
(6a® — 4ab + 4b%)3 = (3a% + Sab — 5b?)3 +
+ (4a® — 4ab + 60?32 + (5a% — Sab — 3b2)3.
10. Show that
(P — )* + 2pq + ¢* + (2pg + p?)* = 2 (p*+pg+4¢°)*.
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11. Prove the identity
X+ XY 4+ Y2 =23

X =¢+43pg® —p*, Y = —=3pqg(p + 9),
Z = p* + pq + ¢~

if

12. Prove that
(3a + 3b)* + (2a + 4b)* 4 a® + b* =
= (3a + 4b)* + (a + 3b)* + (2a + b)*
at k=1, 2, 3.
13. 1° Show that if z +y + 2z = 0, then
(ix — ky)™ + (iy — k)™ + (iz — kx)" =
= (iy — kx)" + (iz — ky)" + (iz — k)"
atn =0,1, 2, 4.
2° Prove that

S+ @+ + @+ + (z+6)"+ (z+ 9" +
+ (z +10)" + (z + 12)" + (= + 15)" =
=+D)"+E@+2)"+@+4H"+ @+ 7"+
+ (= + 8"+ (z + 11)" + (z + 13)* + (z + 14)"
at n =0, 1, 2, 3.
14. Prove the identities
1°a@a+ b+ c+d?+@+b—c—ad?+
+atec—b—d*+(@+d—->b—0c°=
=4 (a® + b® + ¢ 4 d?;
2° (a® — b2 + 2 — d®? + 2 (ab — bc + dc + ad)® =
= (a® + b + ¢ 4 d*)?® — 2 (ab — ad + bc + dc)%;
3° (a® — c? + 2bd)? + (d® — b® + 2ac)® =
= (a® — b* + ¢ — d»? 4 2 (ab — bc -+ dc + ad)?.
15. Prove the identity
@+b+)t+Bb+c—a)+(c+a— b+
+@+b—ct=4(@@ + b+ +
+ 24 (b%% + c%a® + a%b?).
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16. Let s =a + b + c.
Prove that

s(s — 2b) (s — 2¢) +s(s — 2¢) (s — 2a) +
+ s (s — 2a) (s — 2b) = (s — 2a) (s — 2b) (s — 2¢)--8abec.
17. Prove that if ¢ + b + ¢ = 2s, then
a(s—a)?+b(s—b2+c(s—c)+2(s—a) X
X (s — b) (s — ¢) = abc.
18. Put
2s =a 4+ b+ c; 20%2 = qa%+ b2 4 2
Show that
(0* — a?) (0® — b?) + (0® — b?) (0® — ¢®) +
+ (02 — ¢?) (02 — a®) = 4s (s — a) (s — b) (s — o).
19. Factor the following expression
(x +y + 23 — a8 — y® — 2.
20. Factor the following expression
22 + ¥ + 22 — 3aya.
21. Simplify the expression
@+b+cP—(@4+b—c —(b+c—a)P—
— (¢ + a — b)3.
22. Factor the following expression
(b—¢®+ (c —a)®+ (a — b).
23. Show that if a + b+ ¢ = 0, then
a® 4+ b 4 & = 3abe.
24. Prove that if a + b+ ¢ = 0, then
(a® 4+ b + ¢»)? = 2 (a* + b* - cY).
25. Show that
[(a— B + (b — 9 + (c — @)%l =
=2la — b+ (b —c)* + (c — a)'l.
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26. Let a + b+ ¢ = 0, prove that

1° 2 (a® 4 b® + ¢5) = Sabc (a® + b + c%);

2° 5 (@ + b 4 ) (a® + b® 4 ¢?) = 6 (a® + b° + ¢°);
3°10 (@” 4 b7 4 ¢") = 7 (a® + b% + ¢?) (a® + b° + cd).

27. Given 2n numbers: a4, ay, . . ., a,; by, by, . . ., b,. Put

by + by + ...+ b, =s,.
Prove that
aiby + azby + . . .+ a,b, = (a1 — ay) 51 + (a; — a3) s+
+- . . + (an—i - an) Sn-1 + QnSpe
28. Put

a+ ay+ ...+ a, =

S.

ml S

Prove that
(s—a)? + (s —a))’ 4+ oo. + (s —a,) =
=a}+ a4+ ...+ an.
29. Given a trinomial Ax® 4 2Bzy + Cy2.
Put
r=ox + By, y=vyz'+ &y
Then the given trinomial becomes
Az’ + 2B'2'y" 4 C'y"2.
Prove that
B'* — A'C' = (B> — AC) (a6 — Py)2.
30. Let
p;i+g, =1 (i=1,2,...,n)
and

p
Prove that

_ Prtpet...+pn _ 1t at .- +an
- .

n 9=

P1q1+ P292+ - - - + pngn=npg—(p1— p)*—
—(p2—p)®— ... —(pn— D)%
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31. Prove that

1 1 1 1 1 1
T oAt 3 st TR T

1 1 1 1
= (g +s+ - tmm):
32. Let sn=1+—;—-—|—%+ -|-—i-

Show that
o 1 —1
1° sn=n—(g+= +...+”n );
o 1 1
2 nsn—n~{—(n 4= 2 + - ”_1).
33. Prove the identity
1 1 1 1
R R T R e B e R A In
1
5y
34. Prove
1 1 1
(1+a-— )(1— 200 —1 )(1+ 3o —1 )X e X
1 1
X(1+ @n—1)a—1 )(1—~2na——1)=
(n+1)a (n+2)a (nt+n)a
(n+Daoa—1 ~~ (+2a—1 77 (ntn)ya—1

35. Let [a] denote the whole number nearest to @ which
is less than or equal to it. Thus, [a]l < a < [a] 4 1.
Prove that there exists the identity

O e R [ |

36. Prove that

cos (a 4 b) cos (a — b) = cos? a — sin? b.
37. Show that

(cos a + cos b)? 4+ (sin a + sin b)? =4 cos?®

”:1]= [nz].

a—b

2 )
o @a—b
2

(cos a —cos b)®+ (sin a — sin b)? = 4 sin
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38. Given
(1 + sina) (1 + sinb) (1 + sinc) = cos a cos b cos c.
Simplify
(1 — sina) (1 — sin d) (1 — sin ¢).
39. Given

(1 4+ cosa) (1 + cos B) (1 + cosy) =
= (1 —cosa) (1 — cos B) (1 — cos y).
Show that one of the values of each member of this equal-
ity is
sina sin P sin y.
40. Show that
cos (& + B) sin (@ — B) + cos (B -+ y) sin (B — ) -+
+ cos (y + 8) sin (y — &) 4+ cos (8 -+ a) sin (6 — a) = 0.
41, Prove that
sin (a + b) sin (a — b) sin (¢ + d) sin (¢ — d) 4
-+ sin (¢ 4+ b) sin (¢ — b) sin (d 4 a) sin (d — a) +
+ sin (d + b) sin (d — b) sin (a + ¢) sin (a — ¢) = 0.

42. Check the identities:

1°cos(P+ y—a) + cos (y + a — B) +
+cos(a+ P —7vy) + cos (a4 P+ y) = 4cos a cos P cosy;
2° sin (@ + B+ y) + sin (B + vy — @) -+ sin (y+a—P)—

— sin (@ + B — y) = 4 cos a cos P sin y.

43. Reduce the following expression to a form convenient
for taking logarithms

sin(A—l—%)—}—sin (B —}-%—)+sin(0+.‘2_)_|_
+cos(A+%)‘+COS(B+—Z—)+COS (C+-2_)
it A+ B4 C =m.
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44. Reduce the following expression to a form convenient
for taking logarithms

Cc

. A . B . C A B
smT—}—smT—{-smT+cos—4—+cosT+cosT

if A+ B+ C = m.
45. Simplify the product

cos a cos 2a cos 4a . . . cos 2" 1q.
46. Show that

cos

CcoS

zucos—?it—cosﬂ 5nc 6nc 7:rt_ 1\7?
15 15 15 COS 15 COS 5 08 15‘(2)

n
15

47. Given sin B=—sin (24 + B).
Prove that

tan (A—|—B)=——'g—tanA.

48. Let A and B be acute positive angles satisfying the
equalities

3sin? 4 + 2sin®? B =1,
3 sin 24 — 2 sin 2B=0.
Prove that A4 + 2B = —g-
49. Show that the magnitude of the expression

cos® @ + cos® (a + @) — 2 cos a cos ¢ cos (a + @)

is independent of ¢.

50. Let

a = cos ¢ cos P + sin ¢ sin P cos 6,

a’ = cos ¢ sin{p — sin ¢ cos P cos §, a” = sin ¢ sin §;

b = sin @ cos{p — cos ¢ sin Y cos 0,

b’ = sin ¢ siny + cos ¢ cosP cos 6, b” = —cos ¢ sin 6;

¢c = —sinyPsin §, ¢ = cosysind, ¢" = cos 0.
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Prove that
@+ a2t a? =1, b+ b2t b =1,
2+ 2+ ¢ =1,
ab+ a'd’ + a"b" =0, ac+ a'¢’ + a"c”" =0,
be + b'c¢’ + b"c¢" = 0.

2. RATIONAL FRACTIONS

Transformations of fractional rational expressions to be
considered in this section are based on standard rules of
operations with algebraic fractions.

Let us draw our attention only to one point which we have
to use (see Problems 15, 16, 17). If we have a first-degree
binomial in =z

Az + B

and if we know that it vanishes at two different values of z
(say, at £ = a and z = b), then we may state that the
coefficients A and B are equal to zero. Indeed, from the
equalities
Aa+ B =0, Ab+ B =0 (%)
we get
A(a—b) =0

and since a — b 5% 0, then 4 = 0. Substituting this value
into one of the equalities (*), we find B = 0. Similarly,
we may assert that if a second-degree trinomial in x

Az* + Bz + C

vanishes at three distinct values of z (say, at z = a, 2z = b
and z =¢), then 4 =B = C = 0.
Indeed, we then have

Aa®>+ Ba + C =0, Ab>+ Bb+ C =0,
Ac? + Be + C = 0.
Subtracting term by term, we lave
A@—b)+B(a—b =0, A(a’®—c?) + B(a— c)=0.
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Since a — b#*0, a —c5%0, we have
A@a+b+B=0, A(a+c)+ B-=0.

Hence A = 0 (since b — ¢ 5= 0), and then we find B =0
and C = 0.

Analogously, we can show that if a third-degree poly-
nomial

Ax® + Bx* + Cx + D
vanishes at four different values of z, then
A=B=C=D =0,

and, in general, if an nth-degree polynomial vanishes at
n + 1 different. values of x, then its coefficients are equal
to zero (see Sec. 6).

Finally, considered in this section are a number of pro-
blems pertaining finite continued fractions. We take as
known the information on these fractions contained usually
in elementary textbooks.

The principal trigonometric relations used in solving
triangles are also taken here as known.

1. Prove the identity

P=(p ) + o) o

2. Simplify the following expression

(p41—q)3(1}3 + «113 )+ (qu)“ ( 1:2 +?12_)+ (piq)5 (%4‘%)'

3. Simplify

1 1 1 2 1 1
(10-}—q)~°'(104 —?—)+ (p+q)* ( PP P )+
2 1 1
RERTEE (pz N qz)’
4. Let
a—b b—c c—a

T= a+b "’ y= b+c ’ 2= ct+a’

Prove that

(A+2)(1+y) A+2)=(1—2) (1—p) (1—2).
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9. Show that from the equality
(a4+b+c+d)(a—b—c+d)=(a—-b+4c—d)(a+b—c—d)

follows

6. Simplify the expression

ax? 4 by? - cz2
be (9 — 27 T ca (s— o) T ab (e — )2

if
ax +- by +cz=0.
7. Prove that the following equality is true

z2y222 (zz_az) (y2 — a?) (zz__az) (Iz_bz) (y2 __bz) (zz__bz) _
a2p2 a? (az_bz) b2 (b2 — a2) -

=22 y2+z2—a2—b2.

8. Put
ak bk ch
G=h@—o T —at—a T =a b
Prove that
So=38,=0, S;=1, Sg=a-}+b+c,
Sy=ab-+4ac+ bc 4 a®+ b+ 2,
S5 = a3 4 b® + c*+a% - b*a-}c%a +- a*c 4 bc + ¢*b 4 abe.
9. Let
ak bk
—he—aa—a T t=ab—a6—4 T
ch dk .
T (c—a) (c—b) (c—ad) + (d—a)(d—b)(d@—c)
Show that
S0=S1=S2=O, S3=1, S4=a+b+c+d.
10. Put

_mat+b)(atc)  ;mbte) (b a) m(cta)(cib)
On=0a" =0 " t—a6—a) T —ae—h"

Compute 0y, 0y, 03 and o,.

=S,.

Sh.
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11. Prove the identity
pe 2= (a—P) (a—Y) +ca (b—a)—P) (b—7) |,

(a—b) (a—c) (b—a) (b—c)
(c—a)(c—B) (c—7)
+ ab =2 (c—b) = abc —afy.
12. Show that
a2b2c2 a2b2d>?
(a—d)(b—d)(c—ad) + (@—c)(b—c)(d—c) +
a2¢2d? b2c2d2
T T e—nE=b T g —a@—a) —
= abc + abd 4- acd + bed.
13. Simplify the following expressions
o 1 1 1 .
1 a(a—b)(a—c) + b(b—a)(b—c) + c(c—a)(c—b)’
o 1 1 1

a2 (a—b) (a—c)+ b2 (b—a) (b—rc) + 2 (c—a)(c—b)

14. Simplify the following expression
ak. bR

(a—b)(a—c)(r—a) + (b—a) (b—c) (x—Db) +

ck

+ (c—a)(c—b)(xr—c)

where k=1, 2.
15. Show that
b-+c4d c+d+4a
(b—a) (c—a) (z——a)(x——a) + (c—b)(d——’l’))(:_——b)(x—b) +
n d-ta+b + at+bitc _
T @@ —b—0@E—e | @—HE—dCc—d@—ad
. z—a—b—c—d
T E—0@—a

16. Prove the identity

s (r—0b)(x—rc) x—c)(x-—a) (x—a)(z—b)
@ (a—b) (a—c) 0 —c)(b— +e (¢c—a) (c—b) =
17. Prove the identlty

(z—b)(x—¢) (z—a) (z—b)

=1.

(z—¢) (z—
=g T = =
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18. Show that if a4-b-+ ¢ =0, then
a—b b—c c—a ¢ a b
( + + b )(a—b+b——c+c-—a)=9'

c a

19. Simplify the following expression
a—b b—c c—a (a—b) (b—c)(c—a)
a-t+b + b+c + ct+a + (a-+b)(b+c)(c+a)

20. Prove that
b—c a—>b

c—a
e (s R ¥ ety R vy v
2 2 2
 a—b + b—c +

c—a

24. Simplify the following expression
a2—be b2—ac c2—ab
@I Garo T BT 6Fa T CFaeTD
22. Prove that

dm (a—b) (b—c)+-bm (a—d) (c—d) _ b—d
cm(a—b) (a—d)+am (b—c)(c—d) a—c

at m=1, 2.
23. Prove that

{,1_ :1 +$($‘—051)__ z (r—ay) (z—oa) 44

123122 L1003

F— gyt ey )

oLq0lolly .+ . On

X{'1+ :1 + z (z+ o) + z (z+ ay) (z+ o2) _}_...__}_

e g1e s 90203

+ z(z+ay)(z4tag) .- (z+an—y) }:

a1a2a3 Y an

_q_ z2 22 (22 —au2)

al aio e
L (— 1y z2(22—a}) ... (22—ad_y)
afed ... al
24. Given
b2 1 2 g2 ¢2 4 g2 b2 a4 b2_—c2 L

2bc 2ac 2ab
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Prove that two of the three fractions must be equal
to 41, and the third to —1.
25. Show that from the equality

1 1 1 1
T tT =T
follows
1 1 1 1
an + bn + ch = an_.}_bn_{_cn
if n is odd.
26. Show that from the equalities

bz--cy _ cx+4az _ ay -+ bz
z(—azxt+bytecz) = ylax—by+tcz) z(ax+by—cz)

follows

z y z

a(24-c2—a2)  b(a2-}c2—b2)  c(a24b2—c2) °
27. Given

a+p+y=0,
at+b4c=0,
Tyt
Prove that
aa®+ b2+ yc? = 0.
28. If

ad+b+c3=(b+c)(a+tc)(a+bd)
and
B+ —at) 2= (@ — ) y = (@ + B —c) g,
then
L+ +2=(2+y) (z+2) (y+2).

29. Consider the finite continued fraction

1
%t o o
ag + -, 1
c .

an
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Put
Py=ay,, Q=1 Pi=awui+1, @i1=a
and in general
Ppiy=apyPp+ Ppy,
Qr+1= ap+1Qr + Qr-1-

Then, as is known,

1

o =a°+7{1—+ . . (n=0,1, 2, 3, ...).
. +a_n

Prove the following identities

o (L) (1) - (Y1) (1-Le2 )

Py, I Qn Qa+1
o Pn Py 1t (— )t
2 Qn Qo Qo0 Q10Q. T Qn-1Qn ’
3° Pni2Qn-ga— Pn-2Qnsa = (@n+2@n+1@n + Gnis + an) (—1)%
o Pn 1
4 Ppn_y =an+ An-1q + 1
° +E" ’
Qn 1
Qn-1 an+ an_4 + - 1
.
i
30. Put for brevity
1 Py,
a°+71—+', . = (g, @1y - .., Qn)= 0

and let the fraction be symmetric, i.e.
@Gy=0Qan, aA1=0an-g, .- .

Prove that
Pn—lzon-
31. Suppose we have a fraction
1
—_ 1
e +—_ 1
“TT L.y

+—.

a
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Prove that

P+ Phiy=PnyPnii+ PnPrs.
32. Let

Nl.,x

S

and let 2o ang Pn-t be, respectively, the last and
Qn Qn-1

but one convergents of the fraction

Prove that

— Plen+PnPn—i
012;+Pn0n—1

33. Consider the continued fraction

Put
Py=b,, Qo=1, Pi=bb+a;,, Q,=by, ...
and in general
Py =bri1Pr 4 ap1Proy,

Qr+1 = bp41Qr + ap110Qr1.
Prove that

P a
—l: b —l—-—i— a2
Qn 0 bi + b2 +

last
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34. Prove that

rn«‘*‘i —_

ormri

—_
T r1

(the number of links in the continued fraction is equal
to n).

39. Prove that

1 1 1
u_i+u_2+ ...+"‘L7;_—

1
—_ 2
"
1tuy ——32—
Ugtuz — R
B
Up_g+Un
36. Prove the equalily
et I ! c4Coa
by +‘b‘2— c1by 1022..[_.
2 + - . an, 272 ., 4+ Cn-16nln ,
T, cubn
where ¢, ¢y, ...,c, are arbitrary nonzero quanlilies.
37. Prove the following identities
sin nzx o
=2cosx—2co .
8T " 9cosz — * . 1
" 2cos z
(a total of n links);
2° 1+ by +bobs+ ... +bobs ... b=
R 3
b
2t T T — b
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38. Prove that
1° sina-+sinb+sinc—sin (a4 b+¢) =

. . a4b . ad4c . b4c .
= 4 sin 5— Sin —5— sin T

2° cosa+cosb+cosc+cos(a+b+c)=
=4cosa—'§ﬁ-cos ﬁz—c—cos—‘f—_zt-c— .

39. Show that

tana+ tanb 4 tanc— Sn@+5+9) _ tap gtanb tanc.
cosacosbcosc

40. Prove that if A4 B+C =umn, then we have the fol-
lowing relationships

1° sinA+sinB+sinC=4cos—‘g—cos—gcos—2—;

2° cos A+cosB+4cosC=1+44sin izl-sin—g— sinT;

3° tan A+4tan B 4 tan C = tan .1 lan B tan C;
>,. A, B A, C B, C .
4 tarl—z—tan7+tan—2-tan—2—+tan—2—tanT-—i,

5° sin2A4 4 sin 2B +sin 2C = 4 sin Asin BsinC.

41. Find the algebraic relations between the quanti-
ties a, b and ¢ which satisfy the following trigonometric

equalities
1° cosa+4cosb+4cosc=1+44 sin-g—sing—sin—;—;

2° tana+ tan b+ tan c=tan a tan b tanc;
3° cos?a+4cos2b+4costc-—2cosacosbecose=1.
42. Show that

4zyz

z Yy z
1—22 + 1 —y2 + 1—z2 (1—2z2)(1—y2) (1—22)

if
ry+zz+yz=1,
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43. Show that the sum of the three fractions
b—c c—a a—b
1-4-be ’ 14+ac ’ 14ab

is equal to their product.
44. Prove that

tan 3a = tan & tan (—g-—l—a) tan (%——a).

45. Prove that from the equalitly
sint o costo 1

a + b  a-t+b

follows _the relationship
sind a cosé o 1

e R R PR

46. Suppose we have
a4 COS Oy aycoS0s—+ ... 4ancosa,=0,

a;cos (o +0) -} azcos (o +0)+ ... +ancos(axp,+0)=0
(0 5~ k).
Prove that for any A
aq cos (g4 A) 4+ ascos (g +A)+ ... +ancos(an+A)=0.

47. Prove the identity
sin (B—v) 4 sin (y— a) . sin (o —P) —0

cosPcosy ' cosycosa ' cosacosf

48. Let in a triangle the sides be equal to a, b and ¢,
and let

r B o s P s ro— s
—p a = p—a ’ b= p—b ’ c— p—c

where s is the area of the triangle and 2p=a-+t+b-c.
Prove the following relationships

a2 b2 c2

° + t = =2 (ra ot o)

Tq—T ry—r

b

o alr, b2rp c?re _ p® .
2 (a—b)(a—c) +(b~—C)(b—-0) +(c——a)(c—-—-h) o’
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o a+b+c a b c\_ .
] ratrotre (ra o +_':)_4’

be ac

& (a—b)(a—c)r? + (b—c) (b—a) 1 +

ab a2
_l— (C—a) (c—b) rg = (a—b) (a____c) Tole +
b2 c2 4 .
T (b—c)(b—a)rcrg + (c—a)(c—b) rqrp =2

Cre

ro arq brp
+ (c—a) (c—0)

9 @—b (a——c)+ b—o) (b—a)

(btc)ry (ct+a)ry
(@a—b)(a—c) + (b—c) (b—a) +
(a4b)re p

+ (c—a) (c—b) r’

49. Prove the identily

sin (a—c¢) sin (a—d)

sin(a4+b—c—d)= (@) -+
sin (b—¢) sin (b—d)
+ sin (b—a)
90. Given
a b c
cos 0= Ay coscpza—_l_c—, CoS P = P

(0, ¢ and v lie between O and m).

Knowing that a, b and ¢ are the sides of a triangle
whose angles are A, B and C, correspondingly, prove
that

1° tan? —g~+ tan? % + tan? % =1;

C

2° ‘t*ang—tan 2 tan -‘-g—=tan n .

A
2 B

B
tan 5 ta
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51. Prove that

1 1
sin (2 —b) sin (a —c¢) + sin (b—a) sin (b—c) +
1
T sin (¢c—a)sin (¢c—b)
. 1
B 2 cos 22 cos 2—° co b—c
2 )

52. Prove the identities

o sina sin b
sin (a—b) sin (a—¢) + sin (b—a) sin (b—c) +

sin ¢ .
+ sin (c—a) sin (¢ —b) =0
o cos a , cosb
sin (a—b) sin (e —¢) + sin (b— a) sin (b—¢) T
+ cos ¢ —0

sin (c—a)sin(c—b)

93. Prove the identities
1° sinasin (b—c)cos (b+c—a)+
+sinbsin (c—a)cos (c+a—b)+
~+sincsin(a—b)cos(a+b—c)=0;
2° cosasin (b—c)sin(b+c—a)+
+ cos b sin (¢ —a) sin (¢ +a—b) +
~+ cos ¢ sin (a— b) sin (a+b—c¢) = 0;
3° sinasin (b—e¢) sin (b+c—a)+
~+sin bsin (c—a) sin (c+a—b) +
+sincsin(a—b)sin(a+b—c) =
= 2 sin (b —c¢) sin (¢ — a) sin (a — d);
4° cosasin (b—c)cos (b+c—a)+
+cosbsin(c—a)cos(c+a— b))+
~+coscsin(a —b)cos(a+ b—c) ==
= 2 sin (b—c¢) sin (¢ —a) sin (a —¥b).
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94. Prove that
1° sin? 4 cos (B — C) + sin3 B cos (C — A) -
+sin® C cos (A— B) =3 sin 4 sin B sin C;
2° ¢in® 4 sin (B — C) + sin® B sin (C — A) +
+ sin® Csin (4 — B) =0

if A4+ B+ C = m.
55. Prove the identities

1° sin 34 sin® (B — C) + sin 3B sin® (C — A) +
-+ sin 3C sin® (A — B) = 0;
2° sin 34 cos® (B — C) + sin 3B cos® (C — A) +
-+ sin 3C cos® (A — B) = sin 34 sin 3B sin 3C
if A4+ B+ C=nm.

3. RADICALS. INVERSE

TRIGONOMETRIC FUNCTIONS.
LOGARITHMS

The symbol 3/ A is understood here (if n is odd) as the
only real number whose nth power is equal to A. In this
case A can be either less or greater than zero. If n is even,

then the symbol {VA is understood as the only positive
number the nth power of which is equal to 4. Here, neces-
sarily, A = 0.

Under these conditions, for instance,

VA =4 if A>0,
VAe2=—4 if A<O0.

All the rest of the standard rules and laws governing the
operations involving radicals, fractional and negative
exponents are considered here to be known. Let us also
remind of two formulas which sometimes turn out to be
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rather useful in performing various transformations, namely:

VATV B = }/ A+VA2_ ]/A \/Az |
VAV B— 1/A+VA2—— l/A VAZ—

As far as trigonometric functions are concerned, let us
first of all consider the reduction formulas:

1° The functions sin z and cos z are characterized by the
period 2m, whereas tan z and cot x by the period nt so that
we may write the following ecqualities

sin (x + 2kn)=sinz, cos (z -} 2kn)=cos z,

tan (z 4+ kn)=tan z, cot (z 4- kn) = cot z,
where k is any whole number (positive, negative or zero).
2° For the functions sin z and cos x the quantity m isthe
half-period, i.e. the rejection of the quantity 4m in the

argument results in a change in the sign of a function.
Consequently,

sin (x + kn) =(—1)* sin z, cos (z + kn) = (—1)* cos z,
where % is any whole number (positive, negative or zero).

3° The functions sin z, tan z and cot z are odd functions,
and cos x is an even function. Therefore

sin (—z) = —sin 2, tan (—z) = —tan z,
cot (—z) = —cot z, cos (—zx) = cos .
4° If x and y are two quantities entering the relationship

zty=-%,

then
cosr = sin Yy, sinZ = cosy,
tan x = cot y, cotx = tan y.

Using these remarks, we can always reduce sine or cosine
of any argument to sine or cosine of an argument lying

in the interval between 0 and -I—II- The same can be said

about tangent and cotangent.
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Indeed, any argument a can be written in the following
form

ﬂ

where s is an integer, and 0 < a, << 4 , wherefrom follows

the stated proposition. Let us also mention the following
formulas (k an integer):

sinkn =0, tankn =0, coskn = (—1),

sink—;-—-—-O if k£ is even,
km Lol

sin—2—==(-—-1) 2 if k£ is odd,
k L

coS —g=(—1)2 if k& is even,

cos k—g=0 if k is odd.

Further, we use the symbol arcsin z to denote an arc
whose sine is equal to z and which lies in the interval
between —% and +%.

Thus, in all cases

——g-garcsin T +-% .
Similarly
~-—';‘-< arclan z < +-2"-,
O<Carccos z<m,

0 < arccot z < m.

In this section we also give several problems on trans-
forming expressions containing logarithms.

1. Prove that
2+ V3 2—V3 o
(VEvers T vETe s ) 2
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2. Show that

o 3 ] : 2 3 i

0 yVii=V sV itV 5

2 VY5 - h=5 2+ 20— )
30 Vf/28—3/27 =5 (/B— ) B-1);

4° (3+21/_) _ V5+1 .
3—2y5 y5—1'

1
5 5)* stV s~V 5
1

(]/5 iﬁ/Z e 1+V5+VF)';’_=
5 5 4
— 12 + T§_5+1’ 1—35_1’ i%

Prove that

VAae+V Bb+4-VCe +V Dd=
—V(a+b+c+d)(A+B+C+ D).

4. Show that

V@b teit =y a+y b+ ¢

if
— — 3 1 1 1_._
r* =by3 =cz3 and x—l—y—{-z_l.
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Show that
Ay
Amin = AmQn — réznn ’
b b b'n-’l
m+n = AmOn + on
6. Let

=g (5B~ (455
"/g 2 2

(n=0,1, 2, 3, ...).

Prove the following relationships

1° Uppr=un+tn_y;

2° Un_y =Uplln-p -} Up—1Un-p-1;

3° ugny=un-+us_1;

4° Ugn=1uf+-Uj41 —Un_1;

0° up— Un—gUn_tlntilnie =1;

6° Unpilbnig— Unlnyz = (— '1)n;

7° UnUnpy— Un_gln_1 = Ugn_q-

7. Prove the following identities

1 1 1
1° {2[a2+ 597 —a] [(@®+b%)% —b])? =
1
:=a+b—(a2_’_b2)—§-(a>0, b= 0);
1 { 1
2° {3[(a3 + %)% —al [(a®+b%)3 —b])7 =
2

1
=(a+b)3 —(a?—ab+ b?)3.
8. Compute the expression
1 1
(1—ax) (14 ax)t (14 bx)? (1—bx) 2
at

1
a

r=at (22-1)° (0<a<b< 2a).
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9. Simplify the expression
nd—3n4(n2—1) Yn2—4—2
nd—3n+4(n2—1) VYn2—4+42 )

10. Simplify the expression

ViTa .
=t = )X

11. Prove that for x >1
Vx—l—?. Vx—1 +Vx——2 Vx—1

is equal to 2 if 2<C2, and to 2 x—1 if = > 2.
12. Compute

Va+b+c+2 V ac + be +Va—l—b+c—-—2 V ac+ be
(@z20, b>=0, ¢c>0).

13. Prove that the trinomial x®-+ px 4 ¢ vanishes at

=V 3tV gV Vg

14. Express x in terms of a new variable so that }/ z+a

and V x4 b become rational.
15. Rationalize the denominator of the fraction

1
Ve+Vo+ Vet Va + Vo + Ve
if
a b
a’ b

16. Prove that y/"2 cannot be represented in the form

p+Vq, where p and g are rational (¢>0 and is not
a perfect square).
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17. Prove the following identities

t 37 co iﬂ— )
an(—z——a) S ( 5 &
cos 2n—a)

10

4 cos (a-——g-)sin (T—a)+

1 cos (n+a)sin(a——g-)=0;
2° [ —sin (3n—a)-+ cos (3 +a)} X

X [1——sin (%n——-—oc) -+ cos (%’L—a)] + sin 2a = 0;

3° [1—sin (n+a) 4-cos (m+a) > -
—|—[1——-sin (%H—{—a) +
-+ cos (-%—a)]2=4—2 sin 2a.

18. Let a =2kn 4-ay, where 0<lay < 2m.
Prove that there exists the following equality

g O AR 1—cosa
sin — =(—1) V —— -

Let us assume then that o= 2kmn- oy, where —a<C

K% < T
Show that then

1+ cos
cos—;ir—-(——i)k % —j—z———oi.

19. If a whole number a is divisible by » leaving no
remainder, we shall write this in the following way

a = 0 (mod n)

which is read: a is comparable with zero by the modulus n.
What remainders can a whole number leave when being
divided by the whole number n?

It is obvious, that being divided by n, any whole number
can leave the following remainders

0,1, 2,3, ..., n—1.

If as a result of dividing a by n we obtain a remainder #,
then we shall write

a =k (mod n),
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since in this case
a — k=0 (mod n).

Thus, when dividing a by 2 only two cases are possible:
either a is divisible exactly, or leaves a remainder equal to1.

In the first case we write a = 0 (mod 2), in the second
a = 1 (mod 2).

The division by 3 can also yield a remainder (0, 1, 2),
and, consequently, only three cases are possible: a =0
(mod 3), a=1 (mod 3), a =2 (mod 3) and so on.

Consider the following problem.

We have
A=1.
Ay =cos nm.
Az-==2cos (—g— n——'i%n).
‘ 1 1
A;=2cos (—Q-nn—-é—n).
2 1 4
As; =2 cos (3 m— = 1 )+Zcos—5—nn
)
Ag=2cos (%rm——ﬁﬂ)
2 ) 4 1
—9 L e 2
A,_ucos(7nﬂ i n) |—200$(7n:n; 14n)—{-

: 6 1
- 2cos (7nﬂ+—1zn).

Ag=2cos (% n—:—ﬁn)+2(:os (—z—nnm%n).
2 cos (% n———%—é—n)—}—Zcos(—g—nn——% n) -+
-+ 2 cos (%nnﬁ{-—%n).
A,0=2005(%nn—-ﬁ—n)+2cos%nn.
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A“=200s(—12—1—nn—-;—2n') + 2 cos (.“ ni— 55 n) +
+2005(1—61nn——§§-n) —}—dcos(f1 nn— 55 n)+
+2005(1—2—nn—i——2-2—n)

Ap=2cos (%nn—%—n)—&—Zcos(an—l——%—n).

Az = 2005(%1131—%:1:) —l—2cos(—143—n:rt——1%—n)+

6

10 12 4
+2cos— 13 ni~-2 cos ( 13 nn-qt—ﬁn).

1 13 3 3

_ (L =9 cos (= nm — =
A14~2cos(7nn v :rn) {ucos(7nn v :rt)—{—
42 cos S — = :rt)
= (7 14 )

A15_2c°g(15 91 )*‘2005(14r _118“)+

—|—200s(185 ;3 )—{Zcos(ilgrerB )
Am:-2(:os(%nn—l—ﬁn)+2cos(—%nn-}—%§—n)+
+200s(5nn+32 )—|—2cos(—;’—nn+§’2—n).

A.7:—_2cos(127nn+“ )1—2cos(147 n — 1_8731;) I

+ 2 cos (—1—7—nn—— 17 n)+2wq ni —-
—lZcos(},] 11 n)—|—2cos( ——-%ﬂ)—l*
1

—[—2cos(-:—/;—nn—~ﬁn) 2003(;7nn—{—17 )

B 1 20 5 2
Ag=2cos (—Q_nn"}_W n) -+ 2 cos ( 3 :rt—-—ﬁ n)

+2cos(gizn {—%n).
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Prove that

As =0 if n=1, 2 (mod 5),
A; =0 if n=1, 3

Ao =0 if n=1, 2 (mod 9),

Ay =0 if n=1, 2

A3 =0 if n=2, 3, 5, 7 9, 10 (mod 13),

Ay, =0 if n=1, 3, 4 (mod 7),

Aig =0 if n=0 (mod 2),

Ay; =0 if n=1, 3, 4, 6, 7, 9, 13, 14 (mod 17),

and that Ag, A3, A4, Aﬁ, A87 Ag, A127 1415 and A18 never
vanish for any whole n (S. Ramanujan. Asymptotic formulae
in combinatory analysis).

20. Let

p(n)=A{n+H-32+4+B+C(—1)"+4 D cos _.‘Z:r;_n (n an integer).

Prove that there exists the following relationship

p(n)—pm—1)—pr—2)+pr—4+
+p(n—5)—p@r—6) =0.

21. Show that

1° sin 15°= VG V2 , cos15°_— Vb* Vz :

2° sin 18°_—_;1_:Z_]ﬁ, cos 18°=—4—V10+2V5.

22. Show that

V'30—61/5 —V6+2V5
8

V18+615 +V 10—-215
3

sin 6° =

cos 6° =

23. Show that
cos (arcsin ) =)/ 1 —z?, sin (arccosz) =) 1—2a2.

tan (arccot z) = -;— , cot(arctanz)= —
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cos (arctan r) = —1-/T1_-§-;;—2_ , sin(arctanx) = —1-/_1_1—_7 .
cos (arccot x) = —1/—1%;3— , sin (arccot z) = —1—/—11?; :

24. Prove that

I
arctan x 4 arccot r =

. 7
5, Arcsinz + arccos r = -

25. Prove the equality

z-t-y
1—=zy

+ e,

arctan x - arctan y = arctan
where € =0 if xy<{,
e=—1 if zy>1 and 20,
e=+1 if 2y >1 and =z >0.
26. Show that 4 arctan —1——arctan SN
’ ) 239 4
27. Show that arctan —;— --arctan %— -+ arctan % -+

1 14
- arctan =%

2z

28. Show that 2arctan z - arcsin1+x2 =n (z>1).
29. Prove that

arctanx—}—arctané—:—g— if x>0,

arctan z + arctan—}: ——% if £<<0.
30. Prove that

arcsin z - arcsin y = narcsin (z Vm+yVm2)—|—en,
where n=1, e=0 if zy<<0 or 224 y2<1,

=—1, e=—1 if 242 >1, <0, y<0,

N=—1, e=41 if 234+y*>1, z>0,y>0.
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31. Check the equality
arccos z + arccos ( —g— + % V33— 3x‘3) =%
if

1

?<x<1.

32. 1f

A
A= arctan% and B =arctan 3

then prove that cos 24 =sin4B.
33. Let a®-4b%=Tab.
Prove that

log a—;—b =%(loga+10g b).

34. Prove that _logan 1+ log, m.

loggmn o

35. Prove that from the equalities

z(y+z—z) _ y(Gt+z—y) z(z+y—32)
log z log y o log z

follows aV.y*=2zY.y" =2".2".
36. 1° Prove that log,a-log,b=1.
2° Simplify the expression

log(log a)
a loga

(logarithms are taken to one and the same base).
1 1
37. Given: y=101-logx  z=101-logy (logarithms are
taken to the base 10).
Prove that

1
r=101-logz

38. Given.
a® 4+ b? = ¢?.
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Prove that
logpica+loge_na= 2log.y,alog._y, a.

39. Let a >0, ¢ >0, b=} "ac, a, ¢ and acs=1, N > 0.
Prove that
log, N log, N--logy N
log. N~ logp N—log., N °

40. Prove that
1
logaya,...a, ¥ =—7 1 1

o4
]Oganx

logalx + log,, z
41. Given a geometric and an arithmetic progression
with positive terms
a, ay, gy . .y Ay - - -}
b, by, by, . .., by, ...

The ratio of the geomelric progression and the common
difference of the arithmetic progression are positive. Prove
that there always exists a system of logarithms for which

loga, — b, = loga — b (for any n).
Find the base B‘of this system.

4. EQUATIONS AND SYSTEMS
OF EQUATIONS
OF THE FIRST DEGREE

The general form of a first-degree equation in one un-

known is
Az + B =0,

where 4 and B are independent of x. To solve the first-
degree equation means to reduce it to this form, since then

the expression for the root becomes explicit
B

x=_;1‘o



4. Equations and Systems of Equations of the First Degree 41

Therefore the problem of solving the first-degree equation
is one of transforming the given expression to the form
Ax + B = 0. In doing so great attention should be paid
to make sure that all the equations involved are equivalent.
The problem of solving a system of equations also consists
to a considerable extent in transforming a system into
an equivalent one.

This section deals not only with equations of the first
degree in the unknown z, but also with the equations which
can be reduced to them by means of appropriate transforma-
tions (such are equations involving radicals, trigonometric
equations and ones involving exponential and logarithmic
functions). Here and in the following section we consider
a trigonometric equalion solved if we find the value of one
of the trigonometric functions of an expression lincar in x.

Indeed, if it is known that

tan (mx + n) = A,

then we find
mx -+ n = arctan A -|- km,

where k& is any integer.
Consequently, all the required values of x are given by
formula
arctan A—n - kn
m )

Likewise, if it is found that
cot (mx+n)= A4,
then

mx -+ n=arccot A +kn and z= arccot A —n—+kn .

m

But if it is known that
sin (mz 4+ n) = A4,

then all the values of z satisfying the last equation are
found by the formula

mz + n = (—1)® arcsin 4 + kn,

where k, as before, is any integer.
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Analogously, from the equalion
cos (mx + n) = A
follows

mx 4+ n = 4-arccos A + 2km.

When solving exponential equations one should remembe
that the equation

e =1 (a>0 and is nol equal to 1)
has the only solution z = 0.

1. Solve the equation

x—ac r—2>b

r—ab : C c
a+b + a- ¢ + b—c =atbc.

2. Solve the equation

r—a x—b L—C 1 1 1
et T =2 (et t)

ac ab

3. Solve the equation

6z 2a4-3b ¢ 2r4-G6a4b+43c
6z+-2a—3b—c -~ 2z-4-6a—b—3c"

4. Solve the equation

at+b—=zx atc—zx

¢ + b +
b. Solve the equation
YT, YTy
b + z — T a
/ 6. Solve the equations
1° Va+i+Va—1=1;
2° Vati—Va—T1=1
7. Solve the equation :

VatVz+v a—Vz=7b.

bt+c—zx 4x

a +a+b—f—c=1'
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X 8. Solve the equation
Vi—y#—2=z—1.

9. Solve the equation

VaiVa—b ,/a
VatVz—a _l/ o

10. Solve the equation

VatztVa—z 5 >0

Va+x—Va—x
11. Solve the system
z+y+z=a
x+y—+v=>o
r+z-+v=c
y-+sz+v=d.

12. Solve the system
T+ Zp + 23 + x4, = 2a4
Zy + Xy — x3 — 2, = 2a,
Ty — Ty + x3 — x, = 2a3
Ty — Ty — X3 + x, = 2a,.
13. Solve the system
ar +m(y +2z+v) =k
by +m(x+ 2+ v) =1
cz+m(x—+y-+v)=p
dv+m(x+y-+ 2 =gq.
14. Solve the system

Ty—ay  Tg—ay Tp—ap

my mg mp

x1+x2+ N +.'L'p=a.
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15. Solve the system

1 1 1
—x—*l——y“—l——z"—‘a
t 11
ety
1 1 1
T T
1 1 1
7+7+7:¢
16. Solve the system

ay + bxr = ¢
cx + az = b
bz + cy = a.

17. Solve the system
cy -+ bz = 2dyz
az + cx = 2d'zx
bx + ay = 2d"zy.

18. Solve the system

xy —c Xz . Yz —a
ay-+bzx '  aztecx ' bztcy
19. Solve the system
zyz
yt+z—x=—;5
__zyz
2tE—y="7
zyz
x—l"y'—Z'—:T .

20. Solve the system
b+c)ly+ 2 —ax=b—c
c+a)(zx+2)—by=c—a
a+b(z+y)—cz=a—0>b

a+ b+ cs5%0.

if
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21.

if

22.

23.

24.

29,

26.

Solve the system
c+ay+@a+bdz—(b+c)x=23
(@a+bz+ b+c)x —(c+a)y = 2
b4+c)xz+(c+a)y —(a+ bz =23

b+c¢5#0, at+c%0, ad-b+*0
Solve the system

x y z
gy i My wh ey
z y &
ar T T !

Solve the system
z4-ay+atr+a®=0
z4+by+b2x+b°=0
z+cy+c?x 4- ¢ =0.

Solve the system

z-+ay+a*z-+adt4+-at=0
z-+by -+ b+ b3t - bt=0
z24cy+tctxd-cdt+ct=0
z+dy--d*x+d+d*=0.
Solve the system
z+y+zt+u=m
ar+by +cz-+du =n
a*x-- by - c*z-dPu =k
alx + b3y + 3z + dPu = 1.
Solve the system
X+ 229+ 325+ ... +nx, =a

x2+2x3+3x4+ ce. TR = Q-

Tn+221+32,+ ... +nrp_y=an.
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27. Solve the system

Ty— Xy — Xzg— ... —In=2a
—.7'4"‘}—3.1'2'—- fl:g'—' PPN —:L'n::4a

— Xy — Xo+Trs— ... —axpn=28a

— Xy To— Xz3— —}—(2"—1)3:,,:—2"(1

28. Solve the system
Tyt xo4234 ... fan =1
.El'-l‘x3-+- oo +$n == 2
T+ 2+ &+ .. xTn =3

Ti+x9+ ... 4-Tpg=n.
29. Show that for the equations
ar +b=v, az+b =0.
to be compatible it is necessary and sufficient that
ab’ — a'b = 0.
30. Show that the systems
ar + by +c¢c =0
azx+by—+c¢ =0
and
Lax+by+c)+1(a'x +b'y +¢) =0
- m(az+by+c)+m' (a’x+b'y4c')=0

are equivalent if

Im'—1'm=£0.
31. Prove that the system

ax+by +c =0

a'z+by+c' =0

has one and only one solution if
ab’—a'b~=0.
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32. Prove that from the equations

ax+by =0
a'z-+by=0,
if ab’—a'b=£0, follows
r=y=>0.

33. Show thal the following three equalions are compatible
ax+by +c¢ =0,
a'c+by+c =0,
a”x -t- bl/y + CII:;: 0
if a” (be’ — b'c) + b" (ca’ — c’a) + ¢” (ab’ — a’b) = 0.
34. Let a, b, ¢ be distinct numbers. Prove that from
the equations:

x + ay + a%*z —= 0,
z -- by + b% = 0,
x4+ cy 4 ¢z =0
follows
x =y =12 =0.
35. Prove that from the equations
Ax-+ By +Cz =0,
Az 4 By +Ciz=—=0

follows
T y 4

CiB—CB; ~ CA—CA ~ AB,—AB

if not all of the denominators are equal to zero.
36. Provethat the elimination of z, y, z from the equations

ar -+ cy + bz =0,
cx - by + az = 0,
bx +ay +cz =0

yields
a® - b -+ ¢ — 3abe — 0.
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37. Given the system

Sri=i(144)
f-iot(1-4)
S+ i=p(1—4)
-teb(i+})

Prove that the equations are compatible and determine z,
y and z.

38. Determine whether the cquations of the system

(a+byx 4 (ap- bg) y =ap*+ b4
(@p+bq) x4+ (ap®+b9%) y=ap® - bg’

(ap*~t 4 bg* 1) 2 4 (ap” + bg*) y = ap™+ + bg"* !

are compatible.
39. Solve the system
X1+ Ty =@y
To—+ X3 = a
Xy X, = a3

g’rn_l -l' ttll ::(In__j

Iy +x =an

40. Solve the system

r+y+z=0

2p 2 2
azr b2y | %z 0

a—d * b—d U ¢c—d

b S d(a—) (b—0) c—a)-

I




4. Equations and Systems of Equations of the First Degree

49

41. Solve the system

+a)ly+)=(>@—n (-1
y+d@Ez+m=(0-0)m-—c
(z4+¢)(zx+ n) =(c —m)(n— a).
42. Determine k for the system
z+ A +ky=0
A—kz+ky=1+k%k
A+kz+{12—-ky=—-01+k)

to be compatible.
43. Solve the system

z sin a + y sin 2a + z sin 3a = sin 4a
z sin b + y sin 2b + z sin 3b = sin 4b
z sin ¢ + y sin 2¢ + z sin 3¢ = sin 4c.

44. Show that from the equalities

a b c
sind_sinB _ sinC '’ A+B+C=n

follows
a=>bcosC + ¢ cos B,
b=ccosAdA + acos C,
¢ =acosB 4 bcos A.

45. Show that from the given data
a =bcosC + ¢ cos B,
b=ccosA + acos C,
¢c =acosB + bcos A,

0l<A<n, O0<B<na 0<C<n, a>0,

b>0, ¢>0,
follows

a b c

<ind __sinBi _ sinC and A+B+C=n.
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46. Given

a =bcosC + ¢ cos B a® = b% + ¢* — 2bc cos.A

b=ccosA + acos C (1) b2 = a® + ¢® — 2ac cos B (2)

¢c =acosB + bcosAd c2 = a® -+ b* — 2ab cos C.

Show that systems (1) and (2) are equivalent, i.e. from
equations (1) follow equations (2) and, conversely, from

equations (2) follow equations (1).
47. Given

cosa = cos bcosc + sin b sin ¢ cos 4,
cos b = cos a cos ¢ + sin a sin ¢ cos B, (*)
cosc¢ = cosacos b 4 sin a sin b cos C,

where a, b, ¢ and A, B, C are between 0 and =.
Prove that
sinA  sinB sin C
sina _ sinb _ sinc °

48. Prove that from the conditions of tne preceding
problem follows

1° cos A = —cos B cos C - sin B sin C cos a,
cos B = —cos A cos C - sin A sin C cos b,
cos C = —cos A4 cos B -} sin A sin B cos c;

2° tanie—'l/tanﬁtan P—2 tan p_b‘tan p—¢

4 2 2 ¢ 2 2

if e=A4A+B+C—m=n and 2p =a - b + c.
49. Solve the equation
(b — ¢) tan (r + a) + (¢ — a) tan (x + P) +
+ (@ — b) tan (x + vy) = 0.

50. Prove that sin x and cos z are rational if and only if

tan% is rational.

91. Solve the equation
sin* z - costz = a.
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92. Solve the following equations
1° sin z + sin 2z + sin 3z = O;
2° cosnx + cos(n — 2) £ — cos z = 0.
53. Solve the equation
1° m sin (¢ — z) = n sin (b — z);
2° sin (z + 3a) = 3 sin (@ — 2).
94. Solve the equation
sin 5z = 16 sin® z.

99. Solve the equation

sin x + 2 sin z cos (@ — z) = sin a.
96. Solve the equation

sin z sin (y — z) = a.
57. Solve the equation

sin (@ + z) + sin & sin z tan (@ + z) = m cos a cos z.

58. Solve the equation
cos? a + cos? z + cos? (a + z) =1 + 2 cos a cos (a-+2)
99. Solve the equation
(1 —tanz) (1 + sin 22) = 1 + tan z.
60. Show that if
tan z + tan 2z 4+ tan 3z + tan 4z = 0,

then either 5z = kx, or 8 cos 2z =1 + V'17.
61. Given the expression

ax® + 2bzy + cy?.
Make the substitution

z = X cos & — Y sin 0,
y = X sin 0 4+ Y cos 0.
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It is required to choose the angle 0 so that to ensure the
identity
ax® + 2bzy + cy? = AX? 4+ BY?:.
62. Show that from the equalities
x 4

. Y
tan (0+a)  tan(64P)  tan(0-+7)

follows

$:{:Z sin? (c—P)+ -z:—tz-sinz p— V) + :;L:Sinz(y_a)___o.

X

63. Solve the systems
10 sinz _ siny _ sinz

a b ¢
r+y+z=m;

90 tanz tany tang
a b ¢
z+y+z=m.

64. Solve the system

tanrtany=a
x+y=20b.
65. Solve the equation
1

: 1
3 237 g
66. Find the positive solutions of the equation
¥t =1,
67. Solve the system
a*by =m
z+y=n(a>0,b>0).
68. Solve the system
¥ =y~
a*="b".
69. Solve the system
(ax)log a__ (bu)log b

blog x — glog vy,
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70. Solve the system
2V =y"

" =y".

5. EQUATIONS AND SYSTEMS
OF EQUATIONS OF THE SECOND DEGREE

The present section contains mainly problems on solving
quadratic equations and using the properties of the second-
degree trinomial.

It should be remembered that if the roots of the trinomial
ax® + bx + c¢* are imaginary, then this trinomial retains
its sign at any real values of z. As is easily seen in this
case the sign of the trinomial coincides with that of the
constant term (i.e. with the sign of ¢). Thus, if ¢ > 0 and
the roots of the trinomial ax® + bx + ¢ are imaginary, then

ax® + bz +c¢c>0

for any real z.

When solving systems of equations the following proposi-
tion should be taken into account. Lel a system of m equa-
tions in m unknowns be undecr consideration, the degrees
of these equations being, respectively,

ki, ks, oo Ko

Then our system, generally speaking, allowsforkk,. . . k,,
solution sets. To be more precise, the product of the degrees
of the equations is the maximal number of solutions.
Sometimes this limit is reached (see Problem 23), but some-
times it is not. Nevertheless, this proposition is of impor-
tance, since it prevents the loss of solutions.

1. Solve the equation

72 (b+z) (z+4¢) 4 p2 (b+4c) (b4 2) 42 :c+x)(c+b) = (b+c)2.

(x—b) (x—¢) (b—c)(b—2) c—z)(c—b)

* In this section the letters a, b, ¢, p, ¢ and other constants in
the equations denote real numbers.
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2. Solve the equation
ad(b—c)(x—b)(x—c)+b3(c—a)(r—c) (r—a)+
+c(a—b)(z—a)(z--b)=0
and show that if the roots of this equation are equal, then
exists one of the following equalities

=0.

1 1 1
-+ ——
Vit VBT Ve
3. Solve the equation
(2 —z) '[/a_t?c—(b:-_x)l/;———_h —a—b
Va—x+Vz—b o ’

4. Solve the equation

Vida+b—5z+V4b+a—5x—3 YV a+b—2z=0.

9. Prove that the roots of the equation

—a)(z—c)+A(z—b)(xr—d) =0
are real forany A if a << b <<c <d.

6. Show that the roots of the equation
—a)(z—b+(@—a)(z—c)+ (x—b(xr—0c)=0
are always real.

7. Prove that at least one of the equations

z* + pxr +q =0,
x>+ pix+q =0
has real roots if pjp = 2 (¢; + q).
8. Prove that the roots of the equation
alzx—b(x—c)+b(x—a)(x—2c)+
+c(x—a)(z—0b=0

are always real.
9. Find the values of p and g for which the roots of the

equation
22+ px+q=0

are equal to p and gq.

10. Prove that for any real z, y and z there exists the
following inequality

2+ y*+22—ay —az—yz>0.
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11. Let

z+y+:z=a.
Show that then

2yt 2>t
12. Prove the inequality
z+y+2<V 3 (2 + 2+ 2.
13. Let o and P be the roots of the quadratic equation
z® + px +q = 0.

Put a* + B* = s,.
Express s, in terms of p and g at k = 41, +2, +3, +4,
+9.

14. Let a and P be the roots of the quadratic equation
2+ pr+q=0 (a>0,f=>0).

Express { a-{/ B interms of the coefficients of the equation.
15. Show that if the two equations

A2z +Bx +C =0, A'2*+ B2+ C' =0
have a common root, then
(AC" — CA')2 = (AB' — BA') (EC' — CB’).
16. Solve the system
z(x+y 4+ 2 =ad
y(x+y+2 =0b
z(x +y -+ 2) =c
17. Solve the system
z(x+y+z=a—uyz
yle+y+z2=>b—az

zl@+y+32 =c—ay.
18. Solve the system

y+2z+z=a(y+ 2 (z-+ 2
z+2y +x=>b(+y (z+y)
r+2z24y =

c(y + 2) (= + 3).
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Problems

19. Solve the system
y+zt+yz=a
z+ 2+ xz2=0>
z+y+ ay=c.

20. Solve the system

Yz = ax

zx =by (a>0,b>0, ¢c>0).

Ty = ¢z
21. Solve the system
2% 4 y? = crys
2t 4- 2* = bryz
y? + 2 =axyz.

22. Solve the system

z(y + 2) = a®

y (r + z) = b*

z (& + y) = c%
23. Solve the system

22 = ax + by

¥ = bx + ay.

24. Solve the system
2 =a+ (y —2)°
y? = b + (x — 2)®
2= ¢+ (x — y)2
25. Solve the system
b(x+y) + c(z4 x)

z+4y-+cxy -+ 2z hrz = &
cuts | _a@ty _
y+z4ayz = r+y+czxy

alety ., _bu+n _,

x+z+bzz ' y+4ataysz
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26. Solve the system

2 —yz=a
Y2 —zz2=5»
22 —zy = c.

27. Solve the system
Prr—@+oe=a
2422 —(x+2)y=0»
22+ yP—(r+yz=c
28. Solve the system
22+ YR+ ay =
22 + 22 4 2z = b?
y: + 22 4 yz = al.
29. Solve the system
B4yt P=d
Z? + g + 22 = a?
zr+y +2 =a.
30. Solve the system
ot + oyt 2+ ut = gt
2 +yP+2+dd=d
2 + y? + 22 + u? = a
z +y +2 +u =a.

31. Prove that systems of equalities (1) and (2) are equi-
valent, i.e. from existence of (1) follows the existence of (2)
and conversely.

a® +b® +¢c2 =1, aa’ +bb +4cc’ =0,
a'?4b'24+c'2=1, a'a"4-b'b"+c'c" =0, (1)
a?+b?4c"? =1, aa" + bb" +cc” =0;
a® +a'?4a"%=1, ab+a'b’' +a"t" =0,
b 40240 =1, be4-b'c¢' +b"c" =0, (2)
cd 4?4 =1, ca+tc'a’ +¢"a" =0,
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32. Eliminate z, y and z from the equalities
?(y+z)=a, yP@+z)=b, 2@ty)=c, zyz=abec.
33. Given

Yy z

Z
L _Z_g Z2-Z2=p -1l

2 Yy

Eliminate z, y and z.
34. Eliminate z, y, z from the system

y? + 22 — 2ayz = 0
22 + 22 — 2bxz = 0
2?2 + y? — 2cxy = 0.

35. Show that the elimination of z, y and z from the system
y* + yz + 22 = a?
22 + zxz + 2% — b
x® +zy + y? = c®

14 2y +yz + 2z =0
yields

a@+b+c)b+c—a)lat+c—b(a+b—c) =0.
36. Eliminate x and y from the equations
.'L'"%‘y:a, x2+y2=b7 x3+y3=C-

37. Eliminate a, b, ¢ from the system

r Yy
R
a®+ b2+ ¢ =1
a+b+c=1
38. Given
y z
'5+-z—+—x'==a
x y z
7+;+7=ﬁ
z y y z z x\ _
(7+5) (F+3) (3+7) =
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Eliminate z, y and z.
39. Prove that if

z+y+z+w=0

ar + by +cz+dw =20
(@a—d)? (b—2¢) (zw + y2) + (b — d)? (¢ — a)? (yw + z2) t-
+ (¢ — d)*(a — b)*(zw + zy) =0,

then
x . /] .
d@—b)(d—c)(b—c) (d—c)(d—a)(c—a)
_ 4 _ w
T (d—a)(d—b)(a—b)  (b—c)(c—a)(a—b) "
40. 1° Let
O0<aln, O0<B<m
and
cosoc—l—cosﬂ——cos(cc—{—ﬁ):%.
Prove that
a:B:-—ng—.
2° Let
I<a<n, O0<PB<n
and
cos . cos fcos (o + B) = ——;—.
Prove that
a=B=—J—;-.
41. Let

cos 8 + cos ¢ = a, sin 0 -+ sin ¢ = b.
Compute

cos (6 + ¢) and sin (0 + o).

42. Given that o and P are different solutions of the
equation

acoszx + bsinz = c.
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Prove that
2 a-—-—B _ c2
(v ] 3 @i
43. Let
sin (0-—a) e cs(0—a) ¢
sin@0—PB) b ' cos(0—PB) d°
Prove that
__ac- bd
COS (a—ﬁ)—-m—b;.
44. Given
e2—1 14 2ecos f|-e2
14-2¢cosa-i-¢2 ez —1 )
Prove that
{° e2—1 __etcosP + sinf 14-ecosp
14-2ecosa+e2 ~ edcosa — sina = 14ecosa’
o o B 14-e
2 tanT-tan-§-i 1I—e"

45. Prove that if

COS £ —COS ot sin2 a cos f§

cosz—cosP = sin2Bcosa’
then one of the values of tan % is tan %‘- -lan —g-
46. Let
cos a = cos f cos ¢ = cos y cos 0, sina=25in%’-sin %
Prove that
tan? %— = tan® -g- - tan® %

47. Show that if

(x—a)cos 04 ysin@=(z—a)cos 0+ ysin0;=a
and

0 0
tan-§-~tan—2-_- 21,
then

y?=2azx— (1 —1?) 23.



3. Equations and Systems of Equations of the Second Degree

61

48. Prove that from the equalities

zc0sO+ysinO=zcos@+ ysing=2a

and

2sin L) sin ¥ —1

2 2
follows
Y? = 4a (a —2).
49. Let

cos 0 = cos & cos f.

Prove that
9—|-a 0—a —_ 9 B
tan 5 .tan 5 = tan 5 -

50. Show that if

cosz _ cos(z40)  cos(z4-20) . cos (z 4 30)

a b c d !
then
atc  bitd
b ~— ¢ °
1. Let
aq_ COSQ 2, __ COSY tan0  tano
cos® 0= cosf ’ cos™ ¢ = cosfp ' tang tany’
Prove that
2% o2 ¥ a2 B
tan 5 tan 2—t,an 5

52. Prove that if

cos 0 =cosa cos P, cosq=cosa,cosf, tan%tan%—:tan

then

Sinzp=(coia_1) (co;ai_i)'
93. Let

r cos (a + B) + cos (@ — B) =z cos (B +y) -+cos (B—7v) =

|

(N

t

?

=z cos (y -} &) + cos (y — a).
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Prove that
tan a _ tanp - tan y
tan —i— B4y tan—;— (e 47v) tan —;— (e +B)

D%. Prove that if
sin (8 —f) cos

cos (o +Q)sinff

sin (@ —a)cos P + cos (g —P)sino ~
and
tan O tan o cos (m—f)
tan @ lan f3 + cos (x—+p) ~
Lhen

!

tane_—:i

95. Given
n?sin® (o -+ B) = sin®* o 4 sin? f — 2 sin a sin f cos (@ — P)-

Prove that

(tan B -Fcota), tan (pz—;—(tanoc——cot p).

1 4+n
tano -= ;= tan .

56. Eliminate 0 from the equations
cos (@ — 38) = m cos® B, sin (@ — 30) =m sin? 0.
57. Eliminate 0 from the equations
(a—Db) sin (6 + @) =(a + b) sin (0 — @),

0 P
a tan f”b tan 5 =C.

58. Show that the result of elimination of 0 and ¢ from
the equations
sin B __ siny
sing ' CO8P=

T C0s (B—q)==sinP=iny

cos 0=

is
tan®? @ = tan® f + tan? y.
59. Eliminate 6 and ¢ from the equations
asin? 0 + bcos®? 0 =acos®¢p + bsin2 ¢ =1,

a tan 8 = b tan ¢.
60. Prove that it

cos (6 —a) =a, sin(6 —f) =0,
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then

61

62.

63.

64.

65.

66.

67.

68.

a® — 2ab sin (& — P) + b2 = cos? (& — ).
Solve the equation
cos 3z cos® £ 4 sin 3z sin® z = 0.

Solve the equation
sin 2x -+ cos 2x + sinx + cosx + 1 = 0.

Solve the equation

{—cosz

tan®’z = ———.
{—sinx

Solve the equation
32 cos® x — cos 6 = 1.

Solve and analyze the equation
sin 3z 4+ sin 22 = m sin z.

‘Solve the equation

cos x cos (22 — o
(1 )= cos (z—a)

) =14 kcos2z.

Solve the equation
sint x -+ cos*x — 2 sin 2:::—}—42— sin? 2z =0.

Solve the equation
2 log, a + loggx a + 3 loge, a = 0.

69. Find the positive solutions of the system

Y — ya’ yx+y — 4% (a > O)

70. Find the positive values of the unknowns z, y, u and
v satisfying the system

uPvi=a*, uW®=da¥, u =0, u*=c

(a, b, ¢ >0 and p®—¢>=£0).



64 Problems

6. COMPLEX NUMBERS AND
POLYNOMIALS

We proceed here from the assumption that the principal
operations with complex numbers (i.e. addition, multipli-
cation, division and evolution) are already known to the
reader. Likewise, we take as known the trigonometric form
of a complex number and de Moivre's formula. In factoring
polynomials and solving certain higher-degree equations an
important role is played by the so-called remainder theorein
(stated by the French mathematician Bézout), usually
considered in textbooks of elementary algebra. Let us
recall it: if f (z) is a polynomial in z and if f (a) = O, then
f (z) is exactly divisible by x — a. Hence (assuming that
the polynomial has one root) follows the possibility of
resolving an nth-degree polynomial into n, equal or unequal,
linear factors as well as the following proposition used here
repeatedly: if it is known that a certain nth-degree polyno-
mial in z vanishes at n + 1 different values of z, then such
a polynomial identically equals zero. Consequently, if two
polynomials of the nth degree ni x attain equal values at n4-1
different values of z, then such polynomials are identically
equal to each other, that is, the coefficients of equal powers
of x coincide. Finally, let us mention the relationship bet-
ween the roots of an nth-degree equation and its coeffi-
cients. Let the polynomial

24 "t - ™t Pt P

have the roots z;, z,, . . ., x,, so that there exists the facto-
rizalion '

I+ prt L pext i L pa= (=2 (T — ) . . (T — ).
We then have the relations:
zy +xy+ ...+ 2, = —py,
Ly + 2923 + .. .+ 197, + T3 + ...+ 24T, = Pa,

Tz + . . . F TpyoTp 4T, = —P3,
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1. Let = and y be two complex numbers.
Prove that

lz +ylP+ lz—yPP=2{lz"+ |y*}.
The symbol | a| denotes the modulus of the complex num-
ber a.

2. Find all the complex numbers satisfying the following
condition

1° z = 2
2° x = a8,

The symbol z denotes the number conjugate of z.
3. Prove that

Via+as+ .. Fan) + 01t b+ ... +on)P’<Vad+ 0+
+Va+bi+ ...+ Vo,
where a; and b; are any real numbers (i =1, 2, 3, .
4. Show that
(@+ b+ c)(a+ be + ce?) (a + be? + ce) =
=a® + b 4+ ¢ — 3abc

e2+e4+1=0.

. . n).

if

9. Prove that
(@® + b + ¢* — ab — ac — bec) X
X @+ 2422 —ay — a2z — yz) =
= X*+Y?2 42722 XY —XZ—-YZ

if
X = ax + cy + bz,
Y = cx + by + az,
Z = bx 4 ay + cz.
6. Given

x4ty +z =A,
x+ye +ze* =R,
xr+ye*+ze =C.
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Here and in the next problem & is determined by the equa
lity
e2t+e+1=0.

1° Express z, y, z in terms of 4, B, and C.
2° Prove that

| AR+ | B+ | CP=3{lz”+ |yl*+ | z]*}.
7. Let
A=zx-+yz, A =x"+y +72, AA =a"+y" 4 2",
B=x-+4ye +28* B =z2"+y'e +2'¢?, BB =a"+y"e+2"¢,
C=zx-tye?+ze, C'=x"+ye+z'e, CC'=2"+y'e?}2"%.

Express z”, y” and z” in terms of z, y, z and 2, y’, 7'.
8. Prove the identity

(az — by — ¢z — di)® + (bx + ay — dz + ct)® +
+ (cx + dy + az — bt)®2 4+ (dx — cy + bz + at)? =
= (a® + b* + & + d?) (2 + y* + 22 + 1),

9. Prove the following cqualities

o COSn(p . n 2 n
COSn(P_A—( 2)tan cp+(4)tan4(p——...+A,
where
n
A=(—1)%tan™¢ if n is even,
1‘;—1 n - . .
A=(—1) e 1 tan" 1l if n is odd;
o Sinn® [ n _(n 3 n )
o *( 1 )tancp (3 ) tan (p+( 5 )tan5cp ...+ 4,
where }
n—2 n
A=(—1) 2 (72_1) tan"1¢@ if n is even,
n—1

A=(-—1)T tan” ¢ if n is odd.
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Herc and in the following problems

n k__ nn—1)...(n—k41)
(k)zcn* 123k '

10. Prove the following equalities

el om 2m
1° 92 og?M o — Z 2( )cosZ(m-k)x+ ( );
k m
k=0
R=m-—1
o) . m+h 2m
2° 2 sin®™ x = Z (— 1™ 2( )cos2(m——k)x—l—
k
k=0
2m
+(7)
m
h=m
2 1
3° 2" cos*™M = D) ( ™+ )cos (2m — 2k + 1) x;
k
k=0
h=m 2m 1
4° 2% sin P g= ) (—1)™F ( ) sin (2m—2k+4-1) .
k=0 k
11. Let
Up=coso+rcos (4 0)+rcos(a+420)+ ... +
+r" cos (o + nB),
Up =sina—+rsin (o 4-0) 4 r2sin (e +20) - ... +
-+ r" sin (o + nb).
Show that
__cosa—rcos (a—0)—rn*l cos [(n+1) 0+ a]-+r*2 cos (n0 + a)
Un= 1 —2r cos 0+ r2 ’
__sina  rsin(oe—0)—r"* sin [(n+1) 0+ o]+ r?**2 sin (n0 -+ )
Un = 1 —2r cos 0+ r2 )

12. Simplify the following sums

1° S=1+ncos@+—n—(;—l.—;—9-cos%+ e =

h=n
= > Cncoskd, (Cp=1);

k=0
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h=n
o Or . nin—1) . . R .
2° 8" =nsin0 —I—%—l sin204 ...= 2 C, sin k0.
h=-0
13. Prove the identity
sin®? a4 sin?? 200 - sin*’ 3o 4 ... 4-sin??P noy =

_ 4, 435...2p—1)
—2T 2-4-G-...-2p

if a:—%— and p<2n (pa positive integer).

14. Prove that

1° The polynomial z ("' — na™?) 4+ 4" (n — 1) is divi-
sible by (x — a)2.

2° The polynomial (1 —2™) (1 + z2) — 2na™ (1 — z) —
— n%2" (1 — x)? is divisible by (1 — z)3.

15. Prove that

1° (x + y)* — 2™ — y™ is divisible by zy (zr + y) X
X (2* + zy + y?) if n is an odd number not divisible by 3.

2° (x + y)" — 2" — y™ is divisible by ay (zr + y) X
X (x? + zy + y?)? if n, when divided by 6, yields unity
as a remainder, i.e. if n = 1 (mod 6).

16. Show that the following identities are true

1° (@ + y)° — 2° — y* = 32y (= + p);
2° (z + y)® — &® — y® =5y (z + y) (@ + ay + ¥?);
F@E+y —2 —y =Ty @z +y @+ 2y + >
17. Show that the expression
(z+y+ 2" —a2" —y™ — 2" (modd)
is divisible by
(x+y+ 2> —a% —y> — 2.

18. Find the condition necessary and sufficient for z* 4-
+ y® + 2* 4 kxyz to be divisible by z + y + z.

19. Deduce the conditon at which 2" — a" is divisible
by 2’ — a” (rn and p positive integers).

20. Find out whether the polynomial z** 4 z%0*1 |
gt o gl (a, b, ¢, d positive integers) is divisible by

2+ x4+ + 1.
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21. Find out at what n the polynomial 1 + z? 4 z* +
4. ..+ x?""?is divisible by the polynomial 1 4z 4+ z? +
+ ... 4+ 2"

22. Prove that

1° The polynomial (cos ¢ 4+ z sin ¢)" — cos ngp —
— z sin ng is divisible by 2% + 1.

2° The polynomial " sin ¢ — p"! z sin ng +
+ o™ sin (n — 1) ¢ is divisible by x? — 2px cos ¢ + p2.

23. Find out at what values of p and g the binomial
z* 4+ 1 is divisible by 22 4 px + ¢.

24. Single out the real and imaginary parts in the expres-
sion Va -+ bi, i.e. represent this expression in the form
x + yi, where x and y are real.

25. Find all the roots of the equation

" = 1.

26. Find the sum of the pth powers of the roots of the
equation

2" =1 (p a positive integer).

27. Let
€ = COS —2%—{—1‘ sin l:— (ra positive integer)
and let
Ay =x 4-ye* F 262 L ... L we™ DR
k=0,1,2,...,n—1),
where z, y, 2z, . . ., u, w are n arbitrary complex numbers.
Prove that
R=n—1

2 AP =n{lzP+lyP+12P+ ..+ w}

k=0
(see Problem 6).

28. Prove the identities
R=n—1

1° 22" — 1 =(22—1) > (x2—2xcos—kni+1);
=1

R=n
2kn

9° 21 _ 4 — (z—1) II (x2-—2xcos 1 -1“1);

h=1
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h=n

o om 2k
3° 42 +1_1:(x_}_1)H(x2+2x008-2l—2£-1—+1);
h=1

4° 2n_|_1_ H ( _2zcos LD ;_1 —1»1)

29. Prove the identities

1° sm?n—sm —3% .. sin (n;nlm == ;T{_': :
'll
2° 008 2 ¢0S =X ... cos o _ =
2n -1 2n+1 2n4+1 —  2n

if n is even.

30. Lel the equation 2" =1 have theroots1,a, B, vy, ...

Show that
1—a)(1 —B A —17v)...1—A7) =n.
31. Let

Lyy Loy « « oy Ty
be the roots of the equation

2+t 4+ 24+1=0.

Compute the expression

e e AT
32. Without solving the equations
’:174“ szbz + M2zi(;2 =1,
iz + vz_y;zbz + vzfcz =1,
St e — b

find
x? 4+ y? + 7%

A
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33. Prove that if cos @ + i sin a is the solution of the
equation
" + pa*t+ ...+ p, =0,

then p, sin a-+p, sin 2a+4. . .4-p, sin nae =0 (py, pa, . - . ,
pn are real).
34. If a, b, ¢, ..., k are the roots of the equation

a® + pat 4 pa® 4+ ...+ puax+p, =0
(p1s P2y - - ., Pp are real), then prove that
1+ad(1+0)...(14+ k)=
=1 —pa+pi—.. 0+ (@P1—ps+ps—...)%
35. Show that if the equations
2> + pr+q =0
2 +px+q =0
have a common root, then
(" —ap’) (p — ') = (2 — ¢').
36. Prove the following identities

1° 3'/ cos —27£+ 3'/ coS é?——|— 3'/ cos -87£=
= i/% (5—3y7);
2° 3]/ cos 2—;—}- 3‘/ cosl*—g-[—l— 3|/ cos %n—_—: i/%(?) 7/ 9—86).

37. Let a+b4c¢=0.
Put

a* + b -t =g

Prove the following relations (see Problems 23, 24, 26
of Sec. 1)

28, = S5, Bs5 = 98583,
Os; = Ts3s,, 10s; = Ts,ss,
258783 =21s%,  50s5 = 49s,s?,

1
Sny3 = abesy 4 §'~5'2~5'm 1.
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38. 1° Given

x +y = u-+v,
xz_,_yzzuz_i_vz.
Prove that
xn+yn=un+0n
for any n.
2° Given

z+y+z=u-+t+v-+1{
2+ Yyt 2=+
24+ P+ 2 =u 4 P B
Prove that
2y 2 — Ut vt -t
for any n. '

39. Let
A = x4 + x,8 + 2382, B = x; + x,8* + x3¢,
where .
e2+¢+1 =0,
and x;, x,, 3 are the roots of the cubic equation
x> 4+ pxr + q = 0.

Prove that A% and B® are the roots of the quadratic equa-
tion

22 4 27qz — 27p® = 0.

40. Solve the equation
y +a)y(z+bx+e)(x+d=m
i

a+ b=c+ d.
41. Solve the equation
(z + a)?t + (x + bt = c.

42. Solve the equation

@+b+to)(zt+at+eo)(@+a-t+b(at+b+c)—

— abcx = 0,
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43. Solve the equation
22 + 3ax? + 3 (a® — be) x + a® + b + ¢ — 3abe = 0.

44. Solve the equation

ax* 4+ bx® +cx® +dxr +e =0
if

a+b=>b+c+d=d-+ e

45. Solve the equation

(@a+ b+ 22— 4(a® + b + 2% — 12abx = 0.
46. Solve the equation

2 a?z2

x? 4 G =" (@ and m > 0).
Deduce the condition under which all the roots are real,
and determine the number of positive and negative roots.

47. Solve the equation

(524 4-10224-1) (5a% 41022+ 1)
@I - 1022+ 1) @@+ 10a2 1 5)  **

48. Solve the equation

azz>

T ) r—ay) (e
a2mx£m_1 L szm_p2

(x—ay) (r—ag) ... (z—agy) (z—ay)(z—ag) ... (x—agy)

1 _+_ aq + asx

r—ay = (z—ay) (z—ap)

s

__I_

49. 1° Solve the equation
2> + pxt +qgx+r =90
if 2] = 03
2° Solve the equation

2+ pe2+t+qgr+r=0 if xy = x5 + z3.
50. 1° Solve the system
P+ 22 4+ a® = 3ayz
22 4+ 22 + b® = 3bzx
2 4+ ¥ + & = 3exy.
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2° Solve the system

¥ —a=yt—b=2"—c=ut—d = zyzu

ifa+b+c+d=0.

51. In the expansion 1 + (1 +2) + ...+ (1 4+ z)" in
powers of x find the term containing z*.

52. Prove that the coefficient of -2’ in the expansion in
powers of x of the expression {(s — 2) z? + nx — s} (z+1)"
is equal to

nCs 2,
53. Prove that for t >1 p2?—qz> — p +q >0 (p, ¢
positive integers and ¢ > p).
54. Let z and a be positive numbers. Determine the

greatest term in the expansion of (z + a)".
55. Prove that

1°i"—ii—1)™+
if i > m.

KD 2y 4 (— 1) 1A =0

m—1)

2° mm——m(m—l)m—}—ﬂ—(]_—z——(m——Z)m—{— T
+(—1)"1tm=m!

(i and m positive integers).
96. Prove the identity

(22 1+ a%)" = {z* — Cix"%a® + Ciz*at— ...+
+{Chz™ta—Ciz %3+ ... )2
57. Determine the coefficient of z'! (I1=0,1, ..., 2n) in

the following products
1°{A+z4+224 ... 2" {1 +z+22+ ...+ 2"}
2° I+zx+224 ... L™y {l—ax+ 22—+ ... 4

+ (=12}
3 {(1+22+322+ ... +(n+1) 2"} {1 +224+322+ ... +
+(n+1) 2™},
4° 14224322+ ... +(n+1) 2"} {1 —22 4 32>— ... +

+(—1)" (r+1)2").
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98. Prove that

1°14+CotCat ... =CatCat...=20T,

2° 02n~r—Czn+ —{—Czn =2""2 if n is even;
3° 1+Cip-. Con 1922 -2 it 5 is odd.

99. Prove the 1dent1t1es

1Pty .. %—(2"—!—2cos O

2 Ot Cht-Cht .. =5 (20 2008 L2,
8° Rk Cht Ot =g (2" 42 cos 2T,

60. Prove thal

1° Co+ChaCE + ...:%(2"‘1—[—2%:005 l});
2° c,i+c;’;+cg+...:%(2n-1+2gsinﬁ4£);
3 C2yciyelty .. -12-(2"1 2gcos”T“),
4 CAyclycity .. %(21—1 2gsm-"4£).

61. Prove the equality
P4 224 4 n?=Crp1+2(CatCaci+ ... +C3).

62. If a, a,, a; and a, are four successive coefficients in
the expansion of (1-+x)" in powers of z, then

ay + as __ 2a2
ay+ag ' azta,  astaz
63. Prove the identity
1 1 ,1 1 2!1—1

T(n—1)! + 3 (n—3)! + 5 (n—5)! Tt n—NI 1~

(n even).
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64. Find the magnitude of the sum
s=Ch_-3C3 13203 —3¢CL+....

65. Find the magnitudes of the following sums
6=1—C:+Ct—Cl+ ...,
o' =CL—CotCh—Cht....

66. Prove the identities

1° Co-+2C,+3C24+4Co+ ... +(n+1)Cr=(n+2)2";

20 CL—2C%-3C3+ ... +(—1)"nCh=0.

67. Prove that

1 1 1 2 1 A3 (—1)n-t n__n
gcn—gcn—f'z'cn—] "'+__71—|——10"__n_+—1—°
68. Prove that _
o '1 1 '1 2 1 n 2n+1——1.
1 1+‘2-Cn+§cn + oot — C":_T—_{——l—’
o . 22ch 2302 2403 2n+HC™ In+l__{
2 2€nt—— byttt =
69. Prove the identity
1 1 2. 1 43 (—1Hn 1 n 1 1 1
Cr—5CrtgCnt . .. +———Cr=lt5+g+...+—.

70. Prove that

1° Cp 4 Crps+ Crpot . oo 4 Crpn= Cifhi;

2° Cn—Cn4-Crt ...+ (— 1) Ch = (— 1) Ch_y.
71. Show that the following equalities exist

1 CYCh +CACE 4 .4 CBCY = Chops

2° CaCn+CaCitt 1 . 1 "Cr =
72. Prove the following identities
1° (Ca) + (Ca)* + (C22+ ...+ (Cr)2 = Chu;

2° (Can)?— (Can* + (Con)*— . .. +(Com = (— 1)" C3a;

2n!
(n—r)l(n4+nr!"-
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3° (Cont1)?— (Chapt)+ (Conp1)?— . .. — (CET12=0;

0 ¢ n 21 ——"1!
4 (CL2+2(C224 ...+ n(Chyr= (n_‘1')!(n)_1)!.

73. Let f () be a polynomial leaving the remainder A4
when divided by x — a and the remainder B when divided
by 2 — b (a = b). Find the remainder left by this polyno-
mial when divided by (z— a) (z — b).

74. Let f (z) be a polynomial leaving the remainder A
when divided by £ — a, the remainder B when divided by
z — b and the remainder C when divided by # — ¢. Find
the remainder left by this polynomial when divided by
(x — a) (x — b) (x —¢) if a, b and ¢ are not equal to one
another.

75. Find the polynomlal in z of degree (m — 1) which
at m different values of x, x4, 25, . . ., ,,, attains respecti-
vely the values yq, ¥Ys, . . ., Ym-

76. Let f () be a polynomial leaving the remainder A4,
when divided by  — a,, the remainder A, when divided
by £ — a,, . . ., and, finally, the remainder A,, when divi-
ded by x — a,,. Find the remainder left by the polynomial,
when divided by (x — ay) (z — ay) . . . (x — ap).

77. Prove that if x4, z,, . . ., x,, are m different arbitrary
quantities, f (z) is a polynomial of degree less than m,
then there exists the identity

f(@)=1 (@) o e e T )y

Zg) (Z4—23) ... (T4— Zpm)
(z—z)(z—23) ... (z—1xp)
+ 1 (x3) (s —2) (zz—xs) T 4+ .+
(z—zy) (z—23) ... (2—2Zm—1)
+f (.Z’m) (Zm—z0) (Tm—23) .+ (T —Tm-1)

78. Prove that if f (x) is a polynomial whose degree is

less than, or equal to, m — 2 and zy, 3, . . ., Z,, aTe m
arbitrary unequal quantities, then there exists the identity
I (z1) + f (%2)
(£y—x9) (21— 23) ... (21— 2Zpy) (L2—Zy) (T2—1x3) ... (T2 —Zm)
4.t [ (Zm) ~0.

(:rm—xi) (.I‘m——xz) . e (xm—rm_i)
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79. Put
S, = x{‘ + .‘L‘g‘
T () (@ —28) .. (g —2m) | (T2—2q) (22— 23). . (T2 — )
T
T T ) Gm ) - Em— D
(24, 3, ..., xm are m arbitrary unequal quantities). Show

that s,=0 if 0O<<n<m—1, and s,_;=1, and compute
sp if n>m.
80. Compute the following

-7 ~n
z] z3

S-n= (24— Zo) (24— 23) ... (T4 — Tpy) +($2—~’”1) (Zg—23)...(Z2+ Zm)
b .
T +($m—$1) (Zm—22) ... (Tm—Tm-1) (r=1,2,3,...).

81. Show that if f (x) is a polynomial whose degree is
less than m, then the fraction

f (z)
(z—2z) (x—x3) ... (z—2zp)

(x4, 5, . . ., x,, are arbitrary quantities not equal to each
other) can be represented as a sum of m partial fractions
Ay Ap Am
z—xyq + z— 3 + -t z—zm ’

where A,, A,, ..., A,, are independent of z.

82. Solve the system of equations

o e =1

ai—bi ay— (ll——bn

T2

ST . M|

ag — bn

r Ty, r
i} _b2+...+ n___ —1.

anp—bn

83. Prove that the following identity is true
nl . cy 202
e+ (x+2)...(x+n)  z+1 12 +

3C3 n nCn
+ 13 +(—1) Hm .
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In particular,

1  ChL 2 3 a4y
i 3Gt zh gt -

84. Prove the identity

n @483 ...an , (ag—>by) (ag—by) ... (an—0by)
(=1) bibg ... by by (by—by) . (bi——bn) +
(a4 —bs) (ag— 2) . (ap —by)
+ by (bg — by) . (bz—b =t T
(a4—bp) ... (an bn) __ __4\n
+bn (bn_bl) (bn_bn—l)—( 1) )

85. Prove the identity

(@+B) ... (z+nB) 4 _
@B =D

== Z (—1)"" n(nr)(n2—12) (n2—22) ... [n2—(—1)? _rp
(rh2 il

86. Given a series of numbers cq, ¢(,€5, .. ., Chy Chity - - o-
Put Ac, = cp41 — cp, so that using the given series we can

form a new one
ACO, ACi, Acz, e o o o

We then put
Azck = AckH — Ack
so as to get one more series: A%cy, A%y, A%, ... and so
forth.

Prove the following formulas

1° chyn —-0k+ ~ Acy + i(n——— A?c;, +-

+”m72gﬂmA%an-+A%M

n —1
2° Ay, = Ck+n—“1— Chin-1t r_z_(%_z_) Chyn-2+ .-+ (—1)"¢cs.
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87. Show that if f (x) is any polynomial of nth degree
in z, then there exists the following identity

[@=1 O+ 5510+ =550 850+ ... +
z(z—1)... (« —n+‘2A"f(0),

n!

+

where Af (0), A%f (0), ..., A"f (0) are obtained, proceeding
from the basic series: f (0), f (1), f(2), ... .
88. Show that if

=A@ — )+ S (a—1) (z—2) ... +
——;‘—(x——i) (x—2) ... (x—n),

then Ad,=(s+1)"—CL"+C3(s—1)"+ ... +(—1)°Cs-1™.
89. Prove the identity

nl 1 1
z(z+4+1) ... (z+n) {7+x+1+"'+x+n}=
1 CcL 2 .
:xz—(x+1)2+(x+2)2+ et (=1) (z 4+ n)2"
90. Let

Qr ()= (x—1)(x—2) ... (x—k+1).
Prove that the following identity exists

Pn (24 Y) =@n(2) + CL0n-1 (2) 91 () + CrPna () o (y) + ... +
+ CR7' Q1 (Z) Py (V) + @n ()

91. Prove the following identities

1° 3
x+y—p—1p"2q+ Vg L
+(__1),.n(n—-r—1 (n—r—r? 2) ... (n—2r41) pn_zrq,+ o

o n+i__ n+i n n—

20 =Y L p" g+ p i — ...+

r—Y

+(—=1)Cr_.p™ ¢ + ...,
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where
p=z+y, g=uzy.
92. Let zt+y=1.
Prove that
(1 +Cy+Cry®+ - L") +
+yt(1+Chx4- .. FC L™ =1,
93. Prove that the following identity is true
1 1 1 cL,
(x—a)m(z—b)m = (a—b)ym {(z—a)m+ (x—a)m1(b—a) T
Ch

Chmts
T (z—a)ym=2 (b —a)? Tt (x —a) (b —a)m-1 }"‘

+(b—1a)m {(xib)m_‘_ (x—b)ﬁr; (a—b) T
+ (x__bf{inib)m—i} :
94. Show that constants A, A,, 43 can always be chosen
so that the following identity takes place
(z+y)" =a"+y"+ Ay (a2 +y" %) +
+ Apx?y? (2™ 4y ...

Determine these constants.
95. Solve the system

Zi+2Zy =a
Y1+ Zals = Ay
Ty + Tay; =as
Ty + Tys =a,.

Show how the general system is solved

Zy+ T+ T3+ ... +Tno+Tn=ay (1)
TiY1+ ToYo+ . oo T TnYn=ay (2)

T+ Ty + ...+ Tayn=as (3)

LY Ty T A L 2y T = agn- (2n)
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96. Solve the system
x+y+ztutv=2
pr+qy-+rz-4-sut-tv=23
p2x 4+ q?y 4+ r2z 4+ su + v = 16
pix+ @3y +r3z + sdu 4 t3v =31
pir+qty +riz +stu + 1w == 103
pix +- q°y 4 rdz+ sPu -+ t%v = 235
pbx + g8y 4 réz + sSu - t%v = 674
p'x+q'y+riz+su-+t'v=10669
pir+ qdy 4 réz 4 sdu + t8v = 4 526
- pPx+4 q®y +rz 4 su %0 = 11 595.
97. Let m and p be positive integers (u<Cm). Put
(1 —am)(1—am-1) .., (1 — " Wil

—z)(1—a2) ... (1—zW) =(m, pn).

Prove that
1° (m, p) =(m, m—p);
2° (m, p+1)=(m—1, p+1)+z"* -1 (m—1, p);
37 (my p+ )=, p)+rp+1,p+22(n+2, p)+ ... +
+amoe=t(m—1, p);
4° (m, p) is a polynomial in
50° 1 —(m, 1) (m, 2)—(m, 3)+ ... is equal to
I—z)(1—2x* ...(1—2™1) if m is even,
0 if m is odd.
(Gauss, Summatio quarumdam serierum singularium,

Werke, Bd. II).
98. Prove that

1° (1+zz)(14-222) ... (1 4+ 2"2) =
kh=n " . . Bt k(k+4-1)
— —z?) (1 —zn-1) ... (1 —an—rH) 2 K.
1+ 2 A—z)(I—22)... (1—zF) = o
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2° 14zz)(1+2%) ... (1+ 22" 12)=

h=n
—x2n) (1 —221-2) ., (1— xz-n-zh+2)

_1-{-?1 " (1—22)(1—2z%) ... (1—z2h)

xRk,

99. Let
p=(1—z)(1—2?) ... (1—2z").
Prove that
n(n4-1)
1 z z3 r 1°2 .
Pn _ P1Pn-1 + P2Pn-2 T Pn .

100. Determine the coefficients C,, Cy, Co, ..., C,, in the
following identity
(1+zz)(1+2z7Y)(1+2%2) (14 23271) ... X
X (1422 12)(1+ 22 Y)=Co+Ci(z+271)+
FCo (22D o+ Co (&2,
101. Let

__sin2nzsin(2n—1)z ... sin(2n—kJ-1)z
o sinzsin2z ... sinkz !

Prove that
1°1—ujtus—ug+ ...+ ugpp=

=2".(1 —cosz)(1—cos3z) ...[1—cos(2n—1) z];
2 A—uitui—ui+ ... fupy=

1y sin(2n+2) zsin(2n+4) z ... sin4nz
( sin 2z sin4zx ... sin 2nx ’

7. PROGRESSIONS AND SUMS

Solution of problems regarding the arithmetic and geo-
metric progressions treated in the present section requires
only knowledge of elementary algebra. As far as the summing
of finite series is concerned, it is performed using the method
of finite differences. Let it be required to find the sum
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f@)+7f@2) 4+ ... 4f(n). Find the function F (k) which
would satisfy the relationship

Fk+1) —F (k) =f().

Then it is obvious that

fA+f@+...+f(n)=1I[F @2 —F@W) +
+IF@) —FQl+...+[F(n+1)—F @)l =
=F(n+1) —F().

1. Let a2, b2, ¢ form an arithmetic progression. Prove
1

1 1 .
brec’ ota’ arb also form an arith-

that the quantities

metic progression.
2. Prove that if a, b and ¢ are respectively the pth, gth
and rth terms of an arithmetic progression, then

@—nNat+@T—pb+((p—q)ec=0.

3. Let in an arithmetic progression a, = ¢q; a; = p
(a, is the nth term of the progresswn) Find a,,.
4. In an arithmetic progression S, =¢q; S, =p (S,

is the sum of the first n terms of the progresswn). Find Sp+q-

5. Let in an arithmetic progression S, = §,;. Prove
2
6. Given in an arithmetic progression %’ﬂ-——'s-z— Prove
n
am _ 2m—1

7. Show that any power n* (kK == 2 an integer) can be
represented in the form of a sum of n successive odd num-
bers.

8. Let the sequence a4, a;, . . ., a, form an arithmetic
progression and a; = 0. Simplify the expression

An-2 )

S=lp o p gy (o

9. Prove that in any arithmetic progression

ai’ az, a3, .« o e
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we have

1 1
S=—= — — —
V01+Vaz T Va2+ Vas T T
+ 1 _ n—1 .
Voni+Van  Vai+Va,

10. Show that in any arithmetic progression

ai, Qg, A3, . . .
we have
k :
S=aj—a,+a;—a;+ ...+ a3 —ay =ﬂj(af—a:h)'
11. Let S (n) be the sum of the first » terms of an arithme-
tic progression.
Prove that

1°Sn+3)—3Sn+2)+38S(rn+1) —S, =0.
2° S @3n) = 3 {S(2n) — S (n)}.
12. Let the sequence a4, a,, ..., a,, a@,+1, ... be an

arithmetic progression.
Prove that the sequence Sy, S5, S3, . .., where

Si=ay+ay,+ ...+ a,,
Se=ap41 + ...+ @y, Ss=agpy + ...+ asm, ...,

is an arithmetic progression as well whose common diffe-
rence is n2 times greater than the common difference of the
given progression.

13. Prove that if a, b, ¢ are respectively the pth, qth and
rth terms both of an arithmetic and a geometric progres-
sions simultaneously, then

ab—c Bl Ca—b —1.
14. Prove that
14+x4+224 ... +2™)2—2"=
=1+z+224 ... +2" Y +2+ 22+ ...+ 2™,
15. Let S, be the sum of the first n terms of a geometric
progression.
Prove that S, (S3, — Sa,) = (S22, — Sy)%

16. Let the numbers a4, a,, a3, . .. form a geometric
progression.
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Knowing the sums

’ 1 1 1
S=a+a+as+...+a, S=—d4—+...4+—,
1 2 an
find the product P =aja, ... a,.
17. If a4, a,, ..., a, are real, then the equality
(@i +ai+ ... +al )(@+al+ ... +ak)=
= (a4az -+ asa3+- . . . + ap_4a,)?
is possible if and only if a4, as, ..., a, form a geometric
progression. Prove this.
18. Let a4, a,, ..., a, be a geometric progression with
ratio ¢ and let S,, = a; + . .. + an.

Find simpler expressions for the following sums
1° Si+ 8+ ... + Sy

o A 1 :
Yamata—at ot

1 1 1
airaf T arar T e g

1

30

19. Prove that in any arithmetic progression, whose
common difference is not equal to zero. the product of two
terms equidistant from the extreme terms is the greater
the closer these terms are to the middle term.

20. An arithmetic and a geometric progression with
positive terms have the same number of terms and equal
extreme terms. For which of them is the sum of terms grea-
ter?

21. The first two terms of an arithmetic and a geometric
progression with positive terms are equal. Prove that all
other terms of the arithmetic progression are not greater
than the corresponding terms of the geometric progression.

22. Find the sum of n terms of the series

S, =12z + 222 + 32 + . .. 4+ na™

23. Let a4, as, . .., a, form an arithmetic progression
and uy, Uy, ..., u, a geometric one. Find the expression
for the sum

S = aquy + azyus + ...+ ayu,.
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24. Find the sum
1 \2 1 \2 L1 \2
(e45) +(2+2) +- -+ (" + )
25. Let
Sp=1" 2k L 3* ... +nt.
Prove that

n(n41) q _n(n4-1)(2n41) S. — n2(n41)2
1z Si=m——p > Si=—7—

S, =

26. Prove the following general formula

kE+1)Ek E+1)k(k—1
Bilk g o BEbER—D g

+ (k1S +So=(n-+ 1)1 —1

(k-t-1) S, +

27. Put
1F 28 4 P =Sk (n).

Prove the formula

nSy(n)=Spp(n) +Sp(n—1)+Sp(n—2)+ ...+
+ Sk (2) +Sx (1)

28. 1° Prove that

1P 2k L 3R rf=An*f - BrP L Cn* 14 ..+ Ln,
i.e. that the sum S, (n) can be represented as a polynomial

of the (k + 1)th degree in n with coefficients independent
of n and without a constant term.

o 1
2° Show that A = k+1’ and B=—2—

29. Show that the following formulas take place
S, — n(n—{—1)(2n—{—1)(3n2~1—3n——1)
&

30
Sg = n2 (n+1)2 (2n2 - 2n—1)
12 ’
S, — 6n7+21n6+21n5—7n3+n
6 42

_ n{(n+4+1)(2n+41)[3n2 (n+1)2— (3n2 4 3n—1)]
== 42 ,
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_ 3n84-12n7 4 14n6 —Tnt 4 2n2

= o —

__ n2(n4-1)2[3n2 (n4-1)2—2(2n24 2n—1)]

= 5 .

30. Prove that the following relations take place
S3=Sf, 4Sf=S3+3S5, 2S5+S3:3S3, S5+S7——_—-2S3.

31. Consider the numbers B,, By, B,, B3, B,, . . . deter-
mined by the symbolic equality

(B 1) — B —f +1 (k=0,1,2,3,...)

and the initial value B, = 1. Expanding the left member
of this equality according to the binomial formula, we have
to replace the exponents by subscripts everywhere. Thus,
the above symbolic equality is identical to the following
common equality

Byt +Chi1By+Ci1Bay+ .. .4 Chp 1By + By— By =k-+1.

1° Compute By, By, By, ..., By with the aid of this
equality.

S

2° Show that the following formula takes place
1* -2k 435 . fnf=
= g (R4 G Binh 4Gy 1Bkt 4 .+ Chy i Ban).

32. Let zy, 25, ..., zp form an arithmetic progression.
It is known that

T+ 2o+ ...t xn=a, aj+xi+4 ...+ z2i=0%

Determine this progression.
33. Determine the sums of the following series

1° 1+ 4 +922 4 ... +-n2a™ Y
2° 13 4232 433224 ... F-n3z™ L,
34. Determine the sums of the following series

3 5 7 2n—1
1° 1+7+_4_+—8—+”'+—2—Fi_;

o 3 ) 7 n_y 2n—1
2 -3 5 T (—ymEt




7. Progressions and Sums 89

35. Determine the sums of the following series
1°1—-2+L3 -4+ ... +(—1)"1n;

2°12—-22 L. 32— ...+ (=) n?

31 —-32+2-"724+ ... —(4n—1)%

4° 2.1243.22 1 ...+ (n4+-1)n%

36. Find the sum of » numbers of the form 1, 11, 111,
1111, ... .
37. Prove the identity

x4n+2_+_y4n+2::
— {x2n+1__ 2x2n—1y2+2x2n—3y4_ L. _+_ (_ 1)11 2xy2n}2__l_
— {y2n+1 Qg g Qundpd L ( )" 2yx2”}2.
38. Find the sum of products of the numbers 1, a,

a®, ..., a1, taken pairwise.
39. Prove the identity

(x"-1+x—i_—i)+2 (x"-2+-£72)+ o (n—1) (x—{—%)+n=

B 1 n—1\2
T zn~t (x——1) ’

40. Prove the identity

o 1 1 1 1 1
U istastsat =t
o1 2 f
2 tastesg T T ReTIDeTYy
IEWE 1 .
“—'2‘(7_(n+1)(n+2))’
3° rgrtgest o+ & =
135 7357 T Br=1) @nF1) @ni3
. n(n-41)
= 5@k @ntd)

44. Compute the sum

n4

(2n—1) 2n+-1) ~

14 24 31
S=i3tzztsszt -+
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42. Let ay, ay, ..., a, be an arithmetic progression
Prove the identity

1 1 1 2 ( 1 1 1 )
aja, + asan_q et apay  ayta, \ a4 + as LIRS +an ’

43. Prove that

o n n+1 n+p 1 1 .
T emmterat oo W T wi e
o 1 1 1

e e Tt e <

1 1 1 -
<:7[n!_%n+p+n!J
(n and p any positive integers).
44. Simplify the following expression

1 2 4 an
ittt

45. Let Sp=1+ 445+ ...+—.
Prove that
n—}—p—{—i n—p n—p—1 + 4 1 }——S _s
=8, P

n—p+1 ln(p+1) ' (n—1)(p+2) n(p-4 1)
46. Let
1
Sn=1+4g345+...+=.

» _n+41 1 2 n—2
Sn="=3 —{n(n—1)+(n——1)(n—2)+ ' *T}

Prove that S, =S,.
47. Let S, be the sum of the first & terms of an arithme-
tic progression. What must this progression be for the

ratio ‘?S,hx to be independent of z?

e o
48. Given that ay, a5, ..., an form an arithmetic pro-
gression. Find the following sum:

i=n
_ Aili 1849
=3 .

_ aj+Qjyg
i=1
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49. Find the sum

1 1
cos o cos (a—+ B) +cos (. + B) cos (a + 2B) Tt

1
T cosTa 1 (n—1) Blcos (o T-nP)

950. Show that

1 o 1 o 1 o
tana—!——z—tan?%——é—tan—(—}— ot tan g =
1 o
= 1 €Ot 5 — 2 cot 2a.

91. Prove the following formulas

1° sina4-sin(a4+h)+ ... +sinja+(n—1) k] =

. nh . n—1
51nTsm(a+—2—h)
= — :
sin -

2° cosa-tcos(a+h)+ ... +cos[a+ (n—1) h]=
sin ﬂcos(a+n_1h)

3 2
Sin—z—
92. Find the following sums
o .om . 2n . (n—1)=
S~Sln-n—+SlnT+ ...+Sln———;—,
' T 27 (n——-'l).T[
S’ = cos —+c0s —+ ... cos——.
93. Show that
sina+sin3a+...—|—sin(2n——1)a=tan na

cosa-tcos3a--...4cos(2n—1) o

94. Compute the sums
S,=cos?xr 4 cos?2z-} ...+ cos?2nzx,
Sp=sin?z |-sin22z |- ... 4 sin?2n.r.
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55. Prove that

ke
.+.
[

if m +n is divisible
by 2(p-+1);
if m—n is divisible
by 2(p+1);
if m=%=n
and if m4+n and m—n are
not divisible by 2(p +1).

|

=
+
[

i=p

Z sin maut sin nl
p+1 " p+1

i=1

(an) Nl

56. Find the sum

x xr
arctanm -+ arctan m + ... +

-}-arctan T (’f+1)x2 (x>0).
57. Find the sum

r

,
arctan - arctan ...+arctan ———
14 aqay - 1+a2a3+ T 1+anan,
if a4, a;, ... form an arithmetic progression with a common
difference r(a; >0, r > 0).
o8. Compute the sum
R=n
D arctan — ¢
: 2 KE LK%
-1

99. Solve the system
L : 7
ZySin—— -+ Iy sin 2—5——1—
.o T . 7
+x3sm3-;-—{—...+xn_1sm(n——1)7=a,,
xisinzTn+xzsin22'?—+

. 27 .
—l—x3sm3—n——{— «v. + Zn_gSin (n——1)—2n£-————a2,
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. 3n . 3
Ly Sin— -z, sin ZT+

+x3sin33—:-+ e+ xpgsin (n—1‘)—3-:—=a3,

n—1)n
( ) =gy

+ Znogsin (n —1)

8. INEQUALITIES

Let us recall the basic properties of inequalities.

1° If a > b and b > ¢, then a > c.

2°If a> b, then a +m > b + m.

3° If a > b, then am > bm for m > 0 and am << bm for

m << 0, i.e., when multiplying both members of the inequa-

lity by a negative number, the sign of the inequality is
reversed.

4° If a > b > 0, then a* > b* if > 0.

This last inequality is readily proved for a rational z.

Indeed, let us first assume that x = m is a whole positive
number. Then

— b= (a—b) (™ 1+ am 2 + ... 4 bmY),

m

a

But either of the bracketed expressions on the right
exceeds zero, therefore a™—b™ >0 and a™ >b". We now

1 x x_ _m/~— m/7T
put z=—. Then a*—b =V a—/0.
We have

(a—b) =270 (Va4 ...+ 7T

Hence, actually, it follows that

m 50, ie W a>"T.
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Let, finally, x=§. We have

P 2 —_— —
a*—b*=ad —bd =3 a® — Y bP.
But a? > b? (as has been proved), consequently, V&—‘T>

> /' bP. To prove this inequality for an irrational z we may
consider z as a limit of a sequence of rational numbers and
pass to the limit.

5° If a>1 and z >y >0, then a* > a¥; but if 0 <
<a<<1 and x>y >0, then a* <<a¥. The proof is
basically reduced to that of a* > 1 if &« >0 and a > 1
and can be obtained from 4°.

6° log, x >log, y if x>y and a > 1; and log, z <<
<log,yifz>yand 0 <<a<<1.

Out of the problems considered in this section, utmost
interest undoubtedly lies with Problem 30 both with
respect to the methods of its solution and to the number
of corollaries. Problem 50 should also be mentioned with
its inequalities useful in many cases.

1. Show that

1 1 1 1 cos s
n+1+n+2+ ...+ 5. >3 (n, a positive integer).

2. Let n and p be positive integers and n > 1, p > 1.
Prove that

1 1 1
n+1 n4-p+1 < (n-+ 1)2

1 1
toreE T T e <

1 1
<% Tntp
3. Prove that the sum of any number of fractions taken
from among the sequence 5 -317, 4—12—, ... is always less

than unity.
4. Prove that

V ni=Vn.
9. Show that if a is a defective value of VA to within
unity (a<<)/ A4 <a-+41), then

A—a2 - A—a2 1
i Py <VA<a+ %F 1 T T@aTD -
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6. Prove that

1
1 — — 2 1—-2
+V2 V + . +1/ <2V n+1

7. Prove that

1 1 1
21/§< 7 C2s < Vi1

8. Prove that
ota>1+coth (0<0<m).

9. Show that if A+B4+C==n(4, B,C>0) and the
angle C is obtuse, then

tan A tan B < 1.
10. Let tan O = ntan ¢ (n > 0).

Prove that
n—i)2

tan? (0 — g) <1

11. Show that if

1
coswcosp | tan @ tan p=tany, then cos2y<0.

12. Let us have n fractions

aq (12 .
-b_;-’—b?’ c ey bn b>0 (l———1,2,...,n).
, . a1+as+...4an . . .
Prove that the fraction S Ry is contained bet

ween the greatest and the least of these fractions.

13. Prove that ™*"*-*»/4h .. 1 is contained between
the greatest and the least one of the quantities

“a, Vb ..., VL
14. Suppose 0 < a <Py < ...<x<%

Prove that

‘ sina--sin f+siny+ ... 4sinA
tan @ < cosa+cosP-cosy+ ... +cosh < tanA.
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15. Let 2% = y* + 22 (z, y, z > 0).
Prove that
> yr + 2 if A > 2,
o < yh + 2 if A << 2.

16. Prove that if
a’> + b* =1, m? 4 n? =1,

then|am + bn| << 1

17. Let a, b, cand a + b —¢, a +¢c— b, b +¢c — a
be positive.

Prove that

abe=Z(@a+b—c)(a+c—0b)(b+c—a).

18. Let
A+ B+ C =m.
Prove that

tan? ——[—tan %—Ltan - -—=1.

19. Let
A+ B+ C =mn(4, B, C > 0).

Prove that
c .

sinAsinB i <
5 '—2-5n—2—\~

ol

20. Given
A+B+C=ﬂ(A,B,C>O).

Prove that
1° cos A 4 cos B+ cos C<

ALl 3.

COS o< —

A
o
2° cos —2—008‘7

21. Prove that
Vieto)b+d)=Vab+|cd (a, b, candd>0).

22. Prove that

S (4)Y @>0, 60
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23. Prove that
1° a+b >Vab (a b>0)'

20 ”““; 2 Va<y S it a>o.
24. Prove that

LR >y e (a, b, ¢ >0).
25. Prove that

Va_ia_z+1/&?f§+ Van-ian~< (a1+ az+ ...+ an)

(ai>0; i———1, 2, . ey n).

26. Let a; >0 (i =1,2,...,n) and aya,...a, = 1.
Prove that

l+a)(l+a)...(1 +a)=2
27. Prove that
1° (a+b) (a4¢) (b+c)>8abc (a, b, ¢ > 0):
° a b
2 b+c + a-t-c + a+b >
28. Prove that

Y@+ k) ®F 0 (c+ m)>y abe+ Y kim
(a, b, ¢, k, I, m>0).

29. Prove that

1 1 1 9
;-l—j-l—';}m (a, b, ¢ > 0).

30. Prove that

x‘+x2“‘_n'”+x”>Vx1x2 oo Zn (i>0; i=1,2, ...,n),
the equality being obtained only in the case
xlzxz—_- e e =Tp.
31. Let ay, a3, ..., a, form an arithmetic progression

((l,'>0).
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Prove that Vaian /a[az 5
In particular

32. Lel a, b, and ¢ be positive integers.

a b c

Prove that agetb+c.pa+b+c, C“+b+c>-——(a+b 4 )

33. Prove thal if a, b, ¢ are positive, rational and such
that the sum of every two numbers exceeds a third one, then

(15 (150 (12 e

34. Let a, b, ¢, ..., | be n positive numbers and

s=a+t+b+t+c+ ...+ 1.

s n2

s . s
Prove that — + 573 4. S ;n_1.

39. Prove the inequalitly
(atbs+ aghy | ... +anbn)’<<(ai+ a3 | ... fap) X
X (B4 B4 .. B,
36. Prove the inequality
a4t ... +an <<V n(@+ a+ ... +add).
37. Prove that

| 1 1
(@ bay bt (b b x—n) >nt.
38. Let
X+ 2Zy+4 ... Lp=Dp,
TiXo -+ Tyx3 - ...+ TZp A ToX3+ ... 4 TpgTpn=q.
Prove that
—1
LIRS
39. Let a, b, ¢, ..., 1 be n real positive numbers and

let p and ¢ be also two real numbers.
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Prove that if p and ¢ are of the same sign, then

n(aPtl] bR 1P > (aP P L IP) X
X (a® L b1+ ...+ 19).

And if p and g have different signs, then

n(aP 4D P (@ P L IP) X
X (ad b 19).
40. Prove that

1° (1 + a)» > 1 + aA (o is any positive number; A > 1
is rational).

2° 1 4+ a)* < 1—(117» (@ >0 real, A rational and posi-
tive, ad << 1).
4. Let u, = (1—}—%) , n is a positive integer.

1° Prove that
Upt+1 = Uy

2° Prove that u, is a bounded quantity, i.e. there exists
a constant (independent of n) such that u, is less than this
constant for any n.

42. Prove that

V2>3>04>y5>06>...>9n>
> >
43. Prove that

2> V3>Y4>)5>..>" V' n>y nt 1> ...
44. Let us have

ayxy + a19%y + . .. + apx, = Y,
Ap1Xy + ATy + . . . + A%y = Yo
anixi +an2x2 + LI + annxn = ynv

where a;; > 0 and rational, z;; > 0.
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Furthermore, it is given that

ak1+ak2+...+akn=1,

Qp + oy + ... Fapy = (k=1,2,..., n).

Prove that
YtYa - - - Yn = T1Z2 . . . Tp.
45. Let
a; >0, b,>0 (i=1,2,...,n).

Prove that

V(al + b)) (ag+-by) ... (an - bn)>{ya1a2 ce.Qp-k

4/ bibs ... b

46. Prove that
(x1+x2+...‘-y xn)h< xi‘-#:c;‘{—...—{—x,}:
n

= n ’

n and k are positive integers, x; > 0.
47. Let the function ¢ (¢) defined in a certain interval
possess the following property
11+ Lo @ (1)1 @ (L)
P ( ) ) <

n

for any two #; and ¢, not equal to each other.
Then

¢ (tl*L t2+---+tn) <(P(t1)+(P(t2)+---‘!T (P(tn)

n n

b

where ¢, t5, . . ., t, are n arbitrary values from the given
interval not equal to one another.
48. Find the greatest value of the sum

S =sinay + sinay, + ... 4 sinq,
if
a; >0and ay +a, + ...+ a, = m.

49. Let z, p and g be positive, p and q being integers.
Prove that
P —1 z9—1

>

p q
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if p>gq (z5+1).
50. Let x > 0 and not equal to 1, m rational.
Prove that

mr"l(x—1)>2z"—1>m@x—1)
if m does not lie between 0 and 1.
But if 0 < m << 1, then
mamlz—1)<<a"—1<m(z—1).
51. Prove that
1 4+2"=1+ mx
if m does not lie i‘n the interval between O and 1;
14+ 2)"<1+ mx

if 0 < m <1 (m rational, x > —1).
92. Prove that
1 1
( L e e 5 4 ).17< ( o +xd ... 42l )-q—

n n

q = p, both ¢ and p being positive integers.
53. Find the value of x at which the expression

(—x)+(x—2)2+ ...+ (x —x,)?

takes on the least value.

o4. Let xy + x5 + ... -+ 2, = C (C constant). At what
Zy, g, . . ., L, does the expression z} 4+ 224 ...+ 2}
attain the least value?

9. Let ;>0 (i=1,2,...,n) and =z + z,+

+...4+z2, =0C.
At what values of the variables z,, z,, . . ., 2, does the
expression -

A A A
Xi+x2+ ...+ xn

(A rational) attain the least value? -

56. Given z; >0 (i=1,2,...,n) and the sum z; +
+ 2,4+ ...+ z, = C = const. Prove that the product
ZiZy . . . , reaches the greatest value when z; = z; =

==,..=xn=-n-,
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57. Given z; >0 (i =1,2,...,n and the product
Tyxsx3 . . . X, is constant, i.e., Tz, .. .2, = C.

Prove that the sum x; + x5 + ... 4+ x, attains the
least value when

ZTy== Ty = ...::xn::{/a

58. Let z; >0 (i=1,2,...,n) and the sum =z, +
+ x5+ ...+ z, = C = const.

Show that

b L ke

takes on the greatest value when

x4 . Zo . _ Tn _ C
e e T Mn mptpet.otpn ]
u; >0 (i =1,2,..., n) and rational.
59. Let
ai>0,xi>0 (13—*1,2,,7’&)
and
axy -+ AoX o '+' co. a,x, = C.
Prove that the product x,z, ...z, attains the greatest

value when
C
Ay = 0AoXg— ... =ApIp = _r;,_
60. Given

a; >0, z;>0 and 0+ apzh? - . anlt =

(A; >0 and rational).
Prove that

oizh? ..

takes on the greatest value when

Maiz’t‘ kgazx;ﬂ _ knana:i‘l”
221 e T Kn
61. Let x"’ A2 M — C =const.

Show that
ayzh! -+ agxh® + . . . - anah”
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attains the least value if

et _ g =
M AT T,
a4y aglg Ann
{a;, z; > 0; A; and p; > O are rational).
62. Find at what values of z, y, z, . . ., ¢t the sum
22+ P24 ...+ 82
takes on the least value if
ax +by+ ... +kt=A4 (a,b,...,k and A constant).
63. At what values of z, y does the expression

u = (a1 + by + 1) + (apx + bay +¢3)* + ... +
+ (2,2 + by + ¢,)?

a—

take on the least value?
64. Let 2, z,, . . ., z, be integers and let us assume

Tog << Tp < X9 < .. .<xn.
Prove that any polynomial of nth degree z" + a2 ! +
+...+a, attains at points z,, zy, . . ., £, the values at

least one of which exceeds or equals ;—T!L :

65. Let 0 <2< 5[2— At what value of x does the product

sin x cos x reach the greatest value?
66. Let
b4 n k) 1 n
rt+yti=5; 0<z<+, O<y<+, O<z<5 -
At what values of z, y and z does the product tan x tan y x
X tan z attain the greatest value?
67. Prove that

1 1 1
n-41 +n+2+ et 3n4-1 > 1
(n a positive integer).

68. Let a > 1 and n be a positive integer.
Prove that

nri  n-d
a"—1>n(@ ¢ —a ?).
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69. Prove that
n 1 1 1
s<ltgtgt+.. . tmm<rn
(n a positive integer).
70. Prove that

1 1 1
-+ 1 < T 1 (a, b, ¢, d >0).

1 1
T+—b- —c_+_d— a+c+b—1—d

9. MATHEMATICAL INDUCTION

This seclion contains problems which are mainly solved
using the method of mathematical induction. A certain
amount of problems is dedicated to combinatorics.

1. Given
Untt = v, — zvn-i
and
Vo = 2, Vg = 3
Prove that
v, = 2" +1
2. Let
Up+1 = 3un 2un-—1
and
Ug = O, wy = 1
Prove that
u, = 2" — 1.
3. Let a and A > 0 be arbitrary given numbers and let
1 A 1 A
ai=-2-(a+';) ! a2='2_(a1+'&‘1') y ey Qp=
1 A
=% (a"'l—l_an_‘)
Prove that
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for any whole n.
4. The series of numbers

ag, Ay, Ao, . . .

is formed according to the following law. The first two
numbers a, and a, are given, each subsequent number being
equal to the half-sum of two previous ones. Express a, in
terms of ay, a; and n.

9. The terms of the series

ai, a27 a37 )
are determined as follows
a, = 2 and a, = 3a,_4 + 1.

Find the sum

a +ay+ ...+ a,.
6. The terms of the series

ay, Aoy . . .

are connected by the relation

a, =ka,_; - l(n=2,3,...).

Express a, in terms of a4, k, [l and n.

7. The sequence ay, a,, . . . satisfies the relation a,;; —
—2a, +a,_4 =1.

Express a, in terms of a,, a, and n.

8. The tern.. of the series

a, az, A3, . . .

are related in the following way a,,3— 3a,+2+3a,+1—a, = 1.
Express a, in terms of ay, as, az and n.
9. Let the pairs of numbers

(a’ b) (ah bi) (aza bz) . o8
be obtained according to the following law

a+b aj+b aj+b ag+b
ai= -g ? biz“l‘:zi——" ag="—‘j'2_—-i-, b2=."2;;_-_‘" * e 0 o
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Prove that
2 1
a, ;a+'§'(b_a) (1 —Zﬁ)’

2 1
b,,::a+-3—(b——a) (1»} m)
10. The terms of the series

Zo, y07 Ly, ylv Lo, y27 LI

are determined by the relations

— 1 — ¢ .
Ln = Ln + 2yn—1 Sln2 %y Yn = Yn- *{' ZJ,,_l COS™ &.

Besides, it is known that z, = 0, y, = cos a.
Express z, and y, in terms of a.
11. The numbers

xO’ xivxza o o e y07 yiayza o o e
are related as follows
T, = ATy + PYn_1,

(@b — Py 5~ 0).
Yn = YTp 1 + 6yn -1

Express z, and y, in terms of x4, y, and n.
12. The terms of the series

Loy, L1y, Loy . . .
are determined by the relation
Lp = O&p_4 + ﬁxn—2°

Express x, in terms of x,, z; and n.

13. The terms of the series x,, z;, . . . are connected by
the relation

_ PEn_g+qrn_o
p+q
Express z,, in terms of x,, #; and =.

14. The terms x, 24, 3, . . . are determined by the equa-
lity

Iy

__QZp-g+ p

In = .
" Yzh4+6
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Express z,, in terms of z, and n.
Consider the particular cases

15. The numbers:
Aoy Ay, Aoy + « -,
b, by, bay . . .
are determined by the following law
=Tt o Tt

a, and b, are given, and a,>by>0. Express a, and b,
in terms of a,, by and n.
16. Prove the identity

n 1 1 1 1 1
2n+1 + 23 -2 RRERE +(2n)3——2n:n+1 ~*_n-+—2_{_ T +§r7 ’

17. Simplify the expression
11—l —2»... 1 —z2MN4+z(l —2) (1 —2%...x
X 1—a+22(1—23) ... 1—2™+ ...+
+h(—2*) L (l—aM . 2t — 2 4 2

18. Prove the identity

n-1
zd z2 1 T—Zx

x xz
=z TT—gt TT—® + -t an 1—z | 2%’
19. Check the identity
A4+z)A+2)(A+z8) ... (1+ 22" )=
=ltzta2Ladd ... 422"
20. Prove the validity of the identity

,1+_‘1l_+a‘-1<|;1+(a+1)(b+1)+.”+

abe

+(a+1)(b+1) o (8D (k1) (a4 04D . k4D I4)
abe ... skl o abe ... ki )

zn

{1 —=x
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21. Prove the identity

bfotdt . Aktl b c P

aat+btct...+k+1)  a(atb) ' (afb)(atbte) "7
d

TertTo@ibrera oo
l

LI T y e Sy )

22. Let

==+l (-9 —g)+ ..

+1_qn(1—z)(1_qz) oo (1—qmiz) = F, (2).

Prove the identity
1+F,(3)—F,(@2)=(1—qz)(1—¢%) ... (1—q"2).

23. Prove that
h=n

(1 —an) (1 —an-1) ... (1 —an-h+1)
E —% =n.
h=1
24, Compute the sum

_a ,a a(a—1)(a— a(a—1) ... (a—n-+1)
S"—F+b(b +b(b 1) (b 2) Fb(b——i)...(b-——n—}-i)

(b is not equal to 0, 1, 2, ..., n—1).
25. Let
Sn=a1+ (a1 +1)ay+ (a1 4+ 1) (@e+1) az+ . .. +
+ (a1 + 1) (az+ 1) ... (an_1+1)an.‘

Prove that
Sn=(ai+1) (@+1) ... (@an+1)—1.
26. Prove the following identities:

1° Y a@+1) .. @+ =g n ) ... (n+gt+1);
= 1 101 1
? T GTD ‘E{'&T"‘<n+1)(n+2>... <n+q)} '

x=1
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27. Prove the identity

(1) ()t

1 1 1
+(2n—1'"4n—2_4n):
1 1 1 1 1 1
—_— — _1 —_

2(1 53 G ! "'+2n——1 2n)'

28. Let us have a sequence of numbers (Fibonacci’s series)

0, 1,1, 2, 3, 5, 8, 13, 21, ....

This sequence is determined by the following conditions

Unst = Up +Un_y

and u0=0, u1~——‘1.
Show that there exist the following relations

10
90
30
4
.
6
70
go
o

Untg =Ug+ Ui+ Us+ . .. +Un + 15

Ugntg == Ug + Us+ Us+ « . . + Uansr;
Upner =1 Fug -+ up 4 - ..+ Usn;
—Ugnq+1=uy—ug+ug4 ... 4 Ugn-1— Uan:
Ugng+1=Us—UstUs—uU,+ . .. + Usn-y;
Unlnp = Us+ Us+ ...+ Un;

Uy, = Uy 4 Uz + -« « ~+ Ugn_1Uan;

Un+ilnie — Unlpy3z = ( — ,1)11;

2 n .
un —ull+1un—i - (— 1') +17

o .4 .
10 U, — UpgUp-1Uniqllnio = 1.

29. Compute the sum

1 2 u
7 T3 4+

Un+1Un+3

30. Prove the relations

1° Untp-1= Un_qUp—_1 -+ Unlp,
° 2 2 .

2% Ugnoy = U, + Uy _y;

30

Ugn-1 = UnUp4t — Up—aUn-1-
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31. Prove that ) 4+ ul, —ul_ =us,.
32. Prove thal u,= 2 ct B-1-
K =0

33. Find the number of whole positive solutions of the
equation z, +x, + ... 4+ z, =m (m a positive integer).
34. Prove that the total number of whole nonnegative
solutions of the equations
x+2y=n, 220 +3y=n—1,...,nc+mn+1)y =1,

n+NDz+r+2)y=0

is equal to n -+ 1.
35. Show that the total number of whole nonnegative

solutions of the equations

x+ 4y = 3n — 1, 4x + 9y =5n — 4, 9z 4 16y =
=Tn —9,..., %2+ m+1D2y=n(n-+1)

is equal Lo n.

36. Therc are n white and n black balls marked 1, 2, 3, . . .,
n. In how many ways can the balls be arranged in a row
so that all neighbouring balls were of different colour?

37. In how many ways is it possible to distribute kn
distinct objects into & groups, each consisting of n elements?

38. Ilow many permutations can be made up of n ele-
ments in which the two elements @ and b never stand side
by side?

39. Find the number of permutations of n elements in
which none of the elements occupies the original position.

40. In how many ways can n distinct letters be arranged
in r squares (first, second, . .., rth square) so that each
square contains at least one letter (the order of the letters
inside the squares is disregarded)?

10. LIMITS

We take as known the concept of a variable and its limit,
as well as the basic theorems on limits which are usually
treated in elementary textbooks of algebra (the limit of a
sum, product and quotient). Let us here remind the reader
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of one of the indications for a limit to exist: if a variable
increases but remains smaller than a certain constant, then
such a variable has a limit (likewise, a variable which,
when decreasing, remains greater than a certain constant
also has a limit). When dealing with an infinitely decreasing
geometric progression and, in general, with simple infinite
series, one should bear in mind that the symbolic notation

wy + uy +us+...4+u, +...

denotes none other than lim (uy + wuy + ...+ u,) if

n-—-»oo

such a limit exists. If there is no limit, then the series
u1+u2—}—u3+...—l—un—l—...

is said to be divergent, and it is useless to speak of its nume-

rical value.
1. Let z, = a" and | a| <<1. Prove that lim z, = 0.

2. Prove that

lim fT—zO

n—>oo

for any real a.

3. Find
lig 2ot a4 ..ty
n oo Donh+bnh I L by
(a() #07 bo# 0).
4. Let
P . 23_1 33"—1 n3___1
BT 3841 T R84
. 2
Prove that lim P":‘g‘ )
n-— o0
5. Prove that
e 1.k-1 2h+...+nh . ,1 . )
lim nk+1 k11 (k a posifive lnteger),

-+ 00

6. Prove that

: thp 2k 4 . 4-nh n 1
llm{ nh - k+1}"2

n-—-»o00
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(k a positive integer).
7. Let us have a sequence of numbers z, determined by

the equality

z, = xn—ig—xn—z
and the values z, and =z,.
Prove that
. 2
lim x,, ::—x%-ai X

n +oo

8. Let N >0. Let us take an arbitrary positive num-
ber z, and form the following sequence

1 N
x1:—2—(~’50+?0‘),

1 N
Ty = 5 (%4‘;1—),

Prove that limz,=}N.

n—o00
9. Generalize the result of the preceding problem for the
extracting a root of any index from a positive number.
Prove that if

m—1 N
ry= X
1 m o+ mat1?
m—1 N
Xy = x
2 m 1+ mxP-1
m—1 N
= Zp-1-+
r p-1 -1
m mx’r’}_f
then
m/ x5
lim z,, = /N.
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n
lim '/ A 0.
n!

10. Prove that

11. Let o
h=n
S, = ;;1 (]/ 1+7f§— 1).
Find )
lim §,,.

12. Let the variable z, be determined by the following
law of formation

xO::V-&-v
xlzll a’—I_V_a,
n=Y a+Vat+Va,

X3 = Va+ a+ a+V—£i7

Find

lim z,,.

n—»o00

13. Prove that the variable

gt o
xn—1+v§+v§+...+w 2V'n

has a limit as n — oo.
14. Let us be given two sequences

Loy g1y Loy o « oy

Yor Y1, Y2, - - - (29 > yo > 0),

where each subsequent term is formed from the preceding
ones in the following manner

Tn-1+Yn-1 ‘/_
Iy = L 9 d ’ Yn = In-1Yn-1-




114 Problems

Prove that z, and y, have limits which are equal to each

other.
15. Let

Sy =1+q+F+ ... lql<1,
=14+0+0*+... [0l<1.
Find
1+ g0 + ¢*Q* +
16. Let s be the sum of terms of an infinite geometric

progression, 62 the sum of squares of the terms. Show that
the sum of n terms of this progression is equal to

s{t—[F7e ]}
17. Prove that

1° lim n®2"=0 if |21<1 and k {is a positive integer;
n—+o00
2° lim 3/ n=1.

18. Find the sums of the following series

o 1 1 1 | .
1 F§+§T§+§Z+'“+_—n(n+1)+'“’
o 1 1 1
2 1-2-3+2-3-4+ i n(n+1)(n+2) T

19. Prove that the series
g tgtgt o tart -
is a divergenl one.
20. Prove that the serieq
et tomt ot

n

is a convergent one 1f oc> 1.
21. Find the sums of the following series

1° 1422432+ ... Fnax™14- ..
2° 144 +922+ ...+ n2x 1L
A 2804+332+ .. 4nd" T (2] < ).
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22. 1° Prove that the variable u, = (1 | %)n (n
3, ...) has a limit.

2° Denoting the limit u, by e so that lim (’.l +%) =e,

n-—->oo
prove that

' 1 0

6:14‘1|~rz+m+ et 1.2-3...k +1-2-3
O <o<Y).

23. Lot 0<z< >

k-k

Knowing thal lim ST

=1, prove that
x—0

: 1

Z —Ssin x<—6—x .

24. 1° Prove that the series

+102+ 103_;_ —|—10n+... 0<la: <Y)
is a convergent one.

2° Prove that for any real number o (0 << ® <<1) it is
always possible to find, and in the unique way, a; (0 < q; <
<< 9; a; being integers), such that

6+ qor gttt

(i.e. to expand the real number in decimal fractions)
3° Show that if a decimal fraction

=4, % 23 -
10+102+10 ' +10"l_°"

is finiic or periodic (i.e.

= gy . + .y Qop = Qp, . .

, for instance, a,+y = ay, a,+2 =
digits: ay, a,, . .

., so that the period contains n
., @), then ® is a rational number

25. Prove that the numbers determined by the following
series are irrational ones

1~ (.):i_}_ 1 1

l

1
T T o +7;:+



116 Problems

where [ is any positive integer.

o 1 1 1 1
2 m:T'l" l1.2 + j1-2-3 + jr-2-3-% +
1 . - .
+ ...+ TT3 + ..., where [ is any positive integer.

26. Prove that e is an irrational number (see Problem 22).
27. Let

1 1
0=+ 75 +7

where 1<<l;<{l, << Il3... and [; are integers. Prove that
® s rational only when [, (beginning with a certain k)

are all equal to one another.
28. Prove that the variable

1 1
un:1+.§_+—3——{— ...—1—%——logn

! T I ST

12l Iy ... I,

has a limit.
29. Prove the following formula:

1
VIVE T VbV T

n_
2




SOLUTIONS

SOLUTIONS TO SECTION 1

1. Proved immediately by a check.

2. If we remove the brackets from the right member
and apply the formula for a square of a polynomial, then
it is easily seen that all the doubled products are cancelled
out, and we get the required identity.

3. If the identity of the preceding problem is used, then
from the condition of our problem it follows that

(@ + b + & + &) (2 + y* + 22 + %) =0,

whence either a? 4 b% + ¢®* + d? = 0, or 2% + y® -+ 22 4
+ 2 = 0.

But the sum of the squares of real numbers equals zero
only when each of the numbers is equal to zero. Therefore,
from the equality a® + b® 4 ¢® + d> =0, we get a = b =
= ¢ =d = 0, and from the equality 2% + y?® + 2% } 2 =
=0wehavexr =y =2=1¢t=0

Hence follows the required result.

4. This identity can be checked directly, and also can
be obtained from identity (2) if we put in it d =¢ =20
and replace y by —y and z by —z.

9. If we expand the right member of the equality, then
all doubled products are cancelled out and the validity of the
identity becomes obvious.

6. Put in identity (5) a; = a3 =a3 =... =aqa, =1,
bi = a, bz-—_—-b,. . .y bn_1 :k, bn = [.
We then get

n(@—+®++...+ K+ 013 =
=@a+bd+...4+0)2+ (b —a)?+
+(c—a?+ ...+ (k— D2
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But since by hypothesis
n(@ 4+ 4+ ...+ +B =@+b+...+k+0
we have
b—a?2+(c—a)2+...+k—D*=0.

Hence a =b=c=... =k =1L
7. Make use of identity (5). By hypothesis

ai+a;+...+a =1, bi+bi+ ...+ =1.
Therefore we have
(a1by + azby + . .. + a,b,)? =
=1 — (a1by — asby)® — (a1b3 — ash)* — . .. —
— (an1by — a,b, )%
Whence

0 < (ayby + agby 4 . . . + a,b,)2 < 1.
Thus,

—1 < aibi "i“ azbz + . e + anbn < +1
8. We have
W+z—-20—(@y—2°+(+2—29°"— (z—2?"+

+ (@ + y — 22)? — (z—y)?=0.
But

+z—20)°—@y—2°=4(@y—2)(z—2)

(using the formula for a difference of squares).
Likewise we find

z+z—2p)—(2—22=4(—y @—y),
+y—22)—(x—y?=4(@—2(y—2.
Consequently,
b(y—a)(z—2)+4(z—y (= —y +
+4@x—2)(y—12 =0

Removing the brackets, we get

22% 4 2y% + 222 — 222 — 2yz — 22y = 0
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or

(z—y)?+(—2°+ (y —2?%=0,
whence
x =y =12=0,

9. The first identity is obvious. Let us rewrite the second
one in the following way
(6a® — 4adb + 4b%)3 — (4a® — 4ab + 6b%)3 =
= (3a® + S5ab — 5b%)3 + (5a® — Sab — 31?3,
Applying the formula for a difference of cubes to the left
member and the formula for a sum of cubes to the right
member, we find that it suffices to prove the following iden-
tity
(3a® — 2ab + 2b%)2 + (3a® — 2ab + 2b%) (2a% — 2ab +3b?) +
+ (2a® — 2ab + 3b%)?2 = (ba® — Sab — 3b%)? —
— (5a% — bab — 3b?) (3a® + Sab — 5b?) +
+ (3a® + 5ab — 5b%)2.
This identity is proved by directly removing the brackets.

10. To see whether the identity under consideration is
valid, we may rewrite it as

(P* — ' = (p* + pg+ ¢*)* — (2pg +¢*)* +
+ (p?* + pqg + ¢* — (2pg + pA*

It remains to simplify the right member and to show that
it is equal to the left one.

Using the formula 4* —B* = (4 + B) (A — B) (A?+B?),

we get the following expression for the right member
(p? + 3pg + 24 (p® — pg) [(pP® 4+ pg + ¢*)® +

+ (pq + ¢®)?1 4 (2p® + 3pg + ¢*) (¢* — pq) X

X [(p* + pq 4 ¢ 4 (2pg + p»)?l = (p + 2¢) X

X p (P — ¢® [(p® + pg + ¢®)* + (pq + ¢°)*] +

+ @Cp + 9) g (¢ — p?) [(P® + pg + ¢ +

+ pg + p?* = (p® — ¢®) {(p® + pg + ¢*)® X

X [p? + 2p¢*— 2pq — ¢®1 + (p* + 2pq) (¢* + 2pg) X

X [2pq 4 ¢*— 2pq — p?1} = (p* — ¢ {(p® + Pg+¢®)* —

— (p? + 2pq) (¢* + 2pg)} = (p* — ¢»*
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11. Check by direct substitution.

12. Check by substitution.

13. 1° The cases n = 0, 1, 2 are readily checked directly.
At n = 4 let us rewrite the identity in the following way

(ix — ky)* — (ix — kz)* + (iy — k2)* —
— (iy — kx)* + (iz — kx)* —
— (iz — ky)* = 0.
Transform the first two terms
(ix — ky)* — (iz — kz)* = [(ix — ky)® +
+ (ix — k2)®] Qix — ky — k2a) k(z —y). (1)

By virtue of the equality x + y + z = 0, we get
2ix — ky — kz = (2i + k) «.
The expression in square brackets can be rewritten as follows
(2% 4 2ik) 2% + Kk® (y® + 2P).

Thus, we have
(izx — ky)* — (ix — k2)* =

=k (2i 4+ k) (y®2 — 2?) [(2i® 4 2ik) 2® + k% (y* + z?)]. (1)
It remains to transform the following expressions

(iy — ka)* — (iy — k), (2)
(iz — kx)* — (iz — ky)* (3)

But it is easily seen that expression (2) is obtained from the
first one, already considered, by means of a circular permu-
tation of the letters x, y and 2, i.e. when z is replaced by
Y, y by z, and z by x. Expression (3) is obtained from (2)
also through such a permutation. Therefore, there is no
need to repeat computations for simplifying expressions (2)
and (3); it is sufficient only to apply appropriate permuta-
tions to the result obtained. We then have

(iy — k2)* — (iy — kx)* =
=k (2i + k) (2> — %) [(2i® + 2ik) y* +
+ k2 (22 + 2?)], (2')
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(iz — kx)* — (iz — ky)* =
=k (2i + k) («® — y?) [(2i% + 2ik) 22 +
+ £ (2* + y?)). (3)
And adding expressions (1’), (2’) and (3’), we get
k(20 + k) {(2i® + 2ik) [(y> — 2%) 2 + (22 — =?) y* +
+ (2 — y?) 2°] +
+ Ryt — 2+ — 2t
+zt —yY} = 0.

2° At n = 0 the relation is obvious. Let us denote, for
brevity, the sum in the left member of the equality by

2 (x + k)",

and the sum in the right member by

2 (= + )™

At n = 1 we have to prove that

8x+zk=8x+2l,

i.e. we have to prove that

Mk = L
Finally, we have to check that
Sk = Y.

But
Mk=34+54+6-+94+10 + 12 + 15 = 60,

Xl =14+24+4+7+8+ 11413 -+ 14 = 60.
At n = 2 we have to prove that
2+ k=2 + D
i.e. that
82% + 2z k + D k% = 822 4+ 2xD)1 + D L&,

And so, it remains to prove that

Zkz - lev
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which is easily checked directly.
Likewise, to prove the last case (n = 3) we have only to

show that
ME = > B
14. The first idenlity is proved in the following way

(@t+b+c+d?+(@at+b—c—d?+

+@t+c—b—d*+(@a+d—b—0c?=

=la+b) +(c+dP+a+b) —(c+d)?+

+la—b +C—dP + (a—b) — (c — d))® =

— (@b 2(ct D2 (a— bR+ 2 — dE —
= 2 [(a + b)®2 + (¢ — b)?l + 2 [(c - d)? +
+ (¢ — d)? = 4 (a® + b + ¢ + d¥).

The second and third identities are also proved by a direct
chcck with some preliminary transformations.
15. Rewrite our equality as follows

[(@+ b+ —(a* 4+ 0+ cH] + [(b+ ¢ — a)* —
@ b e (e oo — by —
— @+ +H)+la+b—o)—
— (a* + b* + b = 24 (a®b® + a®c® + bic?).

Consider the first term.
We have
(@® 4 0 + ¢® 4 2ab 4 2ac 4 2bc)® — a* — V' — ¢t =
= 6a’b? + 6a’? -} 6b%® + 4ac (a® + ¢%) +
+ 4ab (a* + b?) + 4be (b2 + ¢?) - 12a%bec +
+ 12b%ac + 12c¢%ab.

The remaining terms are obtained from the first one by
means of successive substitutions: —a for a, —b for b,
—c for ¢. Adding the terms, we make sure that our identity
is valid.
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16. We have
s(s — 2b) (s — 2¢) + s (s — 2¢) (s — 2a) +
+ s (s — 2a) (s — 2b) = (s — 2a) (s — 2b) (s — 2¢) +
+ 2a (s — 2b) (s — 2¢) + s (s — 2a) (2s — 2¢ — 2b) =
= (s — 2a) (s — 2b) (s — 2¢) + 2a (s — 2b) (s — 2¢) +
+ s (s — 2a) 2a.

Transform the sum

2a (s — 2b) (s — 2¢) + s (s — 2a) 2a =
= 2a [(s — 2b) (s — 2¢) + s (s — 2a)] =
= 2a [(s — 2b) (s — 2¢) + (s — 2a) (s — 2b) +
+ 2b (s — 2a)] = 2a [(s — 2b) (2s — 2¢ — 2a) +
+ 2b (s — 2a)] = 2a [(s — 2b) 2b + 2b (s — 2a)] =
= 2a-2b [s — 2b — 2a] = 4ab-2¢ = 8abc.

17. Expanding the expression in the left member in
powers of s, we get

(@a+b+c¢)s®—2s(@®+ b+ c%) + a®+ b+ 3 +
+ 28 — 28 (a+ b+ ) +
+ 2s (ab + ac + be) — 2abe.

Since a + b + ¢ = 2s, we have

28 — 25 (a® + b + ¢?) + a® + b 4 & + 26 — 4s® -
+2s (ab + ac + bc) — 2abec = —2s (a® 4+ 0® + ¢?) +-
+a* + b + ¢ 4 2s (ab + ac -+ be) — 2abe =
=a + b+ + (a4 b+ ¢ (ab + ac + be —
— a® — b? — ¢®) — 2abe.

Directly transforming the last expression, we make sure
that it is equal to abc (see also Problem 20).
18. We have

(202 — 2a?) (20 — 2D%) = (a® + ¢ — b?) (V® 4 &2 — a?) =

— ot (a2 — b2)?,
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Using a circular permutation, we obtain

(20% — 2b2) (20% — 2¢®) = a* — (b® — c?)?,
(20% — 2¢?) (20% — 2a®) = b* — (® — a?)2.

Hence

4 [(0® — a?) (0% — b2 + (0% — b®) (02 — ¢?) +
+(02 . 62) (0-2 . a2)] — a4 + b4 + c4 . (az . b2)2_
(B2 — ) — (2 —a?)? = —at — bt — ct
+ 2a%b® + 2a%c® + 2b% = —[a* — 2 (b + c¥a? +
+ (b — ¢*)? = —[a* — 2 (b® — ¢?) a® +
+ (b% — ¢®)? — 4a’c®] = 4a%? — (a® — b® + ¢?)? =
= (2ac + a® — b® + ¢?) (2ac — a® + V® — ¢?) =

=@a+b+c)(at+c=080((0db—a+c) (b+a—ec).
But
a+b+c=2s a+b—c=2(s—rc)),

a+c—b=2(—=b), b+c—a=2(s—a)

and we see that the identity is valid.

19. We have:

(+y+2=2>+y +72+32@y + 2 +
+ 3y? (x + 2) + 322 (x + y) + bxyz.

Hence

(x +y+2° —2—y*—22=3 {2®% + 2% + y’cr | y%*z +
+ 22z + 2%y + 2zyz} = 3 {z (z* + y* + 2ay) +
+2@+yt+wy+y}=3+y{z@z+y +
+24+ay}=3@+y(+2 Y+ 2.

Thus,

z+y+2P—2"—yP —22=3@+y @=+2 ¥+ 2.
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20. We have
z+y+22=22+pP+2+3zy@+y+2 +
+3zz(x+y+2) +3yz(x+y+ 2)—
— 3zya.
Consequently
B+ P42 —3ryz=@+y+22—3@+y+2 X
X (xy + 224+ y2) = (x +y + 9 X
X (22 + y? + 22 — 2y — 22 — Y32).

2. Put a+b—c=2z, b+c—a=y, c+a—>b=
= z. It is readily seen that z +y + 2 =a + b 4 ¢ and,
hence, we have to simplify the following expression

(x+y+ 2?2 —a® —y? — 2.
On the basis of Problem 19 we have
+y+2P—22—pyP —2=3@+y @+2 y+2
But z +y =2b, z 4+ 2z = 2a, y + 2z = 2¢, therefore,
@a+b+cP—(@+b—¢)P—(b+c—a)P—
— (¢ 4+ a — b)® = 24abc.
22. On the basis of Problem 19 we have
2+ +2=c+y+2°-3@+y @=+2y+2.
Putting here t = b —¢, y =¢c —a, 2z =a — b, we find

r+y+2=0, z+y=>0—a,
zT+2z2=a—c¢ yYy+2z2=c¢—>b.

-

Hence
(b—¢+(c—aP+ (a—-0b)°=
=3 (a — b) (a — ¢) (c — b).

23. Readily obtained from Problem 20. But it is possible
to use the following method

(a+ b+ c¢) (a® + b2 + c?) = 0.



126 Solutions

since
a+b+c=0.
Hence,
A+ ++aba+d) +ac(a+c¢)+bec(b+c)=0.
But
a+b=—c,a+c=—b, b+ c¢c = —a.

Now the required identity is obvious.
24. We have

(@a+ b+ 0?2 =0,
a®+ b2 + ¢ = —2 (ab + ac + be).

Squaring both members of the latter equality, we get

(az + b2 _I_ 02)2 — 4 [azbz __I_ azcz + bzcz + 2a2bc +
+ 2b%ac + 2c%ab]l = 4 [a®b? + a%c? + bic? +
+ 2abc (a + b + ¢)] = 4 [a?b? + a?c® + b3c2).

On the other hand,
(a® 4 b% + ¢®)? = a® + b* + ¢t + 2 (a2b® + a¥c® + b%?).
Hence
4 (a®b® + a®c® + b3c?) = 2 (a® + b% + )2 —
— 2 (a* + b* + Y.
Comparing it with the equality
4 (a2b? + a¥c® + b%?) = (a® + b® + c?)2,

we get the required result.
25. Since

(@ —10) +(b—c)+ (c—a) =0,

the result follows immediately from Problem 24%.
26. 1° We have (see Problem 23)

a* + b + ¢ = 3abe.
Whence

(@® + b® + %) (a® + b2 + ¢®) = = 3abe (a® + b2 + c?).
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Then, transforming the left member, we obtain
a® 4 b° + ¢ + a®b® (a + b) + a2 (a -+ ¢) +
+ b2%? (b + ¢) = 3abe (a® + b? + ¢?)
or
a® -+ b +4 ¢ — a?b?c — a2c®b — bL%%a =3abc (a® + b? + c?).

Hence
a® + b* + ¢® — abe (ab + ac + be) = 3abe (a® + b% + cP).

But
—2 (ab + ac + be) = a® + b® -+ .

Hence follows the final result.
2° The answer follows immediately from Problem 23 and 1°.
3° Let us write the relations

2 (a* + bt + ¢ = (a® + b% + ¢®)? (Problem 24),
a® + b® 4 ¢ = 3abc (Problem 23)-
Multiplying these equalities, we find
2Ma” 07 4 ¢ + a®b® (a + b) + a®c® (a + ¢) +
+ 3% (b + ¢)] = 3abe (a? + b2+ 2.
Hence
2 [a” -+ b" + ¢ — a®bP’c — a®cPb — bPcal =
= 3abc (a® + b4} c?)?
or
2 (@ + b* + ¢") — 2abc (a®0* + a?c® + b%c?) =
= 3abc (a® + b? + c?)%
But

a?b? + a%c® |+ b3c? = _:f (a® 4+ b% -+ ¢®)? (Problem 24).

Therefore
2(@ 4+ b 4 ¢ = —Z— abe (a® + b% + c®)2.

Using the result of 1°, we finally get the required relation
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27. For the sake of convenience let us introduce the sum-
mation symbol. And so, we put

k=n
o+ e+ ... +op= k21 op.

Using this symbol, we can now write

R=n R=n

a1b1 +a2b2+ .. -+ a,,bn = 2 akbk = a1b1 —{— Z akbk.

But it is obvious that

by =(by + by + ...+ bp) — (bt F b2+ ...+ bpy)=

= Sp — Sp-1,

therefore our sum takes the following form

R=n \ h=n—1 h=n
- \ |
a1+ D) ap (Sp—Set) =aibi+ D) arsp— D) anSp-q

h=2 h=2 h=3
h=n-—1

+ ansSp — Ap81 = (@1 — a3) S1+ AnSn -+ kz apSy —

=2
h=n—1 h=n—1

- h?_]z Apy1Sp = (al - az) $1+ h22 (ak _ak+1) S+ QnSn =
= (a;— ap) 81+ (az— as) So+ ... 4 (@n—1—an) Sn-1+ ansn.

28. Readily proved if we remove the brackets in the
left member and use the relation

n
a1+a2+...+an=-§'s.

29. Substituting into the given expression z’ and y’
for x and y, we find that

A" = Aa® + 2Bay + Cy?,
C' = AP® + 2BPp6 + C8?,
B' = AaP + B (ad + By) + Cyo.

Making up the expression B’2 — A'C’, we easily check the
required identity. :
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30. We have
i= i=n 1=n 1=n i=n
2 pigi= X pi(1—pi)= D pi— X pi=np— D pi,
i=1 i=1 =1 i=1 i=1
since
np = py + ps + + Pn
Further
2 pigi=np— 3 (pi—p+p)*=
- i—_—n . i=n

= pn -f [(pi — p)*+-2pp; — p*l =np — %1 (pi— p):—

—2Pi§1 pi-+npP=np Z — p)*—np?.

But
np — np* = np (1 + p) = npg.
Thus, we get
P11 + page2 + . . .+ ppgn = npg — (p1 — p)® —
—(P2—p)*— ... — (oo — D™
31. Indeed

1 (2n—1)+41 (2n—3) 1+ (2n—1)
o { 1-(2n—1) + 32n—3) + T (2n—1)-1

237{"1‘+—27L1_'T+'3“+m+~-+m+‘:—}=
= (1545t o)
32. 1° Tt is obvious that
Sn:1+-%+—%-—{—...—+——:;—“——
—nt-[U=04(z—1)+
+(g—=1)+. (ot
S

S g

|-

4o ).

o]
w]m
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h=en 1 k=n k‘ Lk .
n— R n—
2° Sn-:z % nsn=2 S ( A +1)
h=1 h=1 h=1

Hence,

nsn=n+( nT1 -+ ngz—{—...—i—'lil )

33. Add to and subtract from the left member the follo-
wing expression

(bt )

We get
1 1 1 1 1
l—gtg—7t T~ =
1 1 1 1 1 1
=(t+5+5+tmg) (Tt t++)

1

~(tstst At )+
) =2 ()

:1+_}+~;—+%+ - 2n—1 + 2n o

1 1 1 1 1 1
—(1+7+?++_n—): n+41 + n-+ 2 ++2._n
34. We have

( 11)( 20‘—1)(1+3a——1)"'x

x (1+ (2n—-11)oc—-1 )(1—_2'7;1—__‘1-_):

a(2a—2)3a ... 2n—1)a (2na—2)

(a—1) 2a—1) Ba—1) ... Cra—1)
1-¢-3-a-9-a ... 2n—1)-a-2a—2)(4a—2) ... (2na—2)

— (a—1)2a—1). . .(na—D)[(n+ Ha—1[(rn + 2)a—1]. - . [(n+n)a—1]

_ ta3a5a... Cn—)a(a—1) Qa—1i) ... \na—1)

e+ a—1] ... [(rt+n)a—1] (a—1) 2a—1) ... (na—1)
1-a-3-a-5a ... 2n—1)-a

[(n+1)a—1] ... [(n4 n)a—1]

2N —

2™,
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But
1.3.5 ... 2n—1).2"= 13:2:3'?72;2”

— 12345 2 (1) (r D) ... 2,

wherefrom we obtain the required identity.

35. Let a <z <<a + 1, where a is an integer. Subdivide
the interval between a and a + 1 into n parts. Then x will
lie in one of these subintervals, i.e. we can find a whole
number p (0 << p << n — 1) such that

1
a+—fl)—<x<a—}— PEZ

2N =

n
Therefore
1 1 2
e
adl— Lt PPt g1y,
— 1
o 1<a+ T <ottt
at L Ca b I Lo 22T
Hence
1 —p—1
[x]:[x+7]=...=[x+—'L—:lD-——J:a
n— —1
[x—}- np]z...z[x+nn ]za—|—1.
Consequently

1 | —1
lx1+[x+—n—J+---+[x+"n J:
=(n—plat+plat1)=an+p.
On the other hand, from the inequality
p+1

n

ot Lz <at
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we get
an + p < nx<<an + p + 1,
hence,
[nz] = an + p,
and the formula is proved.
36. We have
cos (@ + b) cos (a — b) =
= [cos a cos b — sin a sin b] X
X [cos a cos b -+ sin a sin b] = cos? a cos® b —
— sin? asin? b = cos? a (1 — sin? b) —

— (1 — cos? a) sin? b = cos® a — sin? b.

37. Expanding the bracketed expressions in the left
members, we easily prove the equalities.
38. We have

(1—sina) (1 —sind) (1 —sinc) = .
__ (1—sin?a) (1 —sin?b) (1 —sin2 c)
(1-+-sina) (14 sin b) (14 sinc)

cos? a cos2bcos? c
= = cosa cosbcosc.
cosacosbcosc

39. Multiplying both members of the given equality by
(1 + cosa) (1 + cosP) (1 + cosvy),

we get

[(1 + cos a) (1 4 cos B) (1 4 cos y)]? =

= sin? a sin? B sin? y.
40. Using the formula
sinz cosy = % [sin (x + y) + sin (z — y)],

we get
2 cos (& + P) sin (@ — P) = sin 2a — sin 2,

2 cos (B + y) sin (B — y) = sin 2f — sin 2y

and so on. Hence follows the identity.
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41. Using the formula

sin x sin y ——=%[cos (x — y) — cos (x + y)l,

we get the identity

(cos 2b — cos 2a) (cos 2d — cos 2¢) +
+ (cos 2b — cos 2¢) (cos 2a — cos 2d) +
+ (cos 2b — cos 2d) (cos 2¢ — cos 2a) = 0.

Let cos2b = a, cos2a = B, cos2d =y, cos2c =38,
then

(@—PB)(y—98) +(@—8P—y+(@—19y)OB—P =

(@—PBy—98) +@—y+y—08FH—1v +

(—7y) 0 —P) =(@—p (y—206 +

@— VP —v+Hy—980B—y +
+@—v0—p =0

But (@ —B)(y—90) +(y—90) (B —1v Z(Y—-@)(a—v)
and (@ —y) (B —7y) + (@ —9)(0 —P) = (2 —y) (6 —1);
hence the required sum is equal to (@ — vy) (y — 8) +
+ (@ —y) (8 —y) =0.

42. 1° Summing the first two cosines, we get
2 cos ycos (B — a); the sum of the second two cosines
yields 2 cos (o + B) cos y. The further check is obvious.

2° Analogous to 1°.

+
+

43. We have
sin(A —l——g—)—l—cos (A —I———f—)zsin (A+_ll_i_)+
- sin (%—A———%) = 2 sin —Z—cos (—Z———A——f-) .

With the aid of a circular permutation we obtain (denoting
the transformed sum by S)

—5?-cos( ——A———)—{—cos(z )+
—|—cos( —C— )__200 (—E—AJ’-B B:C)X
B

Z
Xcos(A—z_B—{— ';C)+ n(4 +C+—2—).
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Making use of the relation A4+ B-+C=mn, we can show
that

7 A+B B+CY\ . n €, A4
cos(T—— 5 g )--sm (—8—+ 5 -+ 3 )
Therefore we have

5 2 (%—i—-%——f——'g—) cos (A;B + Bgc ) -+

V2

+2sin (Gt ) eos (Fp ) =
=2sin (g4 ) [oos (S5m0 ) +
|=asin (§4g4+5) %

44. Carrying out some transformations analogous to the
previous ones, we obtain the following result

. A . B . C A B c
SlnT+SIHT+SIHT+COST+COST'JFCOST“
5 n C T B ) A
=4 VZCOS(?-J(—T) cos(-s—-l-—g—) COS(?—FT;) .

45. We have
sin 2a = 2 sin a cos a,

sin 4a = 2 sin 2a cos 2a,
sin 8a = 2 sin 4a cos 4a,
sin 2" @ = 2 sin 2" g cos 2" 1a.

Multiplying term by term and dividing both members by
the product

sin 2a sin 4a . . . sin 2" 1a,

we get
sin 2" a = 2" sin a cos a cos 2a . . . cos 2" 1a,
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whence
cosacosla ... cosZ""’a:—Slel-g— X
2nsin a
46. We have
. 2m . I 7 . 4n . A= 2n
sm-1—5—_251n 15 C0S =, s1n—1—5———_2bm—ﬁ-cosTa*,
si _SJL__ZS. 4n co 41 ] 16n_2. 8n ﬁr_c_
Nz =28in 5z Cos -,  sin—z—=2sin oz cos .
Multiplying the equalities and noting that sin—-if—“==
— _sin—%- cos—8£— —cos—7—n~ we find
- 15 ? 15 15
c Lcos-gics 4Hc n 1
05715 15 05 15 OS5 = or -
Further
cos 3% _ 1
S5 T 2
and
.nﬂ_z. 3”00 3n ] 12n_2._6_:n:_c in_
Sin - =2 sin ¢ €08 o, Sin—% = 2sin o cos o= .
Hence
co 3n c 6n 1
S5 S IE = 22
The rest is obvious.
47. We have
tan (A4 B) _ sin(4+4B)cosA _ sin(244B)+4sinB 3
tan A “cos(A+B)ysinA™ sin(244+-B)—sin B~ 2 °

48. From the given: relations we get
sin 2B = —-sin 24,

3sin? A =1—2sin? B=cos 2B,
hence
cos (4 +2B)=cos Acos 2B — sinA sin 2B =

= COSA-3SiIl2A——g— sin 4 sin 24=0.
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49. We have
2 cosacos ¢ = cos (a + ¢) + cos (a — o).

Consequently the expression under consideration is equal to
cos? ¢ +- cos® (a + ¢) — [cos® (a + ¢) +
+cos (a + ¢) cos (a — @)] = cos? ¢ —
— cos? a cos® ¢ + sin? a sin? ¢ = sin? a.
20. We have, for instance,
a® + a'? + a"® = cos? ¢ cos® P + sin® ¢ sin® P cos? § +
+ cos? ¢ sin®* 1 + sin® ¢ cos? ) cos? § + sin® ¢ sin® §

(the doubled products in the first two squares are cancelled
out). Hence

a® 4 a'? + a” == (cos® ¢ cos®p + cos? ¢ sin®P) +
+ (sin? @ sin? 1 cos? § -+ sin® ¢ cos? ¢ cos? &) +
+ sin? ¢ sin? § = cos® ¢ +
+ (sin? ¢ cos? § + sin? ¢ sin®? §) = 1.

The remaining equalities are proved similarly.

SOLUTIONS TO SECTION 2

1. Rewrite the identity in the following way

3 g (2p3—¢3)% 3_ 3 (p3 —2¢3)3

T gy =P TP argp
It is evident that the right member can be obtained from
the left one by permuting p and ¢. Let us reduce the left
member to such a form, wherefrom it would be seen that
after the permutation its value remains unchanged. Then
the validity 8f the identity will become clear.

We have

o (P Y (2P — )Y = L (1 ¢ — D)
(P3+¢3)3 (PP 4-¢3)3 '
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2. We have
(pf$3q;3q3 - p+q) (—10_2~+ g2 )+ (i$;;5;q
e T () =
- (pr?:r-g)ﬁ Zi T (qu)4 ('117+711—)22
2__ 2
T(p pq;"; T p+j Zp2  (p] 2P
X {p*—pq+q°+3pg}= psiqs .

3. Grouping the last two terms of the sum, we get

2 q3—p3 1 2 9—p _
(p+q)* p3¢3 (P+q)* p3q2

_ 2(g—p 2 2 _ 2(g—p)
= raipg (P T T 2P0 = gy -

Adding now the first term, we find

! ¢t —pt + 2(g—p) _ a—p
(p+q3  pigf (p+9)2 p3¢3  pi¢
4. We have to prove that

142 14y 14z 1
1—z 1—y 1—z

Replacing z by its expression, we find 11:*:; = _E' Since
y and z are obtained from z by means of a circular
permutation of the letters a, b, ¢, we have

1+y b
1—y ¢’
1+z__§_
1—z  a °

Hence, the required identity is obvious.
5. We have

a+b+tc+d e—btc—d
a+b—c—d a—b—c+4d °
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o A C A+B C4D
But if 5 =5 then 5 — =D
there exists the second of these equalities, then the first
one exists as well. Reasoning in the same way (putting
A=a+b+c+d, B=a+b—c—d, C=a—bt+c—d,
D =a—b—c+ d, we find

and conversely if

a-+b a—b a-t+b c+d
cxd  e—d O T T —d -
Hence
a ¢ Q b
T3 T

6. The denominator has the form
bey® + bez® — 2bcyz + acz? -+ acx® — 2acxz + abx® +
+ aby® — 2abzy = ¢ (ax® + by?) + b (azx® + cz?) +
+ a (cz* + by?) — 2bcyz — 2acxz — 2abzxy =
= (a + b + ¢) (ax® + by?® + cz%) — 2% — bPy® —
— a%x? — 2bcyz — 2acxz — 2abxy = (a + b + ¢) X
X (az® + by? + cz?) — (ax + by + cz)2.

Since, by hypothesis, ar + by + ¢z = 0, the denominator
turns out to be equal to

(a + b + ¢) (azx® + by? + cz?),

and our fraction is equal to
1
a4-b+c ’

7. Reduce to a common denominator the expression on
the left. The numerator of the fraction obtained will be
equal to

x2y2z® (a® — b?) + b (22 — a?) (y® — a?) (22 — a?) —

— a® (2 — b%) (y® — b?) (2°—b?).
It is obvious that

(a® — 2%) (a® — y?) (a® — 2°) =
—_— aB — (xz + y2 _I_ z2) a4 __I_ (x2y2 _I_ x2z2 + y2z2) a2 _
— 2%y%22.
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Hence
(b —a2) (0® — y?) (b* — 2% =
=10 — (2 + g + ) b+
+ (z2y? + z22% + y%2?) b — aly?sd.
Substituting these expressions into the numerator and

performing all the necessary transformations, we obtain the
required value of the fraction.

1 1 1
8. §o= (@a—b; (a—c) + (b—a) \b—rc) + (c—a)(c—b)

Reducing the fractions to a common denominator, we have

So=—=5 (aic) - (b= —(@—0)+ (a—b)} =0,

a b c
U= he—g TToma0—a T e—ae—b
1
= GThH—ap—g -9 —bla—o+tcl—b}=0,
S a? b2 c2
2=

(a—b)(a—c) + (b—a) (b—c) + (c—a) (c—b)

1
e —q @ 0——t(@a—c)+ce—b).

Consider the numerator.
We have

a®(b—c¢c) —b2(a—c)+c(a—0b =
=ab(a—b) —c(@a® —b)+c(a—0b =
=(a —b)(ab —ca —cb + ¢%) =
=(a@a—0bla(bd—c) —c(b—2c)] =
= (a — b) (b—2¢) (a — o),

wherefrom it follows that S, = 1. §3, §, and S5 can be
computed analogously, but we shall proceed here in a some-
what different way.

It is easily seen that there exists the following identity
(z—a)(x—Db(x—c)=2>—(a+ b +c)a? +
+ (ab + ac + bc) x — abe.
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Putting, £ = a, x = b and x = ¢, in turn, we get the fol-
lowing equalities
a? —(a+ b+ c)a® + (ab + ac + be) a — abe = 0,
B —(a+b+c)b>+ (ab + ac + be)b — abe = 0,
A —(a+ b+ c)e? + (ab + ac + be) ¢ — abe = 0.

Further, divide the first of them by (a — b) (a — ¢),
the second by (b — ¢) (b — a) and the third by (¢ — a) X
X (¢ — b), and add them term by term. Then

Ss—(a+b-+c¢)Sy; + (ab + ac + be) §; — abe S, = 0.

But since it is known that S, = §, = 0, §, = 1, we have:
S3 = aQa ‘+‘ b + c.

To compute S, let us take the preceding identity and
multiply its members by z. We obtain

zx—a)(z—0b(x—c)=2*—(a+ b+¢c)2®+
+ (ab + ac + bc) x* — abex.
Proceeding analogously, we find:
S,—(@a+b+c¢) S35+ (ab+ ac + be) S — abe Sy = 0.
Hence
S, =@+ b+c¢c) S3—(ab+ ac + be) §, =
=(a+ b+ ¢c)?—ab—ac — bc =
=a% 4+ b* + ¢+ ab + ac + be.

Likewise, for computing S (multiplying the original iden-
tity by z?), we find

Sy —(@a+b+¢)S,+ (ab + ac + bc) S5 — abe S, = O.
Consequently
Ss =(a—+b+c)(a®+ b*+ ¢+ ab + ac + bc) —
— (ab + ac + be) (a + b + ¢) + abc =
= (@ + b + ¢) (@® + b® + c®) + abc =
= a3 + b® + ¢ 4+ a?b + a’c + b%a + b +
-+ c%a + ¢?b + abe.
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9. This problem is solved analogously to the preceding
one. Namely, the equalities Sy = 8; =8, =0, §3 =-1
are established by a direct check; and to compute S, we
may resort to the following identity

z—a@—0b(x—c)(x—d =
=zt —(a+ b+ cH4dz2*+
+ (ab 4+ ac + ad + be 4+ bd + dc) 2 —
— (abe + abd + acd + bed) x + abed
Hence

S,=(@@+b+ct+dSg=a-+b+c+d.
10. Put as before

am pm cm
Sm -

= ahe—0 T —a0t—9 | T-ar—b

Let us take the first term of our sum o,, and transform it

m (@+b)(atc)  (a+b4c)am+lfam-l.abc
a (@a—by(@a—c) (@ —b) (@ —-c)

Making use of a circular permutation, we get similar
expressions for the second and third terms of o,. Adding
now all these terms, we find: 0,, = (a + b + ¢) Sp+1 +
+ abc S§,,_;. Hence (after some transformations)

op=(@+b4¢c)Sy+abcSo=a+b+c
(S2=1, SOZO)’
o, =(a+b+¢c)Ss-+abcS =(a+ b+ c)?

since S3=a + b + ¢, §,=0,
03:(a+b+C)S4+abC82=

(@ + b4 c)(a® 4 b2 + ¢* 4+ ab -+ ac + be) + abe,
o,=(@+b+0¢) 85 +abcS; =

=(a+b+c)l(a+ b+ c)(a®+ b® + ¢ + 2abcl.
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11. Transform the left member of our identity in the
following way

(t—w)@—pla—y)  _b-a)b-Pb-y)
a—0) (a—b)(a—rc) b—0)(b—a)(b—rc)

+ (c—a)(r—P)(c—v) 4 0—a)0—F(O0—y) oy
(c—0) (c—a) (c—b) (0—c) (0—a) (c—1b) abc J°

abc

Consider the first four terms of the sum in braces. Expand-
ing the numerator of the first term in powers of a, we get

> — (a4 P+ ) a® + (afp + ay + By) a — aPy.

Performing an analogous operation with the remaining
three terms and adding them, we find that the sum of the
first four terms is equal to

S3— (@ + B+ vy) Sa+ (af + ay + By) S1 — afyS,,

where S is the known sum (see Problem 9, where it is neces-
sary to put d = 0). Proceeding from the results of this
problem, we find that the sum of the first four terms under
consideration is equal to unity, and, consequently, the
sought-for expression takes the form

abe {1 — by } = abc —ofy.

abc

12. Consider the following sum:
S = o + b +
P e—B) (e—y) (@—8) T B—a)(B—7y) (B—0)
P = —B =0 T G—a®0—B -7
From Problem 9 we have: S, =a + f 4+ y + 8. Put a =
= abc, P = abd, y = acd, 8§ = bed. Then
o atbict
(@—B) (a—7) (@—0)  (abc —abd) (abc —acd) (abc — bed)
a2b2¢c2
~ (c—d)(b—d) (a—d)

Using a circular permutation, we get analogous expression

for the remaining three terms. Thus, the given identity
is proved.
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13. 1° Transform one of the terms in the following way:
1 1

ab  ac .
(+-%) (%)
1\2
_ (T)
() (FF)
Then the required sum is equal to
1\2
1 { ('a“)
U e7) (57

c 1
L S S } 2he D2
(=—=) (=7
But (see Problem 8) S, = 1, and, hence, we get:
1 1 1 1

a@—b)(a—c) + b(b—c)(b—a) + c(c—a)(c—b)  abc °

1
a(a—>b)(a—c)

1
a

However, this result can be obtained in a somewhat diffe-
rent way. Let us consider the four quantities: a, b, ¢ and 0,

and form S, for them.
We then have

1 1 1
SO: a(a—b)(a—rc) + b(b—a)b—rc) + c(c—a)(c—Db) +

1
t g o—no—9

since Sy = 0. Hence we get the previous result.
2° Likewise the sum can be transformed as

(=) (+)
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And so

1 1 1
a2(a—b)(a—c) + b2 (b—a) (b——c)_l_ c2(¢c—a) (c—b) —
ab-+ac-+be

a2b2c2

A similar method can be applied when computing other
sums of the form

1 1 1
ak (a—b) (a—c) bk (b—a) (h—c) ¢ (c—a) (c—Db)
14. We have ‘
ak br
G —0a—a T 0—a0—96=2 T
ck xk
+ (c—a) (c—b) (c—7) + (z—a) (z—b) (z—0) =0
at k=1 and at k=2 (Problem 9).
Hence
ak bR
Gohe—ae—a  t—ab-aE=b T
! — o k=1, 2
+ (c—a) (c—b) (x—c)  (z—a)(x—1b)(z—rc) (k=1, 2).

15. We have

b+c+d _ (a+b+ctd—x)+(x—a)
(b—a)(c—a)(d—a) (x—a) = (b—a)(c—a)(d—a)(z—a)
1
=(@tbtetrd—a)—ar—gu—ae—a
1

+ (b—a) (c—a)(d—a) ~

Applying a circular permutation to the letters a, b, ¢, d
and adding the expressions thus obtained, we find that
the sum in the left member is equal to

!
(a+b+c+d—1’){ (a—0b) (a—c) (a—d) (a—x) T

1 1
+ (h—a)(b—c¢)(b—d) (b—u) + (c—a)(c—b)(c—d)(c—1x)

\ 1 }
T@—ad—nd—ca@d—a |-
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since the second sum equals zero.
It remains only to make sure that
1 + 1 n
(a—b)(a—c) (a—ad) (a—x) (b—a)(b—c)(b—d)(b—2z)
. 1 1
T (c—a)(c-—b) (c—d)(c—ux) + (d—a)(d—Db) (d—c) (d—.x) o
1
T e he—ae—g =
It is possible to reduce these fractions to a common deno-
minator and, on performing necessary transformations in
the numerator, to obtain zero. But we can, however, proceed
in a different way.
Multiplying the left member by (¢ — z) (b — 2) (¢ — z) X
X (d — x), we get

1
—he—ae—g 03— (d—1)+
1
T o—gr—gp=g @ H—2)@d—2)+
1
- (c—a) (c—b) (c—d) (@a—=z)(b—2x)(d—zx)+
1

+ T=ga—na—e @ b—2) (c—2)+1.

It is obvious that we deal with a third-degree polynomial
in z. It is required to prove that it is identically equal to
zero. For this purpose it is sufficient to show (see the beginn-
ing of the section) that it becomes zero at four different
particular values of x. Replacing = successively by a, b,
¢, d, we make sure that our polynomial vanishes at these
four values of z, and, consequently, it is identically equal
to zero.

16. Transposing z*> to the left, we get there a second-
degree trinomial in . To prove that it identically equals
zero it suffices to show that it becomes zero at three diffe-
rent values of z. Putting z = a, b, ¢, we make sure that
the identity is valid.

17. Solved analogously to the preceding problem. How-
ever, Problem 16, as well as this one, can be solved by making

use of the quantities S, (see Problem 8 and the following
ones).

10—1225
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18. Put

a—b b—c¢ c—a
:x’ s =y, b = 2Z.

The left member of our equality takes the form

(x+y+2) (s+5+5) =3+ 2 0

Consider the fraction y—:z . We have

y+z (b—c . c—a ¢c ¢ b2—bc-tac— a2
x —( PR ).a——b——a—b' ab -
¢ b2—a2—cb—a) ¢
~a—b" ab =g (—a—b+o)=
c 2c2
=Tl'b—(——a_b-—c+26) ='—a-b— ’

since a4 b4 c=0. Using a circular permutation, we find

y+z z-t+z x+y 22 2a2 202 2
z + Yy T z  ab + be + ac  abe (a3+b3+63)'
But if a4+ b+ ¢=0, then a® + b + ¢ = 3abc (see
Problem 23, Sec. 1). Consequently
y-+z -tz z-t+y
L SRR IV g,
and the equality is solved.

19. Miltiplying the given expression by (a + b) (b + ¢) X
X (¢ +a), we get (a—b)(a+¢c)(b+c)+ (a+c) X
X (@a+b)(b—c)+ (a+ b)(c—a)(b+c)+
+ (@ — b) (¢ — a) (b — o).

This expression is a second-degree trinomial in a which
becomes zero at a = b, a = ¢ and a = 0 and, consequently