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Preface

This is a teaching text for an introductory course in aeronautical or aerospace
engineering. The course has no prerequisites, contrary to the usual practice of
requiring one or more aerodynamics courses plus propulsion and structures
courses prior to a performance course. Such prerequisites not only eliminate
nonaerospace engineering students but also delay the exposure of aero students
to the reasons for the configuration and performance of various types of aircraft
and deprive them of the motivation and rationale for the supporting technical
courses. This course has been taught many times here at North Carolina State
University as well as at The Middle East Technical University in Ankara, Turkey
and at the United States Military Academy at West Point.

The major objective of the course and of this book is to impart an understanding
of why conventional aircraft look and fly as they do. By the end of the course, the
student should be able to take the physical characteristics of any existing aircraft
(estimating those data that might be missing; manufacturers have a habit of not
providing everything we would like) and determine its performance, namely,
its range, flight regime, rate of climb, turning rate, etc.

If it is possibie to determine the operational performance of an aircraft with a
set of specified physical characteristics, it seems logical to be able to do the con-
verse, that is, to design an aircraft that will meet a set of operational requirements
that specify such things as the desired range, cruise airspeed, and payload capa-
bility. Such a design, using the techniques of this book, is a conceptual or feasi-
bility design, yielding the major characteristics such as the maximum gross weight,
the wing area and span, the drag polar, the thrust required, and the fuel con-
sumption and load. Skill in performance and design implies the capability to
evaluate and compare competing aircraft, thus the chapter on selection and the
inclusion of the word in the title. Selection is an important process to the person,
organization, or country faced with the problem of picking the best aircraft
despite myriad, often conflicting details and claims.

Since the emphasis throughout the book is on the determination of the key
parameters and a physical appreciation of their influence on the performance and
design of an aircraft, analytic expressions and closed-form solutions are essential.
Consequently, the techniques developed and used are based on assumptions
and idealizations (with varying effects on the preciseness of the numerical values
obtained) that are dependent on the flight regime. In other words, this book does
not presume to treat all possible flight conditions or all aircraft configurations
with equal accuracy of results.

After the development of the relevant equations of motion and subsystem
characteristics, the first portion of the book is devoted to the examination of the
performance of conventional subsonic aircraft with an idealized turbojet pro-
pulsion system. The mathematics for the turbojet is simpler, more straightforward,
and easier to visualize physically than that for the piston-prop aircraft. With an
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Vi Preface

understanding of the turbojet, it is much easier to evaluate and visualize the
differences in the performance, flight conditions, and design criteria of piston-
prop aircraft. Turbojet and piston-prop aircraft establish the boundaries for the
performance and design of fixed-wing aircraft. Since both the turbofan and the
turboprop combine to varying degrees the characteristics of turbojets and piston-
props, their performance falls somewhere between these boundaries and is
difficult to analyze quantitatively. Consequently, only the qualitative aspects of
the performance and design of these aircraft will be discussed in this book.

Although the design examples appear to be restricted to a single chapter at the
end of the book, they in fact will occur throughout the book, either by referral or as
chapter problems, which may be used as illustrative examples during a lecture or
worked outside of the classroom. The important thing to remember is that analysis
and design are a combined process rather than two separate and isolated processes.

The courses that this book is designed to support are for students in any cur-
riculum. For the aero engineer it can be either an introductory course to be
followed by the technical courses, which is the sequence that I favor, or it can be a
capstone course that ties the technical courses together. The nonaero or non-
engineering student may well take this as a terminal course with the sole objective
of understanding a mode of transportation that is characteristic of our modern
society. This student, or reader, will know why there are no transcontinental
helicopters, for example, and why on long-range flights a jet aircraft flies at high
altitudes and increases that altitude as fuel is consumed.

The mathematical skills used in this book are minimal, namely, the ability to
solve a quadratic equation, take a first derivative, and perform a single integration.
Since the results of these operations are always given as closed-form expressions,
these skills need be exercised only if the reader wants to verify the solutions. Since
the English system of units is still used in aircraft operations and is generally more
familiar to the average person than the SI system, this book uses the English system
of units. In the early chapters, the corresponding SI units and values are shown
in parentheses following the English values and units to give the reader a feel for
the equivalence of numbers and units. In this book an inconsistency with aircraft
operational practice exists since miles per hour and statute miles are used rather
than knots and nautical miles.

This book covers more material than can possibly be dealt with in a one-semester
course. I have found over the years that the most satisfactory solution is to cover
the first seven chapters as written. It is possible, and may even be desirable, to
minimize the discussion of the alternate flight programs and emphasize only the
principal ones. Then cover the first three sections of Chap. 8, which summarize the
differences between turbojets and piston-props and discuss the turbofan and
turboprop. A brief discussion on the remainder of Chap. 8, a few words on the
effects of wind, and the semester is over. I use simple design problems, such as
those at the end of some of the chapters, as take-home exercises.

Finally, since the book is self-contained, with no prerequisites or prior knowl-
edge necessary, and the required mathematical skills are minimal, it should be
suitable for self-teaching and study. I recommend it to anyone who is interested in
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aircraft, in their design and operation, and particularly to pilots whg would like
to have a better understanding of the rationale behind.thexr operating m_apuals
and. procedures and who might wish to sharpen.and improve thglr mdlvndgal
procedures and techniques. As a former military pilot, I know that, in developing
this book and teaching a corresponding course, my own kpowledge and under-
standing of aircraft have greatly increased. Professional pilots who have taken
from time to time seem to agree. .
theI Cv?zt)lilslz like to thank Leroy S. Fletcher, Texas A & M Univc;rsﬂy and
Charles Libove, Syracuse University for their comments and suggestions made

while reviewing the the text.

Francis J. Hale
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Chaprer One

Infroduction

1-1 AIRCRAFT FLIGHT BEHAVIOR

The flight path and behavior of an aircraft are determined by the interaction
between the characteristics of the aircraft itself and the environment in which it is
flying. The aircraft characteristics can be categorized as the physical characteristics,
such as the shape, mass, volume, and surface area; the characteristics of the sub-
systems, such as the propulsion, guidance, and control subsystems; and the
structural characteristics, such as the loading and temperature limitations and the
stiffness or rigidity of the structure.

The environment affects the flight of an aircraft through the field forces and the
surface forces. The only field force that we need consider for an aircraft is gravity,
which appears as the weight and is a function of the mass of the aircraft. The
surface forces are the aerodynamic forces (the lift, the drag, and the side force),
which are very strongly dependent upon the shape and the surface area of the
aircraft, especially of the wings, and upon the properties of the atmosphere. In
addition, consideration must be given to the inertia forces. They are the conse-
quence of nonequilibrium processes and play an important role in dynamic and
stress analyses of aircraft.

There are two basic and fundamental modes of aircraft behavior, particularly
when the aircraft is assumed to be a rigid body. The first mode is the translational
mode in which we treat the aircraft as a point mass that has 3 degrees of {reedom
and can move up or down, frontwards or backwards, and sideways. The force
equations of motion are sufficient to determine and describe the translational
mode. The second mode is the rotational mode with 3 additional degrees of freedom
comprising angular motion about three mutually orthogonal axes, whose origin
is normally located at the center of mass (the center of gravity) of the aircraft. The
moment equations, as well as the force equations, are required to determine and
describe the rotational mode.

In this book, we shall limit ourselves to rigid aircraft even though most modern
aircraft have varying amounts of elasticity arising from the performance and
design objectives of reducing structural weight to the minimum. Fortunately,
aeroelastic effects usually need not be considered in performance analyses or
preliminary configuration designs. In addition, we can limit ourselves to the force
equations because we shall be treating the aircraft as a point mass in our per-
formance analyses and feasibility designs. In Chap. 11, when we take a brief look
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2 Introduction

at stability and control and its implications with respect to performance are
discussed, the moment equations will be introduced. Finally, we shall consider
only quasi-steady-state flight; that is, we shall assume that velocities and other
flight-path parameters are either constant or are changing so slowly that their
rates of change can be neglected. Consequently, with the exception of the centri-
fugal force in turning flight, the inertia forces can be neglected.

1-2 THE PERFORMANCE ANALYSIS

Strictly speaking, in a performance analysis, a person takes an existing set of
physical characteristics of a particular aircraft and determines such things as
how fast and how high it can fly and how far it can travel with a specified amount of
fuel. Performance also means examining different ways of flying a mission so as
to exploit the characteristics and capabilities of the aircraft in question. For
example, two major objectives of commercial aircraft are to minimize both the
fuel consumption and the flight time. These objectives can be met by a combination
of proper design and appropriate operational procedures.

The aircraft undergoing a performance analysis may be an existing aircraft, a
real aircraft. On the other hand, it may be a paper aircraft, one that is being studied
for possible adoption and manufacture. As a result of the performance analysis,
it may be rejected for any further consideration or some of its characteristics may
be modified and another performance analysis carried out. And then possibly
another modification and another analysis might follow. Thus, the performance
analysis and the preliminary design process are often intertwined in a series of
iterations, and it may be hard at times to distinguish between the two.

There are two basic approaches to a performance analysis. The first is primarily
graphical, and the other is primarily analytical. The latter will be used in this book
with emphasis on classifying aircraft on a broader basis than the former approach.
For example, the graphical approach might describe an aircraft in terms of its
gross weight, whereas the analytical approach would use the wing loaaing. In
fact, we shall find that a knowledge of the wing loading, the maximum lift-to-drag
ratio, and the type of propulsion system will give us insight as to the design mission
and performance of an aircraft.

This is not an aerodynamics book nor is it a propulsion book. The coverage of
these two subjects is limited to what is necessary or helpful in understanding the
significance and importance of the various aerodynamic and propulsive param-
eters. In spite of the overriding importance of structural weight and integrity in
the design of aircraft and to the initial and operating costs, the complexity of the
subject precludes anything more than a continued awareness of its importance.

The absence of any computer programs or mention of computational methods is
deliberate but is not to be interpreted as a rejection of the computer for use in
performance and design. To the contrary, the computer in its many forms is a
most useful tool. However, computers come in many hardware and software con-
figurations, and it would not be possible to treat them adequately in this book.
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It is left to the individual to decide how the computer can best be used.

After a chapter of background material, which can serve as a review for the
more knowledgeable person, level flight of turbojet aircraft is our first introduction
to performance. The mathematics is relatively simple and straightforward and the
analytical results quite satisfying. It is of some interest to discover that jets fly high
and fast not necessarily because they want to but because they have to in order to
be competitive.

With some understanding of the performance of turbojet aircraft, it is easier to
relate to the performance of piston-props, which is surprisingly different. The
two types of aircraft fly in different ways to exploit their respective advantages.
Then we look briefly at turbofans and turboprops which combine the features of
turbojets and piston-props to varying degrees.

Although we shall reduce the performance problem to a set of simple, two-
dimensional statics problems, it is always nice to be aware of their origins. There-
fore, this chapter concludes with a brief section on the fundamental equations of
motion and coordinate systems.

1-3 EQUATIONS OF MOTION
AND COORDINATE SYSTEMS

In its most general form, Newton’s law governing the linear momentum of a con-
tinuous system can be written in vector form as :

F=J.adm (1-1)

where F is the vector sum of the external forces, a is the acceleration of a particle
mass of the system with respect to inertial space (a nonrotating and nonaccelerating
reference frame). For aircraft performance analyses, the Earth can be taken to be
the inertial space and we can neglect the rotation and curvature of the Earth.
Consequently, with a flat, nonrotating Earth as the inertial reference, the vector
equation of motion of a rigid aircraft can now be written as

W dv

F=ma g dt (1-2)
where m and W are the mass and weight of the aircraft, g is the acceleration due to
Earth’s gravity (32.2 ft/s or 9.8 m/s?), a is the acceleration of the center of gravity
(the cg) of the aircraft with respect to the Earth, and V is the velocity of the cg of
the aircraft with respect to the Earth.

For flight over a flat Earth, there are three rectilinear and right-handed co-
ordinate systems of interest: the ground-axes system EXYZ: the local-horizon
system Oxynzy: and the wind-axes system Ox,y,.z,. We now define these systems
with the assumption that the aircraft has a plane of symmetry, as do all aircraft
now in operation. As a matter of historical interest, the Germans did build and
fly an experimental asymmetrical aircraft during World War 1. Also, the skewed-
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wing concept proposed for low-supersonic aircraft would have varying degrees of
asymmetry as a function of the wing angle. Returning to the plane of symmetry,
with an aircraft sitting on the ground, it is the vertical plane passing through the
center line of the fuselage that divides the aircraft into two parts that are mirror
images of each other.

The ground-axes system is fixed to the surface of the Earth. Its origin is any
point on the Earth’s surface, usually the starting point for a flight. The X axis and
the Y axis are in the horizontal plane and are used to measure distances on the
surface of the Earth; for flight in the vertical plane, the X axis is located in the
direction of flight. The Z axis is vertical and positive downward so that the three
axes form a right-handed cartesian system.

The local-horizon system has its origin at the center of gravity of the aircraft,
which is in the plane of symmetry. The axes are all parallel to the corresponding
axes of the ground system and do not rotate but do translate with the aircraft.
The x and y axes form a plane that is always parallel to the surface of the Earth,
thus forming what is known as the local horizon, and that is carried along with the
aircraft.

In defining the wind-axis system, we assume that the atmosphere is at rest with
respect to the Earth, a “no-wind” assumption. The wind-axes system has the same
origin as the local-horizon system; i.e., the cg of the aircraft. The x axis is tangent
to the flight path, which means that it lies along the aircraft velocity vector (in
the direction of the relative wind) and is positive in the forward direction of flight.
The z axis is perpendicular to the x axis, is in the plane of symmetry, and is positive
downward for-a normal aircraft attitude. The y axis is perpendicular to the xz
plane and forms a right-handed set of cartesian coordinates. The wind axes are
not body axes; that is, they are not fixed to the aircraft other than at the cg. A
change in the direction of flight can change x without changing the attitude of
the aircraft; conversely, x can remain stationary, say, in the horizontal plane,
while the aircraft attitude changes.

Since the ground and local-horizon axes systems are always parallel, ;their
corresponding unit vectors are identical, and there are no angular relationships
among them to worry about. However, this is not the case with the orientation of
the wind-axis system with respect to the local-horizon axis system. This orientation
is described in terms of three successive rotations, always made in the same
sequence and with clockwise rotation taken as positive. The three standard angles
used, in order of their application, are the yaw angle , the flight-path angle y, and
the bank or roll angle ¢. As a side note, these are not necessarily identical to the
Euler angles that are used in Chapter 11 to relate the local-horizon system to a
set of body axes. The three successive rotations use two intermediate coordinate
systems. The first rotation is about the local-horizon x axis and through the yaw
angle. The second rotation is about the first intermediate y axis and through the
flight-path angle, and the last rotation is about the second intermediate x axis and
through the roll angle. When these three rotations are completed in the correct
sequence, the relationship among the unit vectors can be expressed by the vector
equation

1-3 Equations of Motion and Coordinate Systems 5

1, =Al, (1-3)

where 1,, is the column vector of the wind-axes unit vectors and 1, is the co?um~n
vector of the local-horizon systems, and A is the transformation matrix, which is
orthogonal: that is, A-AT=1. The transformation from the wind axes to the
local-horizon axes is given by

1,=A"'1, (1-4)

Fortunately, we need not concern ourselves with either the details of the rqtation
or the composition of the transformation matrix. These can be found in any
standard text on dynamics, if you really want to know more about coordinate
transformations. For our purposes, we can think of the flight-path angle y as
describing the direction of flight in the vertical plane, of the yaw angle y as de-
scribing the direction of flight in the horizontal plane, and of the roll angle ¢ as
the angle between the wings and the horizontal plane.



Chaprer Two

Aircraft Forces and Subsystems

2-1 INTRODUCTION

The principal forces acting on a rigid symmetrical aircraft flying over a flat, non-
rotating Earth are the thrust produced by the propulsion subsystem: the major
aerodynamic forces, namely, the lift and drag of the wing (we shall neglect the
lift of the other components, such as the tail, fuselage, and engine nacelles and
include their drag in that of the wing); and the weight of the aircraft, which is the
vertical force resulting from the acceleration due to Earth’s gravity. Since the
thrust and aerodynamic forces are strongly influenced by the properties of the
atmosphere, these properties will be defined, in terms of our flight regime of
interest, in the next section. Then there will be brief descriptions of the aerodynamic
and propulsive forces, and the chapter will conclude with a discussion of structural
and weight influences and considerations.

2-2 THE ATMOSPHERE

The atmospheric model that we shall use is the International Standard Atmosphere,
which is based on the ARDC Model Atmosphere of 1959. Although this model
has seven concentric layers, we shall limit ourselves to the first two layers of the
lower atmosphere. The layer next to the surface of the Earth (starting at sea level)
is called the troposphere and is characterized by a decreasing ambient temperature.
At 36,089 ft (11,000 m) above mean sea level, the temperature becomes constant
and remains so until an altitude of 82,021 ft (25,000 m) above mean sea level. This
second layer is called the stratosphere, and the separating altitude of 36,089 ft
(11,000 m) is known as the tropopause. The sea-level properties with symbols and
with the subscript SL denoting sea-level values for a standard day are:

Ambient temperature: ©g; =59 deg F (15 deg C)

Pressure: Psp =2,116 1b/ft? (1.013 x 10° N/m?)

Density: ps. =23.769 x 10~ lb-s?/ft* (1.226 kg/m?>)

Speed of sound: as; =1,116 fps (340 m/s)

Gas constant: R=1.7165 x 103 ft?/s?-deg R (0.287 kJ/kg-K)
Ratio of specific heats: k=14

Acceleration of gravity: gs; =32.174 ft/s? (9.8 m/s?)
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We’shall often use values with fewer significant figures in our calculations. Using
these sea-level values, the value of a property at any altitude, which is given the
symbol 4, can be found from the property-ratio tables in Appendix A.

Although the values from the tables are more accurate and normally should be
used, there are times when it is desirable to have a mathematical expression for the
density ratio in terms of the altitude. One such expression is

o =&=exp<_hl>
Psi. B (2-1)

where p, is the atmospheric density at altitude 4, on a standard day. If the density
ratios at two altitudes are known, the difference in altitude can be obtained from

g
Ah=h2—h1=[31n(é>

(2-2)

We shall use two values for f. A value of 30,500 ft (9,296 m) gives very good results
for both Egs. 2-1 and 2-2 within the troposphere (altitudes below 36,000 ft) but
introduces large errors at higher altitudes. For altitudes above the tropopause
(36,000 ft) and up to approximately 250,000 ft, a value of 23,800 ft (7254 m) gives
good results for the difference in altitude but when used in Eq. 2-1 does introduce
errors of the order of 20 percent for altitudes between 35,000 and 55,000 ft; the
error decreases with altitude and at 80,000 ft and higher is of the order of 5 percent
or less.

To summarize the preceding paragraph, use Eq. 2-1 only when a mathematical
relationship is required. Equation 2-2 can be used with the appropriate value of
when only reasonable accuracy is needed for an altitude difference.

Returning to the sea-level properties for a standard day, the atmosphere can
be assumed to satisfy the equation of state for an ideal gas; ie,

P=pRO 2-3)

where P is the pressure, R is the gas constant, and © is the air temperat\lre ex-
pressed as an absolute temperature (Rankine or Kelvin). Consequently, an in-
crease in the ambient temperature over the standard will decrease the density,
as will a decrease in the pressure. In other words, on a hot day and/or with a below-
standard barometric pressure, the sea-level density will be lower than standard
and will affect the performance of the aircraft. With a decreased atmospheric
density, the aircraft thinks and performs as though it were at a higher altitude
than it actually is. We shall assume a standard day in this book, unless specifically
stated otherwise, but we should be aware of the possible effects of any deviations.

2-3 AERODYNAMIC FORCES

The resultant or vector aerodynamic force produced by the motion of the aircraft
through the atmosphere is resolved into components along the wind-axes. The
component along the x axis is called the drag and given the symbol D: it is in the

2-3 Aerodynamic Forces 9

opposite direction to the velocity and resists the motion of the air~cral‘t. The com-
ponent along the = axis (perpendicular to the aircraft velocity) is called the .[yt
and given the symbol L; the lift is normally in an upward direction and its function
is to counteract the weight of the aircraft. It is the lift that keeps the aircraft in the
air. The third component, along the y axis, is a side force that appears onl){ with
asymmetrical aircraft or when the velocity vector of a symmetrical aircraft is r}ot
in the plane of symmetry; i.e., when there is a side-slip angle. The latter case, which
is called “uncoordinated flight,” is a normally undesirable flight condition and
will not be considered in this book. Consequently, we shall concern ourselves
only with the lift and drag forces. . ‘

Although all parts of an aircraft generate lift and drag, with a well~desngne§
aircraft, the wing is the major source of the aerodynamic forces. We need at this
point to define some of the wing parameters important to our a.na]yses. The
wing span b is the distance from wingtip to wingtip. The wing area S is the surface
area of one side of the wing, to include the area occupied by the fuselage. The
chord is the straight-line distance from the front (the leading edge) of an airfoil
section to the back (the trailing edge). The chord length will vary in value in the
span-wise direction if there is any wing taper. The arithmetic mean of the chord
values is known as the mean geometric chord or the average chord, for which we
will use the symbol ¢. The ratio of the wing span to the average chord is called the
aspect ratio and given the symbol AR. The following relationships exist among the
wing characteristics:

b b
AR=z=% (2-4)

where S=bc (2-5)

One other wing characteristic (of importance in determining wing drag) is the
thickness ratio (t/¢), which is the ratio of the maximum thickness (from top to
bottom) of the wing to the average chord length (see Fig. 2-1).

The cross section of a wing is called an airfoil and if it is symmetrical with respect
to the chord, we speak of a symmetrical wing. Many current airfoils are sym-
metrical or nearly so. Asymmetrical airfoils (with positive or negative camber),
such as those in Fig. 2-2, are generally used when stability considerations or special
operational considerations are more important than range or speed.

Thickness ¢

Leading edge, le

Trailing
edge, te

«, angle of attack

Xy, velocity
vector

FIGURE 2-1
A symmetrical wing cross section (airfoil).
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Chord
Chord
o x
Xy - { X
FIGURE 2-2
Examples of cambered airfoils: (¢) positive camber; (b) negative

camber.

It has been determined from dimensional analyses and experiments that the
lift and drag forces can be found from the following expressions:

L=¢SC.=4pV2SC, (2-6a)
D=gSCp=4pV3SC, (2-6b)

In these equations, ¢ is called the dynamic pressure, has the dimensions of
Ib/ft? (N/m?), and is given by
) qg=3pV? (2-7)
where p is the atmospheric density which can be expressed as ps.0, V (the true
airspeed) is the speed of the aircraft through the atmosphere, and S is the wing area.
In Egs. 2-5 and 2-6, C;, and Cp, are the dimensionless /ift and drag coefficients,
respectively. How these coeflicients are evaluated is beyond the scope of this
course; however, they do have the following functional relationships:

CL=Cy (o, M, Re, shape) (2-8a)
Cp=Cp (2, M, Re, shape) (2-8b)

where « is the angle of atrack of the aircraft (see Fig. 2-1) and is the angle between
the velocity vector (the x wind axis) and the wing chord; M is the Mach number,
which is the ratio of the airspeed to the speed of sound: Re is the Reynolds number,
which we will ignore since its influence is strongest at high angles of attack: and
“shape” refers to the wing shape to include the airfoil section, the taper, the sweep
angle, and the aspect ratio. Figure 2-3 shows the variation of the lift coefficient
as a function of the angle of attack for a typical subsonic wing for a given Mach
number and Reynolds number for three airfoils of different camber. Notice that
the C,, versus « relationship is almost linear for low values of «. At point S, the
air flow separates from the wing and C;, decreases, usually sharply. This is called
the stall point, and conventional aircraft do not (and usually cannot) fly beyond
this point.
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FIGURE 2-3
Wing lift coefficient as a function of the angle of attack for various cambers for a given
Mach number and Reynolds number.

An expression that can be used to obtain an approximate value for the slope
of the lift curve is

dc,, n(AR)
& AR 2|7
1+[1 +<2 cos A) J (2-9)
where the slope is the change per radian (divide by 57.3 to get the change per
degree) and A is the sweep angle of the wing. Although it does not include the
effects of the Mach number, it is a useful relationship and does show that the
slope decreases as the aspect ratio decreases and as the sweep angle increases.
Figures 2-4a and 2-4b are typical lift and drag curves for a symmetrical wing,
where C;, and Cj, are shown as functions of the angle of attack. If « is eliminated

from the functional relationships of Eq. 2-8, we obtain what is known as the
drag polar, where Cp is expressed as a function of C;, so that

CD=CD(CL, M, RC) (2-10)

as is shown in Fig. 2-4¢. The drag polar is very important to performance analyses
and can often be very difficult to obtain from an aircraft manufacturer. For our
purposes, the overall drag coefficient can be divided into two components and

written as

CD=CDO+CDE (2-11)
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where Cpg is the zero-lift dray coefficient (i.e., the drag coefficient when the lift
coefficient is equal to zero) and Cy; is called the drag-due-to-lift coefficient (some-
times called the induced-dray coefficient). See Fig. 2-4¢. Since C)y, arises from the
generation of lift, it can be expressed as

Cpi= KCL (2-12)
so that Eq. 2-11 becomes
CD=CDO+ KCE (2-13)

Equation 2-13 is known as the generalized drag polar: Cpe, K, and the exponent
x are all functions not only of the wing shape but also of the Mach and Reynolds
numbers. Fortunately, there are many efficient subsonic and thin-winged super-
sonic configurations and flight regimes where these parameters can be considered
constant and x can be set equal to 2. Consequently, Eq. 2-13 can be written as

Cp=Cpo+ KCi (2-14)
\
s
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FIGURE 24

Aerodynamic characteristics for a wing with a symmetrical airfoil: (a) lift coefficient
versus angle of attack; (b) drag coefficient versus angle of attack; (c) drag polar.
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This particular drag polar is known as the parabolic dray polar and is the one used

throughout this book.
The value of K is strongly dependent upon the aspect ratio, as can be seen

from the expression
Ke 1
 mAR)e (2-15)

where ¢ is the Oswald span efficiency factor. An idealized wing of infinite span,
flying under idealized conditions, would have a value of unity for e. Practical
values of e range from 0.6 to 0.9 (in general, decreasing with a decrease in the
aspect ratio) and are difficult to determine for a particular aircraft-wing com-
bination. We shall normally use compromise values of 0.8 or 0.85 in our deter-
mination of K. Incidentally, the addition of properly designed wingtip tanks, end
plates, or winglets (and the ground effect) will increase the span efficiency, even
beyond the value of unity. .

If a wing is symmetrical, Cpo is also the minimum-drag coefficient. If the wing is
cambered, the drag polar will still be parabolic but the minimum-drag coefficient
will be located at a lift coefficient other than zero, as shown in Fig. 2-5 for a wing
with some positive camber. In such cases, the parabolic drag polar can be repre-
sented by the expression

Cp = Cpmin+ K(CL— Cro)*

with the minimum-drag coefficient sometimes called the parasite drag coefficient.
In the interest of simplicity, we shall limit ourselves to the parabolic drag polar of
Eq. 2-14, with the understanding that Cp, represents the minimum-drag coefficient
of the entire aircraft, with the wing of a well-designed and reasonably clean aircraft

s
1\
CL
CLo I
|
1
!
0 i
CDmin CD
FIGURE 2-5

Parabolic drag polar for a wing with pesitive camber.
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making the largest contribution. Typical subsonic values of Cpq are of the order
of 0.011 for a clean fighter aircraft (at subsonic airspeeds), 0.016 for a jet transport
and 0.025 for a propeller-driven aircraft. ’

An important performance and design parameter of an aircraft is the lift-ro-
dray ratio, or aerodynamic efficiency. Using the symbol E, it is defined as
L G
D Cp (2-16)
and .for a given shape is a function of the angle of attack (and thus of the lift co-
efficient). quever, there is a maximum value for each aircraft, E,, that can be
found by setting the derivative of E with respect to Cy, equal to zero. For a parabolic
drag polar, substituting Eq. 2-14 into Eq. 2-16 yields
E:LZ
CDO + KCL (2'17)
so that setting dE/dCy. equal to zero and solving produces the condition that

Cpo is equal to KC}, which is also equal to Cp,. This is the flicht conditi
_ ) i ondit
which the zero-lift and induced drags are equal and * Honat

C 1/2
CL,E,,=(£>
K (2-18)

Substitution of Eq. 2-18 back into Eq. 2-17 leads to an expression for the maximum
lift-to-drag ratjo, namely,

1
" 2KCpo)? (2-19)
I.t §hould bct realized that the maximum lift-to-drag ratio is a design charac-
teristic of an aircraft, because K and Cpo are design, not flight, parameters. Each

aircraft has its own value that it cannot exceed, although it can fly at lower Values.
Some order of magnitude values of E,, for several classes of aircraft are:

m

Sailplanes 35
M 0.8 transports 18
Subsonic fighters 10
Supersonic aircraft 7

Helicopters

Since the maximum range of a flight vehicle, for a given fuel load, is directly
proportional to the maximum lift-to-drag ratio, we can understand why there are
no transcontinental helicopters as yet and why there are doubters as to the eco-
nomic soundness of an SST.

The parabolic drag polar, with a constant Cpo and K, can be considered valid
for airspeeds up to those approaching the drag-rise Mach number Moy, at which
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point the drag starts to rise and the maximum lift-to-drag ratio begins to fall off.
This increase in drag is due to the wave drag associated with the shock waves
forming on the wing as the velocity of the air flowing over the wing becomes sonic
and supersonic even though the aircraft itself is flying at a subsonic airspeed. The
aircraft (free-stream) Mach number at which the first local shock forms is known
as the critical Mach number M, : it is lower than the drag-rise Mach number,
which can be considered to be the start of the transonic region.

Obviously, it is desirable to have M., and thus Mpg, as large as possible. This
can be done by reducing the thickness ratio (t/¢) of the wing, thereby reducing the
increase in the velocity of the air as it flows over the wing. Since only the component
of the free-stream airflow perpendicular to the leading edge of the wing affects the
local velocity of the flow over the wing, sweeping the wing (either forward or
backward) reduces the magnitude of this component (sef\Fig. 2-6). This reduction
delays the onset of the local shock waves and increases the critical and drag-rise
Mach numbers. There are disadvantages to reducing the thickness of a wing and
sweeping it. A thin wing, especially one with a high aspect ratio, presents structural
problems and, surprisingly enough, has a higher weight than a thicker wing.
Wing sweep has such other disadvantages as a reduction in the slope of the lift
curve and in Cp_, as well as a susceptibility to tip stall.

The use of an airfoil shape that is called a supercritical airfoil does not change
the critical Mach number for a given thickness ratio or sweep angle, but it will
increase the drag-rise Mach number for that configuration. If the drag-rise Mach
number is kept constant, a supercritical wing can be thicker or have less sweep
than a wing with a conventional airfoil.

The parabolic drag polars used in this book will, in general, be considered to
be valid for airspeeds up to the order of M 0.85, although we should realize that
the drag-rise Mach number can be less than that if the wing is not designed for
that speed range. When analyzing the performance of an existing high-subsonic
aircraft, the manufacturer’s stated best-range cruise Mach number is often very
close to the drag-rise Mach number.

M

oo

(a)

FIGURE 2-6

Effect of wing sweep on component of air velocity normal to wing : (a) unswept wing; (b) swept
wing.
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In the parabolic drag polar, the zero-lift drag coefficient is the minimum value of
the drag coefficient and includes the drag contribution of not only the wing but
also of the other components of the aircraft, such as the fuselage, engine nacelles
anq the empennage (the tail section), which are all designed so’as to minimize
lhelr contribution to this minimum or zero-lift drag coefficient. With modern
furcraft, the wing is the major lift-producing device and is considered particularly
in Tl;tch analyses as we shall perform, to be the only contributor to t’he drae-due'-
o-lift. )

In the transonic region, which is defined as starting at the drag-rise Mach number
and ending at a Mach number of the order of M 1.1, Cpo rises sharply and then
decreases to approach a reasonably constant value in the supersonic region
K, .on the other hand, increases almost linearly in the transonic region, levelin :
off in the supersonic region. The maximum lift-to-drag ratio drops off silarply ir%
the t_ransonic region and levels off in the supersonic region. These effects are shown
qualitatively in Fig. 2-7. As mentioned previously, the upper limit for a subsonic
drag polar is in the vicinity of Mpg. There is a lower limit also, which is established
by large lift coefficients that approach the maximum. A parabolic drag polar can
also be used for analyses of the supersonic performance of certain wing con-
figurations in certain flight regimes if the appropriate values for Cpo and K are used

The shape and size of the wings of an aircraft often indicate the speed, ran e‘
agd purpose for which the aircraft was designed. Large, straight wide’(whegre’
width refers to the chord length), and thick wings, often cambered, i;ldicate a low-

ﬁ ' \
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FIGURE 2-7

Qualitative variation of aerodynamic characteristics as a function of the

Mach number : (a) zero-lift (minimum) drag coefficient; (b) induced drag
parameter; (c) lift-to-drag ratio.
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speed, short-range aircraft with emphasis on low stall speeds and short take-offs
and landing runs. As the speed and range of the aircraft increase, the wings become
smaller, narrower, and thinner, and the camber decreases. This trend continues
as the cruise Mach number increases, and at a Mach number of the order of M 0.7
wing sweep begins to appear, reaching an angle of the order of 35 deg for an M 0.85
subsonic transport or bomber. As yet, no aircraft is designed to operate in the
transonic region, and so the next increase in airspeed results in a supersonic
aircraft. The wings become thinner, the leading edges much sharper, and the
sweep more pronounced, and now the aspect ratio begins to decrease (the wings
become stubbier). The combination of increased sweep and reduced aspect ratio
often results in a delta wing. An aircraft designed to operate primarily in the high
supersonic region may well have straight stubby wings with a very thin, sym-
metrical airfoil section and with sharp leading edges. There are several aircraft
that employ variable sweep wings, so as to tailor the wing configuration to the
airspeed at which it is operating.

2-4 THE PROPULSION SUBSYSTEM

In order to conduct performance analyses or perform preliminary design studies,
we need functional relationships for the propulsive force (the thrust T) and for
the fuel consumption rate for the various types of aircraft engines that might be
used currently or in the near future. These are all classified as air-breathers in that
they use the oxygen from the atmosphere to burn with a petroleum-product fuel,
either gasoline or a form of kerosene, which is commonly referred to as jet fuel.
Fortunately, for the purposes of this book, we need not concern ourselves with
the inner workings or internal design of an aircraft engine but can instead treat
the engine as a “black box,” which in turn can be represented by a few operational
and design parameters.

The four types of aircraft propulsion systems to be considered are the pure
turbojet, the reciprocating engine and propeller combination (the piston-prop), the
turboprop, and the turbofan. We shall assume that the engine has been properly
selected and matched to both the aircraft and the operating regime for which the
aircraft has been designed. Consequently, any values given in this book represent
design-point values, that is, best values.

The turbojet engine produces thrust by expanding hot combustion gases through
a nozzle. Referring to the schematic diagram of Fig. 2-8a, the air enters the diffuser
section at the true airspeed of the aircraft and is decelerated and partially com-
pressed. The air then passes through a mechanical compressor section where the
pressure is increased to that desired for combustion, which occurs in the burners.
The hot combustion products are partially expanded through the turbine section
to provide power for driving the compressor(s) and for operating aircraft acces-
sories, and then is fully expanded through the nozzle (the tail pipe) to produce
thrust. This thrust is a function of the altitude and airspeed of the aircraft and of
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FIGURE 2-8

A turbojet schematic schematic: (a) without afterburner;
(b) with afterburner. ’

the enginle control setting and can be expressed in a generalized form as
T=Th V,I) (2-20)

where I1 is the customary symbol for the control setting, which for the sake of
consistency will be called the throttle setting. Since the throttle setting symbol
never appears in any of our equations, we need not worry about any possible
confusion with the symbol for pi. ‘

For turbojet engines, the fuel consumption rate is described by the thrust
specific fuel consumption tsfc, or simply ¢, which is defined as the fuel weight flow
rate per hour per pound of thrust and has the dimensions of /b/h/lb (N/h/N),
sometimes expressed as inverse hours with English units. The specific fuel con-
sumption is an engine characteristic and has the functional relationships

dW,/dt

c—-—:1_—-c(lz, V, 1) (2-21)

From its definition and Eq. 2-21, we see that lowering the specific fuel consumption

of an engine decreases the amount of fuel required to generate a pound (Newton)
of thrust.

It is possible to simplify further the functional relationships of Egs. 2-20 and
2-21 by approximations and assumptions. First of all, the thrust of a turbojet
engine that is properly designed and matched to the aircraft in which it is installed
can be considered, to a first approximation, to be independent of the airspeed,
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so that

T=T(h 1) (2-22)

The thrust of a turbojet for a given throttle setting is directly proportional to the

“mass flow rate of the air through the engine. Consequently, as the density of the

atmosphere decreases with an increase in altitude, so does the available thrust.
The thrust T, at any given altitude /i; can be expressed in terms of its sca-level

value by the relationship
T <ﬂ> ot
Lo \pst) ' (2-23)

In the troposphere, the exponent x takes on values of the order of 0.7, whereas in
the isothermal stratosphere, it can be set equal to unity, which yields the simple
relationship that

Li_p

Tsy  pso 7 (2-24)
We shall use the simpler relationship of Eq. 2-24 that says that the thrust of a
turbojet is directly proportional to the atmospheric density, in both the tropo-
sphere and the atmosphere, even though the actual decrease in thrust with altitude
will be somewhat less than that indicated.

With respect to the specific fuel consumption, it is less affected by the altitude
than is the thrust. The minimum value of the specific fuel consumption occurs at
the tropopause. Within the troposphere, it decreases as the 0.2 power of the
density ratio and increases even more slowly within the stratosphere. We shall
neglect these variations due to altitude in our analyses other than to remember
that the lowest specific fuel consumption does occur at the tropopause. In addition,
in consonance with our earlier assumption that the aircraft is operating in the
region of its engine-airframe design point, we shall neglect any variations with
changes in either the airspeed or the throttle setting. As a consequence, we shall
assume that the specific fuel consumption will be constant for all flight conditions.

Turbojet engines come in all sizes these days, from 50 Ib of thrust up to the order
of 25,000 Ib. The uninstalled thrust-to-engine weight ratio is constantly increasing
and is of the order of 4 to 61b of thrust for every pound of uninstalled engine
weight. Some turbojet engines contain an afterburner (see Fig. 2-8b) to take ad-
vantage of the fact that the gaseous mixture leaving the turbine contains an excess
of unburned air in order to keep the temperature below the maximum allowable
for safe turbine operation. Injecting and burning additional fuel behind the
turbine will greatly increase the thrust with the only temperature limitation being
that of the tailpipe wall (the wall can withstand higher temperatures than can the
turbine blades). Although the thrust is approximately doubled, the increase in the
thrust (the thrust augmentation) is accompanied by a large increase in the specific
fuel consumption (of the order of two to three times as much). Consequently, an
afterburner is installed only when the operational requirements demand one,
such as for an interceptor or for a supersonic capability, and then is used sparingly.
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Let us leave the turbojet engine and discuss the piston-prop. An internal com-
bustion reciprocating engine burns air and gasoline (there are no diesel aviation
engines as yet) and produces power rather than thrust. The power output of the
engine is commonly measured in units of horsepower (hp), is essentially inde-
pendent of the airspeed, and is a function of the altitude and throttle setting. The
fuel consumption rate is proportional to the horsepower (HP), so that

aw,

L _}HP)

dt (2-25)

where ¢ is the horsepower specific fuel consumption (hpsfc), which is defined as the
fuel flow rate per horsepower and has the units of Ib/h/hp (N/h/kW).

The engine shaft power is converted into thrust power by the propeller. The
thrust power P is equal to the product of the thrust and the airspeed of the aircraft,
that is,

P=TV (2-26)

where the thrust is in pounds (Newtons) and the airspeed is expressed in either
ft/s (m/s) or mi/h (km/h), whichever is more convenient to use at the time. The
engine horsepower and the propeller thrust power are related by the expression

P=TV =kn,(HP) (2-27)

where 7, is the propeller efficiency and is of the order of 80 to 85 percent and k
is a conversion factor with a value of 375 1b-mi/h/hp when V is in mph and a
value of 550 ft-Ib/s/hp when V is in fps. Notice that, for a given horsepower, the
available thrust is inversely proportional to the airspeed, decreasing as the airspeed
increases, whereas the thrust of a turbojet is constant and the thrust power increases
as the airspeed increases. Since the horsepower specific fuel consumption has the
same variations with altitude and airspeed as does the thrust specific fuel con-
sumption, it will also be assumed to be constant in our analyses. Although the
two specific fuel consumptions are “constant” for their respective power plants,
they are related to each other through the following expression:

vV (2-28)

This equation will be used to develop “equivalent” specific fuel consumptions for
turboprops and turbofans in Chap. 8.

The altitude variation of the power produced depends upon whether or not the
engine is supercharged. If not, we speak of an aspirated engine, and the variation of
the output power with altitude is essentially that of the thrust of a turbojet engine
(see Egs. 2-23 and 2-24). The superchargers of today use a turbine driven by the
exhaust gases to increase the density of the air entering the cylinders and are called
turbochargers. With a constant throttle setting, the power will remain constant
up to the critical altitude, which has a maximum value of the order of 20,000 ft.
Above the critical altitude, the power of a turbocharged engine decreases with
altitude in the same manner as an aspirated engine. The penalties of a turbocharger
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A turboprop schematic.

are a slight decrease in the useful power output of the engine, a slight increase in
the engine weight, and a slight increase in cost.

Current piston-prop engines are relatively small, ranging in size from around
50 hp to the order of 600 hp, because they are the heaviest of all the engines. The
uninstalled horsepower-to-engine weight ratio is of the order of 0.5 hp/lb of
engine weight.

Turboprop engines and turbofan engines are basically turbojet engines in which
the combustion gases are more fully expanded in the turbine section to develop
more power than is needed to drive the compressor and accessories. This excess
power is then used to drive either a propeller, in the case of a turboprop (see Fig.
2-9), or a multibladed ducted fan, in the case of a turbofan (see Fig. 2-10), to produce
thrust power. Any energy remaining in the gaseous mixture leaving the drive
turbines is then expanded in a nozzle to produce what is known as jet thrust. This
jet thrust, obviously, is considerably less than that produced by a comparable
turbojet.

In the turboprop engine, the residual jet thrust is converted into an equivalent
horsepower at some design airspeed, and the engine is then described in the
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FIGURE 2-10

A front turbofan schematic.
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‘terminology of the piston-prop, i.c., an equivalent shaft horsepower (eshp) and
an equivalent shaft horsepower specific fuel consumption (eshp sfc) that are some-
what sensitive to variations in the airspeed of the aircraft. Since the jet thrust
power of a turboprop engine is of the order of 15 to 20 percent of the total power,
it is reasonable to treat the turboprop in the same manner as an aspirated (no
turbocharger) piston-prop. The turboprop has a slightly higher specific fuel con-
sumption than does the piston-prop but the weight of the engine is considerably
less, the heaviest item being the propeller gearbox. Horsepower-to-engine-weight
ratios are of the order of 2 hp/Ib of engine weight, and the largest engine in current
operational use is of the order of 6,000 eshp.

Although a turbofan engine is described as though it were a turbojet, its charac-
teristics are determined by the bypass ratio, which is the ratio of the mass of the
“cold air” passing through the fan to the mass of the “hot air” passing through
the burners and turbine section. If the bypass ratio is zero, then the turbofan is
obviously a pure turbojet. As the bypass ratio is increased, the percentage of jet
thrust decreases and the turbofan more and more resembles a turboprop. For
example, with a bypass ratio of 10, the theoretical jet thrust is of the order of
17 percent. Current maximum bypass ratios are of the order of 5 to 6 and thrust
specific fuel consumptions, for a specified airspeed, are of the order of 0.7 1b/h/Ib.
Although the frontal area of a turbofan increases rapidly with an increase in the
bypass ratio, the length decreases; consequently, there is less of an increase in the
engine drag and weight than might be expected. Thrust-to-engine-weight ratios
are of the order of 5 to 6 1b of thrust per pound of engine weight. The maximum
thrust of an individual engine is increasing and currently is of the order of 60,000 1b.

The specific fuel consumption is an extremely important performance param-
eter. Some typical values, all expressed as an equivalent thrust specific fuel con-
sumption in 1b/h/lb, are:

Rocket engines 10
Ramjets 3
Turbojets (afterburner) 2.5
Turbojets 1
High bypass turbofans 0.6-0.8
Turboprops 0.5-0.6
Piston-props 0.4-0.5

[t is interesting to note that, for various reasons, this list also serves to indicate the
relative airspeed regime of the flight vehicles in which these various types of engines
are used. For example, piston-prop engines are used in aircraft with airspeeds of
the order of 250 mph or less: turboprop engines at the higher airspeeds up to
approximately M 0.7; turbofan engines for airspeeds up to M 0.85: and turbojet
engines and very low bypass ratio engines in supersonic aircraft. The ramjet is
suitable for flight vehicles flying at M 3.0 and higher, and rocket engines are used
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in ballistic missiles and space boosters. Furthermore, the piston-prop is the
cheapest and the heaviest of the engines with the weight decreasing and the cost
increasing as we move up the list.

2-5 WEIGHT FRACTIONS

Our intuition is correct when it tells us that weight is an important consideration
in the performance and design of an aircraft. In actuality, it may well be the most
important consideration, and design experience has shown that the lowest-weight
design is also the lowest-cost and most-efficient design. Every extra pound of
weight is accompanied by an increase in the wing area, thrust, fuel, etc., all leading
to a further increase in the aircraft weight and adversely affecting the performance
and costs (both initial and operational) of the aircraft. Weight fractions are very
useful in performance and design analyses and are obtained by expressing the
gross (total) weight of an aircraft as the sum of the weights of the individual com-
ponents and subsystems and then dividing through by the gross weight.

Although the “bookkeeping” process can be, and in final design is, very detailed,
we shall consider the total weight of an aircraft to be made up of the structural
weight W,, the engine weight W,, the payload weight Wey, and the fuel weight W;.
The structural weight will include not only the weight of the structure itself but
also the weight of everything not included in the other categories. It will include
all the equipment, for example, and even the weight of the flight and cabin crew.
Usually, aircraft manufacturers will lump the structural and engine weights to-
gether and call the sum the empty weight or the operational empty weight, OEW,
and combine the fuel and payload weights into the useful load.

With our subdivisions and knowing that the weight of the whole aircraft is the
sum of the individual weights, we can write the gross weight W, of the aircraft as

Wo =W+ W+ Wp + W, (2-29)
If we divide through by the gross weight, we obtain

1= Wi + VV¢>+ Wer W,
W, W, W, W, (2-30)

and we establish these weight fractions: the structural weight fraction, the engine
weight fraction, the payload weight fraction, and the fuel weight fraction. The
sum of these individual weight fractions must always be unity. As an aside, the
engine weight fraction for turbojets and turbofans can be found from the rela-
tionship that

I/Vu _ Tm;n/ WO
WO B Tm;lx/ VV& (2_31 )

where the numerator is the ratio of the maximum engine thrust to the gross weight
of the aircraft and the denominator is the ratio of the maximum engine thrust to
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“the weight of the engine. A similar relationship, using horsepower rather than
thrust, is used with the propeller-driven aircraft.

The analysis and design of aircraft structures and the determination of com-
ponent and subsystem weights are obviously beyond the scope of this book. We
shall work instead with order of magnitude values for the structural weight fraction.
As the gross weight of an aircraft increases, its structural weight fraction decreases.
There are minimum volume requirements for cabin and cargo space, and the
weights of fixed equipment (such as radios and navigation equipment) have a
larger impact on the structural weight fraction of the lower gross weight aircraft.
Large subsonic transports, such as the C-5 and 747, have structural weight fractions
of the order of 0.4 to 0.45 whereas smaller aircraft, such as general aviation and
fighter aircraft, can have structural weight fractions in excess of 0.5. Remember
that the structural weight fraction does not include the weight of the engines.

We should never forget the importance and significance of the weight fractions.
For example, a payload weight fraction of 0.05 means that 20 Ib of aircraft weight
is required for each pound of payload. Therefore, a payload of 2,000 Ib calls for a
40,000-1b aircraft. Look at the problems at the end of this chapter for some examples
of the impact of the engine and structural weight fractions upon the gross weight,
the range, and the payload capability of an aircraft. The weight fractions can be
used to dramatically demonstrate the range and payload limitations associated
with the increased engine weight required for a true vertical take-off and landing
(VTOL) aircraft as compared with a conventional take-off and landing aircraft
(CTOL).

A word of caution is in order with respect to the structural weight fraction. In
attempts to reduce weight, the structural designer must not go so far as to introduce
undesirable aeroelastic effects or to produce structural members that cannot
handle the aerodynamic loads that might be encountered.

2-6 MISCELLANY

The symbol V without a subscript will always be used to denote the true airspeed,
which is the actual speed of the aircraft through the atmosphere. The basic instru-
ment for measuring airspeed is the pitot tube, which measures the stagnation
pressure (Po) of the air, in combination with a static source to measure the local
(ambient) pressure P. If the air is assumed to be incompressible, then Bernoulli's
equation can be used to determine the true airspeed from

_ 2(P0_P) 1/2
V—[ p } (2-32)

where P,— P is the pressure difference measured by the pitot tube-static source
combination. Since the ambient atmospheric density is difficult to measure, the
standard practice is to use the standard day sea-level value and call the result the

2-6 Miscellany 25

calibrated airspeed (CAS), where
AP,—P)|'?
CAS =[_(_0._)]

Psi

(2-33)

Equations 2-32 and 2-33 provide the relationships between the true and calibrated
airspeeds, namely,

[ _CAS
T oli? (2-34a)
CAS=Vo'? (2-34b)

The indicated airspeed (1AS) is what the pilot reads on his airspeed indicator in the
cockpit and is the calibrated airspeed with any errors arising from the construction
of the instrument itself and from the installation and location of the pitot tube and
the static source. We shall assume the 1AS and the CAS to be identical.

At sea level on a standard day, the values of the calibrated airspeed and of the
true airspeed are equal, but this is the only time and place where they are. If the
CAS is held constant at 250 mph, the true airspeed will increase with altitude as
shown in the following table:

h 4 CAS Vv
(1000 ft) (o/ps1) (mph) (mph)

SL 1.000 250 250

5 0.862 250 269
10 0.738 250 291
15 0.629 250 315
20 0.533 250 342
30 0.374 250 409
40 0.185 250 476
50 0.152 250 541

As the true airspeed increases beyond a Mach number of the order of 0.3, the
assumption of the incompressibility of the air begins to lose its validity and the
effect of the compressibility upon the measurement of the true airspeed should be
taken into account. The calibrated airspeed corrected for compressibility is often
called the equivalent airspeed. At high airspeeds, the airspeed indicator is replaced
by or complemented with the Machmeter, which measures the Mach number M,
where

M="
Ta (2-35)

where V is the true airspeed and «, the local speed of sound in air (the acoustic
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“velocity), is a function of the local air temperature and is given by
a=(kRO)!? (2-36)

In Eq. 2-36, k is the ratio of specific heats (1.4 for air) and R is the gas constant for
air. For a constant true airspeed, the Mach number increases with altitude until
the tropopause is reached: it then remains constant in the isothermal stratosphere.
For a constant true airspeed of 250 mph, its relationships with the CAS and the
Mach number are as follows:

h vV M CAS
(1,000 ft)y  (mph) (mph)
SL 250 0.238 250
10 250 0.336 215
20 250 0.353 182
30 250 0.368 153
40 250 0.378 124
50 250 0.378 97

Notice that there is considerably less change in the Mach number with altitude
than in the CAS. If the Mach number is held constant, then the true airspeed will
decrease with altitude until the tropopause is reached.

The stall speed V, of an aircraft is the true airspeed at the stalling point of the
wing, which occurs at the maximum lift coefficient (Cy,__,) of the wing. In level
flight, the lift must be equal to the weight so that

L=W=4ps aV2iSC, (2-37)
Solving for the level-flight true airspeed yields

Vz[z(W/S)}”z

psLoCy (2-38)

where W/S is called the wing loading of the aircraft and has the units of Ib/ft2 (N/m?2).
To determine the stall speed, set the lift coefficient equal to its maximum value to

obtain
v _[ 2( W/S) ]1/2
> LpsioCr,,, (2-39)

The stall speed increases with an increase in the wing loading and decreases with
an increase in the maximum lift coefficient. For a given wing loading and lift
coefficient, the stall speed increases with altitude such that

Vst
o'/? (2-40)

If the stall speed is expressed in terms of the calibrated airspeed rather than the

Vs
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true airspeed, Eq. 2-34 can be used to show that the calibrated stall speed is inde-
pendent of the altitude, which is convenient for a pilot who only has to remember
the sea-level stall speeds.

Since the value of the maximum lift coefficient increases with the use of flaps
(and other high-lift devices) and decreases with the landing gear down, it is neces-
sary to define the flap and gear configuration as well as the weight (the wing loading)
in specifying the stall speed. It is customary to describe the level-flight stall speed
in terms of the calibrated airspeed, a given weight (wing loading), various flap
settings, and whether the gear is up or down.

Equation 2-38 shows that, for-a given wing loading and altitude, the true airspeed
is inversely proportional to the square root of the lift coefficient at which the
aircraft is flying. In other words, as the lift coefficient (and thus the angle of attack)
is increased, the true airspeed required to maintain level flight decreases. Figure
2-11 shows the variation of the flight lift-to-drag ratio E and the sea-level true
airspeed V for a particular aircraft with a wing loading of 100 1b/ft?> and the
parabolic drag polar, Cp=0.015+0.06 C, as a function of the lift coefficient. In
addition to the general shape of the curves, the thing to notice is that, although
the value of the lift coefficient that maximizes the lift-to-drag ratio is obvious, the
value that maximizes the product of the airspeed and the lift-to-drag ratio is not.
The significance of this observation will become apparent in subsequent sections
dealing with the best range of aircraft with turbojet and turbofan engines.

400

300

200

V {mph)

100

0 0.5 1.0 15 20
CL
FIGURE 2-11

A typical variation of the lift-to-drag ratio and true airspeed as a function
of the lift coefficient.
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2-1.

2-2.

2-3.

24.
2-5.

2-6.

2-7.

2-8.

PROBLEMS

Find the altitude in feet for each of the density ratios listed below, using
Table A-1 and Eq. 2-2 with f#=30,500 ft and then with 8 =23,800 ft:

a. 0310 b. 0862
c. 0.490 d. 0.120
e. 0225 f. 0.060
g 0533 h. 0.374

Find the difference in altitude in feet for each of the density ratio pairs
listed below, using Table A-1 and Eq. 2-2 with the two values of §, that s,
30,500 and 23,800 ft:

a. 0.862and 0.152 b. 0.862 and 0.310
c. 0.629 and 0.194 d. 0.310 and 0.152
e. 0.194 and 0.120 f.  0.533 and 0.297
g. 0.374 and 0.246 h. 0.246 and 0.152

For each of the altitudes listed below, find the density ratio, using Table A-1
and then Eq. 2-1 with §=23,800 ft:

a. 10,000 ft b. 82,000 ft
c. 15,000 ft d. 30,000 ft
e. *20,000 ft [ 450001
g 70,000 ft h. 36,000 ft

Do Prob. 2-3 using Table A-1 and a value of 30,500 ft for .

Using the equation of state for air (Eq. 2-3) along with relevant values
from Table A-1, find the pressure ratio for each of the altitudes listed below

and compare it with the value listed in Table A-1: \
a. 10,000 ft b. 15,000 ft
c. 30,000 ft d. 82,000 ft
e. 25,000 ft f. 50,000 ft
g 35,000 ft h. 5,000 ft

Redo Prob. 2-5 to find the temperature ratio and the temperature itself
(in degrees Rankine and in degrees Fahrenheit).

Redo Prob. 2-5 to find the density ratio at each listed altitude.
An aircraft has the drag polar, Cp=0.015-+0.05 C?.
a. Find the maximum lift-to-drag ratio and the associated lift coefficient.

b. Find the AR required to maintain a constant value of 0.05 for K for
each of the following values of the Oswald span efficiency: 0.75, 0.8,
0.85, and 0.95.

2-9.

2-10.

2-11.

2-12.

2-13.

2-14.
2-15.

2-16.

2-17.
2-18.
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c. For alift coefficient of 0.5, find the value of the drag coefficient and of
the lift-to-drag ratio.

d. Sketch the lift-to-drag ratio as a function of the lift coefficient.

Do Prob. 2-8 for the parabolic drag polar,

Cp=0.025+0.04 C7.

An aircraft with a symmetrical airfoil wing has the following aerodynamic

data:

x(deg) 0 3 S 10 15 20 25
CL 0 0.3 0.5 1.0 1.5 1.8 1.7
Cp 0.02 0.024 0.032 0.07 0.13 0.2 0.32

a. Plot the lift and drag coefficients as a function of the angle of attack.
Plot the actual drag polar, that is, Cp versus C;.

If the drag polar can be approximated by Cp=0.02+0.05 C, super-
impose a plot of this parabolic drag polar on that of (b), above.

Find the dynamic pressure g in 1b/ft? from sea level to 40,000 ft at 10,000-ft
intervals, for each of the following true airspeeds:

a. 150 mph b. 200 mph
c. 300 mph d. 350 mph
e. 400 mph f. 500 mph

For a wing area of 1,400 ft?, a lift coefficient of 0.5, and a lift-to-drag ratio
of 12, find the lift and drag at sea level, 20,000 ft, and 30,000 ft for each of
the airspeeds of Prob. 2-11.

a. For the aircraft of Prob. 2-12, find the airspeed in mph required to
achieve a level-flight lift of 140,000 Ib (the weight of the aircraft) at sea
level, 20,000 ft, and 30,000 ft.

b. Find the corresponding drag and lift-to-drag ratio.

Do Prob. 2-13 for a level-flight lift of 70,000 1b.

An aircraft has a wing with an aspect ratio of 4 and an angle of attack at

stall of 20 deg. Find the slope of the lift curve (a,, =dC/dx) per radian and

per degree for each of the following wing sweep angles:

a.  Odeg b. 10 deg
c. 20deg d. 30deg
e. 35deg f. 40 deg

Do Prob. 2-15 for an aspect ratio of 8.

Do Prob. 2-15 for an aspect ratio of 12.
A supersonic transport (SST) has an aspect ratio of 1.8 and a sweep angle
of 40 deg.
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2-19.

2-20.

2-21.

2-22.

2-23.

2-24.

2-25.

2-26.

2-27.

2-28.

2-29.
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a. Find the slope of the lift curve per degree.

b. If the wing airfoil section is symmetrical and the maximum lift co-
efficient for landing is 1.2, find the landing angle of attack.

c. Does the answer of (c) above indicate why the nose of the Concorde
SST is drooped for landing?

A turbojet has a maximum sea-level thrust of 50,000 Ib. Using the approx-
imation of Eq. 2-24, find the maximum thrust at:

a. 10,000 ft b. 20,000 ft
c. 30,000 ft d. 36,000 ft
e. 40,000 ft f. 50,000 ft

Do Prob. 2-19 using Eq. 2-23 with x=0.7 in the troposphere and x=1.0
in the stratosphere.

A turbojet has a tsfc of 0.9 Ib/h/Ib. Find the fuel consumption rate in both
Ib/h and gal/h for the following thrust levels:

a. 10,000 1b b. 20,000 Ib
¢. 30,000 1b d. 40,000 ib
e. 50,000 Ib f. 60,000 1b

With the assumption that the thrust of a turbojet is independent of the
axrspefed, plot the thrust power in horsepower (hp) as a function of the
true airspeed in mph from zero to 500 mph (at 100-mph intervals) for the
following thrust levels: -
a. 10,000 1b b. 20,000 Ib

c. 30,000 1b d. 50,000 Ib

g\or:) 1spi?te((ii ﬁiston-prop engine has a maximum sea-level horsepower of
p- I'Ind the maximum available horsepower, using th i i

at the following altitudes: ’ B e spRroximation.

a. 10,000 ft b. 20,000 ft

c. 30,000 ft d. 40,000 ft

Ifthe engine of Prob. 2-23 is turbocharged with a critical altitude of 15,000 ft,

do Prob. 2-23 to include the 15,000-ft altitude.

Assuming that the horsepower of a piston-prop engine is independent of
the airspeed, sketch the thrust as a function of the true airspeed for 1,000 hp
and a propeller efficiency of 85 percent.

Do Prob. 2-25 for 500 hp and a propeller efficiency of 80 percent.

A 3§O-hp piston-prop engine has a hpsfc of 0.4 Ib/h/hp and a propeller
efficiency of 80 percent. Find the fuel consumption rate in Ib/h and in gal/h.

Do Prob. 2-27 for 1,000 hp, a hpsfc of 0.45, and a propeller efficiency of
85 percent.

A{] aircraft has the following weight allocations:

2-30.

2-31.

2-32.

2-33.

2-34.

Problems 31
Structure 8,000 1b
Engines 1,000 1b
Fuel 6,000 1b
Payload 5,000 1b

a. Find the gross weight, the operational empty weight, and the useful
load.

b. Find the weight fractions: structural, engine, fuel, payload, and opera-
tional empty weight.

A CTOL (conventional take-off and landing) turbojet aircraft is designed

for a 20,000-1b payload. The structural weight fraction is 0.44, and the

design fuel weight fraction is 0.3. If the thrust-to-weight ratio of the aircraft

is 0.25 and the thrust-to-engine weight is 5:

a. Find the payload weight fraction and the gross weight of the aircraft.

b. Find the structural, engine, and fuel weights.

In order to transform the aircraft of Prob. 2-30 from CTOL to VTOL

(vertical take-off and landing), the thrust-to-weight ratio of the aircraft is

increased to 1.1, the thrust-to-engine weight ratio remaining at 5.

a. Find the payload weight fraction and the new gross weight.

b. If the gross weight is held constant at the value obtained in Prob. 2-30
for the CTOL aircraft, as are the structural and fuel weight fractions,
find the payload weight and compare it with the design value.

c. Do (b), letting only the fuel weight fraction change. Find the value of
the new fuel weight fraction and compare it with the design value.

A piston-prop aircraft has a hp-to-aircraft weight ratio of 0.1 and a hp-to-

engine weight ratio of 0.5. The structural weight fraction is 0.45, and the

design fuel weight fraction is 0.1.

a. If the payload is 5,0001b, find the payload weight fraction and the
gross weight of the aircraft.

b. If the structural weight fraction can be reduced to 0.40 with the use of
composites, find the new payload weight fraction and gross weight.

c. For (b), increase the aircraft HP/W ratio to 0.2 (in order to increase
the maximum airspeed), keeping the payload weight and other fractions
constant. Find the new payload weight fraction and gross weight.

For each of the following combinations of calibrated airspeed and altitude,

find the true airspeed in mph and the Mach number:

b. 250 mph and 20,000 ft

c. 400 mph and 15,000 ft d. 250 mph and 40,000 ft

e. 300 mph and 30,000 ft f. 200 mph and 50,000 ft

a

For a Mach number of 0.7, find the true airspeed and the calibrated
airspeed (both in mph) at sea level, 20,000 ft, and 40,000 ft.

a. 250 mph and sea level
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2-36.
2-37.

2-38.
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b. Do (a) above for a Mach number of 0.55.
¢. Do {a)above for a Mach number of 0.84.

An aircraft that weighs 100,000 Ib has a wing area of 1,000 ft2. Find the lift
coefficient required for a level-flight true airspeed of 450 mph for the
following altitudes:

a. Sea level b. 10,000 ft
c. 20,000 ft d. 30,000 ft
e. 36,000 ft f. 45,000 ft

Do Prob. 2-35 for a true airspeed of 250 mph.

For the aircraft and altitudes of Prob. 2-35, if the maximum lift coefficient
is 2.0, find the respective stall speeds, both the true airspeed (TAS) and the
calibrated airspeed (CAS).

For a maximum lift coefficient of 1.7, sketch the level-flight stall speed
(TAS) at sea level as a function of the wing loading (W/S), ranging in
values from 10 to 150 Ib/ft2.

Chapter Three

Level Flight in the
Vertical Plane: Turbojets

3-1 GOVERNING EQUATIONS

Our performance analyses will be limited to rigid, symmetrical aircraft flying in a
quasi-steady-state condition over a flat, nonrotating earth.

Quasi-steady-state flight implies that any accelerations or rates of change of
any of the key variables are sufficiently small in magnitude or duration so that they
may be neglected. Furthermore, since we are not concerned with the attitude of
the aircraft, we need not consider the rotational modes of the aircraft. Conse-
quently, the Newtonian equations of motion of interest are reduced to the single
static force vector equation, namely,

Y Fe =0 (3-1)

Equation 3-1 simply means that the sum of all the external forces, with due regard
for their direction, must be equal to zero. Substituting the external forces on an
aircraft, Eq. 3-1 becomes

T+A+W=0 (3-2)

where T is the thrust vector, A is the aerodynamic force vector, and W is the weight
vector, which is equal to mg (the product of the aircraft mass and the gravity
vector).

The vertical plane is defined as the plane containing the X and Z axes of the
ground axis system. We shall assume that the aircraft will fly in a straight line
along the X axis with its wings level and with no side forces. The “no side forces”
assumption means that the sideslip angle is zero (that the aircraft is in what is
known as coordinated flight with its velocity vector in the plane of symmetry) and
that the plane of symmetry is in the vertical plane. We shall also assume that the
thrust vector always coincides with the velocity vector (is along the wind x axis),
which means that the engines are movable (which is not the case with conventional
aircraft) or that the angle between the thrust and velocity vectors is sufficiently
small to be neglected (a valid assumption for reasonable angles of attack). With
no side forces, the aerodynamic force vector A can be resolved into two compon-
ents, both in the plane of symmetry. They are the drag vector D, which lies along
the negative wind x axis, and the lift vector L, which lies along the negative wind
z axis.

33
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Resolving the external forces along the x and - wind axes (see Fig. 3-1) and
applying the conditions of Eq. 3-2 yields the two scalar equations

T—-D—-Wsiny =0 (3-3)

and L—Wcosy=0 (3-4)

In these two equations, 7 is the flight-path angle and is the angle between the air-
speed velocity vector (the direction of travel) and the local horizon.

The motion of the aircraft with respect to the earth is described by the two
kinematic equations

ay
A _vy "
= Vac0s 7, (3-5)
and dh =V,siny,
dr (3-6)

where 4 is the altitude above the mean sea level (MSL), V, is the ground speed (the
speed of the aircraft with respect to the surface of the earth), and 7¢ is the angle

L, lift
|
|
|
|
|
|
!
|
|
Xy V, true airspeed !
T, thrust |
Xy
Local horizon ., flight — path D, drag
angle !
W, weight
z, z,
Local vertical
FIGURE 3-1

Steady-state forces in the vertical plane.
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between the ground speed velocity vector and the horizon. The ground speed is
the sum of the true airspeed plus or minus the x component of the wind velocity
V., so that

V,=V+V, (3-7)

where the plus sign is associated with a tailwind and the minus sign with a head-
wind. We shall assume a no-wind condition (a rare occasion) and replace V, by
V (the airspeed) and y, by 7 in Egs. 3-5 and 3-6. The effects of wind upon flight
conditions and performance will be discussed in Chap. 10.

Since the weight of the aircraft is decreasing with time as fuel is being used, an
additional relationship is needed. From the definition of the thrust specific fuel
consumption and Eq. 2-21, we obtain the expression that

—dw
a T (3-8)

where W is the instantaneous gross weight of the aircraft, ¢ is the thrust specific
fuel consumption in 1b/h/lb (N/h/N), and T is the actual thrust in pounds
(Newtons). This weight balance equation accounts only for the fuel consumption.
There may be discrete weight changes, such as the dropping of bombs and cargo,
or other continuous weight changes if, for example, chemicals are sprayed.

The five equations that we shall use in examining the flight of turbojet aircraft
are repeated here and renumbered for the sake of convenience.

T—D—Wsiny=0 (3-9)
L—Wcosy=0 (3-10)

51—)—(— V cos
ar = 3-11)

dh .
E:Vsmv (3-12)
—dw
a T (3-13)

Keep in mind the no-wind assumption and the fact that the thrust is a function of
both the altitude and the throttle setting and that the drag is a function of the
altitude, the airspeed, and the lift. Since there are more variables than equations,
it is necessary to treat some of the variables as parameters, as will be seen.

3-2 LEVEL FLIGHT

For level flight in the vertical plane, the flight-path angle is zero and the altitude
remains constant. Furthermore, the x and z axes of the wind and local horizon
axes will be coincident. The governing flight equations of the preceding section
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reduce, for level flight, to

T=D (3-14)
L=wW (3-15)
aX_,
dt (3-16)
dh
iy
dr 3-17)
—dw
=cT
a (3-18)
where T=T(h 1) (3-19)
and, since L=W,
D=D(h, V, L)y=D(h, V, W) (3-20)

This series of simple equations shows that, in level flight, sufficient lift must be
generated to balance the weight of the aircraft; that is, keep the aircraft in the air.
This lift is developed by moving the wing through the air; this movement is resisted
by the drag, which must in turn be balanced by the thrust of the engine(s).

With the introduction of the parabolic drag polar, the drag can be expressed as

where g is the dynamic pressure, as defined by
qg=3pV?=%psoV? (3-22)

Whether g or its equivalent expression is used is a matter of convenience.
The lift coeflicient in Eq. 3-21 can be expressed in terms of the wing ﬁ)ading by
combining the lift equation with Eq. 3-15 to obtain
W/S 2(W/S)
C]_ == )
g psLoV (3-23)
Substituting Eq. 3-23 into Eq. 3-21 yields two drag expressions that will be used
quite often, one expression is for the drag as a function of the weight and the other
is for the drag-to-weight ratio (which is also the level-flight thrust-to-weight
ratio) in terms of the wing loading. These expressions are:

Kw? 2KW?

D=4gSCpo+ =ipgioV? Bkl AN
T SCD°+psLaV35 (3-24)

D _qCpo_ K(W[S) psioV?Coo  2K(W/S)
W W/S q 2(W/S) ps o V2 (3-25)

Since, from Eq. 3-14, the thrust produced by the engines must be equal to the drag,
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either of these equations can be written as a quadratic equation in ¢, namely,
T/S K(W/S)* _

‘- + =0
4 2Cpo 1 Coo (3-26)
which can easily be solved to obtain an expression for the level-flight dynamic
pressure,
4KCpo |
o5 1] 48] )
2CDO (T/VV) (3'27)
Then, from the definition of the dynamic pressure, the level-flight airspeed is
found to be
4 1/2 1/2
e 2
psLCpo (T/W) (3-28)

The presence of the + sign in Eq. 3-28 indicates that mathematically there are two
possible values for the level-flight airspeed for a given aircraft with a specified
throttle setting and altitude. There is a high-speed solution V;, associated with
the plus sign, and a low-speed solution V,, associated with the minus sign. The
physical significance of these two possible solutions will be discussed after an
examination of the radicand in Eq. 3-28.

The radicand 1—4 KCpo(W/T)? can be negative, positive, or equal to zero. If
the radicand is negative, then

W\?
- Z) <o
1 4KCD()<T> <

and there are no real solutions. Consequently, steady-state level flight is not
possible when

(3-29)

T 1/2

W<2(KCDO) (3_30)
Since, for a parabolic drag polar, E,,=1/[2(KCp,)''?] (see Eq. 2-19), there can be no
level flight if

T 1
—<— 3-31)
W E, (

If the radicand is positive, there will be two level-flight solutions with the con-

dition that

T 1

—>— 3-32

W E. (3-32)
The third condition arises when the radicand is identically equal to zero, so that

T = : (3-33)

W En
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With the substitution of Eq. 3-33. Eq. 3-28 vields only one level-flight solution.
which will subsequently be shown (o be the absolute ceiling condition. This
examination of the radicand in Eq. 3-28 can be summarized by stating that a
necessary condition for steady-state level flight is that the thrust-to-weight ratio be
greater than or equal to the reciprocal of the maximum lift-to-dray ra!iu; ie.,

T - 1
—Z 3-
WL (3-34)
where T is the actual, instantaneous thrust, which is a function of the throttle
setting and altitude, and where W is the actual, instantancous gross weight of the
aircraft. Remember that E,, is a design characteristic of the aircraft.

Le.t us now look at the physical significance of the level-flight solutions and
conditions by writing Eq. 3-14 in functional form as

T(h, V, II)=D(h, V, W)=0 (3-35)

There are four variables but only one equation. Let us specify our aircraft and
select three of the variables (4, W, and IT) as parameters, so that Eq. 3-35 becomes

T(V)—-D(V)=0 (3-36)

If we sketch, as a function of the airspeed, a typical available thrust-to-weight
ratio (T;/W) for a given throttle setting, weight; and altitude, as in Fig. 3-2, we see
that the thrust is, to a first approximation, independent of the airspeed. Tl’le total
drag-to-weight ratio, however, is strongly dependent upon the airspeed, being
very large at low airspeeds (where the drag-due-to-lift is dominant since the lift
coefficient is large), decreasing with increasing airspeed to reach a minimum value,

S,._-..—__.—__..._

Airspeed, V'
FIGURE 3-2

Level-flight equilibrium conditions for a given altitude and
weight,
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and then becoming very large again at high airspeeds (where the zero-lift drag is
dominant). For the throttle setting for T;/W, there are two points of intersection
of the available thrust and drag (which is the thrust required) curves: these points
are the graphical solutions of Egs. 3-14 and 3-24. Point 1 is the high-speed solution
(1) and point 2 is the low-speed solution (V,), both for steady-state level flight.

The static stability of the airspeed at the equilibrium points, 1 and 2, can be
determined by examining off-point conditions. If V' is greater than V), such as at
point 3, the thrust is less than the drag and the aircraft will decelerate until point 1
is reached. If V is between V| and V3, as at point 4, the thrust is greater than the
drag and the aircraft will accelerate away from point 2 until point 1 is again reached.
Thus, point 1 and V| represent a statically stable equilibrim condition.

[f, however, the airspeed is less than V5, such as at point 5, the thrust is less than
the drag and the aircraft will decelerate rapidly and move away from point 2.
Point 2 and V,, therefore, represent a statically unstable equilibrium condition. The
region to the left of point 6 is often referred to as the back side of the power curve
and is a region to be avoided, particularly on take-off or at landing. If the airspeed
is allowed to drop below Vg, it is not always possible to increase the thrust (by
increasing the throttle setting) either sufficiently or rapidly enough to prevent the
aircraft from staliling.

Remember that V| and ¥, may not be physically realizable: V; if it exceeds the
upper limits of the valid range of the parabolic drag polar (the drag-rise Mach
number) and V; if it is less than the stall speed. If the available thrust is reduced by
coming back on the throttle or by increasing the altitude, the two airspeed solu-
tions approach each other, coming together at the point where the available
thrust curve is tangent to the drag curve, such as at point 6. This point represents
the absolute ceiling of the aircraft for this thrust. If the thrust is further reduced, the
available thrust will be less than the drag. The airspeed will then begin to drop
off, decreasing the lift, and the aircraft will lose altitude and descend until the
available thrust again becomes equal to the drag.

If the throttle setting and weight are kept constant, then a theoretical flight en-
velope that shows the region of possible airspeeds as a function of the altitude can
be constructed, as shown in Fig. 3-3. The solid line represents a variation in the
thrust that is proportional to the density ratio raised to the 0.7th power in the
troposphere, whereas the dashed line represents our assumption that the thrust is
directly proportional to the density ratio in both the troposphere and the strato-
sphere. The flight envelope can be further refined by superimposing lines for the
stall speed and the drag-divergence Mach number as functions of the altitude.

Let us return to Eq. 3-28, which can be written as

B T/S 3 I 1/2 1/2
V_[PSLUCDO <‘ i{l [EM(T/WUZ} ﬂ (3-37)

where T, the available thrust is determined by the throttle setting and the altitude
(and, of course, by the size of the engines). This equation shows that a high airspeed
calls for a large T/S and/or a small Cpq. The thrust-to-wing-area ratio (7/S) is not
considered a primary performance parameter because it is the product of the
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Absolute ceiling

Tropopause

Altitude

True airspeed

FIGURE 3-3

Level-flight airspeed-altitude envelope for a given weight and
constant throttle setting.

Fhrust-to-weight ratio and the wing loading, which are primary parameters. Since
it does appear at times, we shall call it the thrust loading and find its value from
N

the relationship that
S \W/AS (3-38)

The use of Eq. 3-37 to find the maximum airspeed of a high-speed aircraft with a
maximum throttle setting often results in unrealistically high values that exceed
the drag-rise Mach number, and may well be supersonic, inasmuch as the maximum
available thrust-to-weight ratio is usually larger than that required for level flight,
being determined by such operational constraints as minimum take-off run, rate
of climb, and minimum ceiling. Furthermore, the parabolic drag polar assumption
does not provide for the rapid rise in the drag in the transonic region.

Do not be overly concerned if at this point you feel confused. The main objective
of this section has been to introduce you to the level-flight relationships among
the flight parameters, such as airspeed and altitude, and the design characteristics,
such as the wing loading, thrust-to-weight ratio, maximum lift-to-drag ratio, and
the drag polar. As these relationships are further developed in subsequent sections,
your familiarity will increase and your sense of discomfort should disappear.
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The condition for steady-state level flight is that the flight thrust-to-weight ratio be
greater than or equal to the reciprocal of the maximum lift-to-drag ratio of the
aircraft. When, with a given throttle setting and thrust level, the thrust-to-weight
ratio is exactly equal to the reciprocal of the maximum lift-to-drag ratio, the
aircraft is flying at the absolute ceiling for that throttle setting, with the absolute
ceiling defined as the highest altitude at which the aircraft can maintain steady-
state level flight. If the altitude is increased beyond that of the absolute ceiling, the
thrust will decrease, with the result that the thrust-to-weight ratio will be less
than the reciprocal of the maximum lift-to-drag ratio, and level flight is no longer
possible. If the original thrust is less than the maximum available, the throttle
setting can be increased so as to establish the new altitude as the absolute ceiling
for the new thrust level. Once the thrust reaches the maximum available, that
altitude becomes the absolute ceiling of the aircraft. Obviously, an aircraft can
fly above its absolute ceiling for a limited period of time by zooming and ex-
changing kinetic energy for potential energy. Eventually, however, the aircraft
must descend to its absolute ceiling altitude.
The ceiling condition can be used to determine the altitude of the absolute
ceiling of an aircraft by first writing the ceiling condition as
T.=Tn =E
En (3-39)
where the subscript ¢ denotes the ceiling conditions. The ceiling thrust can be
related to the maximum sea-level thrust by making use of Eq. 2-23 to write

T _ =
Tost ¢ (3-40)

Combining Eqs. 3-38 and 3-40 yields an expression for the density ratio at the
ceiling, namely,

W

—Em Tm,SL (3'41)

g’

where x takes on a value of 0.7 in the troposphere and becomes unity in the strato-
sphere. We see from this expression that as fuel is used, W, will decrease and so
will o, so that the ceiling altitude will gradually increase with time.

Equation 3-41 can be simplified to obtain an approximate value for the minimum
absolute ceiling of an aircraft by letting x be equal to unity in the troposphere as
well as in the stratosphere and by assuming that the aircraft weights at the ceiling
and at sea level are the same. The simplified expression becomes

1
T En T/ Wit (3-42q)

G,
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and shows that the maximum lift-to-drag ratio and the sea-level maximum thrust-
to-weight ratios are the only design characteristics that affect the ceiling of a
turbojet. In a subsequent paragraph, we shall see that the ceiling airspeed is also
affected by the wing loading and the zero-lift-drag coefficient.

If a turbojet has a maximum lift-to-drag ratio of 18 and a maximum sea-level
thrust-to-weight ratio of 0.25, Eq. 3-42q vields a value of 0.222 for the density ratio
at the ceiling. Referring to Table A-1 (A-2) in the Appendix and interpolating, we
find that the absolute ceiling is approximately 42,000 ft (12,800 m) above mean
sea level.

If the more precise relationship of Eq. 3-41 is used with x equal to 0.7 in the
troposphere and to unity in the stratosphere, the density ratio is found to be 0.154,
corresponding to an absolute ceiling altitude of approximately 50,000 ft (15,240 m).

The service ceiling is commonly used as a performance and design specification
and is defined as the altitude at which the maximum rate of climb is 100 fpm. The
cruise ceiling is defined as the altitude at which the maximum rate of climb is
300 fpm. The service and cruise ceilings are obviously lower than the absolute
ceiling and are in the vicinity of the minimum absolute ceiling obtained from
Eq. 3-424, which will be adequate for our use.

In all cases, the ceilings will increase as fuel is consumed and the weight of the
aircraft decreases. We should be aware that an aircraft with a high wing loading
may not always be able to achieve these calculated ceilings because the required
airspeeds may exceed the drag-rise Mach number. The airspeed at the ceiling can
be found from Eq. 3-28 by setting the radicand equal to zero. Doing so, several
expressions{or the ceiling airspeed are:

v =< T )”2{(&/S)]‘/z_[(TSL/W)(W/S) 1
© \pSCpo PsLCpo Ps..Cpo N (3-42b)
Notice .the influence of the wing loading and the zero-lift-drag coefficient. If
our turbojet with an approximate ceiling of 42,000 ft has a wing loading of 100 1b/ft2

and a zero-lift-drag coefficient of 0.016, the required airspeed at the ceiling is
811 fps, or M 0.84, which is in the vicinity of the typical drag-rise Mach number.

3-4 CRUISE RANGE

Cruise flight starts at the completion of the climb phase, when the airspeed has
changed from the climb speed to the cruise speed, and ends when the descent
phase begins. The cruise range is the horizontal distance X traveled with respect
to the surface of the Earth and does not include any distances traveled during
climb or descent. Unless otherwise stated, range will refer to the cruise range only.

In this section, we shall examine the influence of the design and flight parameters
upon the range of a turbojet aircraft. The applicable level-flight equations (with
the flight-path angle equal to zero) are repeated here for convenience.

T=D (3-43)
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L=W (3-44)
dX
—_—= V -
dr (3-45)
—dW
a T (3-46)

If Eq. 3-43 is divided by Eq. 3-44, we obtain an expression that shows that the
required thrust-to-weight ratio is identically equal to the drag-to-weight ratio
and, therefore, equal to the reciprocal of the flight lift-to-drag ratio, i.e.,

T _D_1
W W E (3-47)

where E is the flight or instantaneous lift-to-drag ratio, not the maximum lift-to-
drag ratio, and is a function of both the design characteristics and the flight con-
ditions. The value of the flight lift-to-drag ratio is established by the lift coefficient
required to maintain level flight at a specified airspeed and altitude. Obviously,
the minimum thrust required from the engines occurs when the aircraft is flying
at the maximum value of the lift-to-drag ratio, and just as obviously, the larger
the maximum lift-to-drag ratio (the aerodynamic efficiency), the lower the min-
imum required thrust.

Dividing Eq. 3-45 by Eq. 3-46, and making use of Eq. 3-43, results in the relation-
ships that

dx Vv V VE

—dW ¢T D W (3-48)

where dX/—dW is often referred to as the instantaneous range or the specific
range and is the exchange ratio between range and fuel. It has the units of miles
per pound of fuel (km/kg) and is analogous to the mileage of an automobile,
especially when it is expressed in miles per gallon (kilometers/liter). A gallon of
Jjet fuel weighs approximately 6.75 Ib.

The instantaneous range is one measure of what is known as the point per-
formance of an aircraft, i.e., the performance at a specified point on the flight path
or at a specified instant of time. Our interest, however, primarily lies in determining
the overall flight performance: namely, how far can a particular aircraft fly with a
given amount of fuel or conversely, how much fuel is required to fly a specified
range. This can be done by integrating the point performance over the interval
between specified initial and final points, usually the start and end of cruise.
Conditions at the start of cruise will be identified by the subscript I and at the
end of cruise by the subscript 2.

Before integrating Eq. 3-48, let us define the mass ratio, MR, and the cruise—fuel
weight fraction (. These are important design and performance parameters. The
mass ratio is the ratio of the total weight of the aircraft at the start of cruise (W)
to its total weight at the end of cruise (W,;). The cruise—fuel weight fraction is
defined as the ratio of the weight of fuel consumed during cruise (A W;) to the total
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weight of the aircraft at the start of cruise, i.e.,

. _aw,

(=0

W, (3-49)

The relationships among the mass ratio, the cruise-fuel weight fraction, and the
aircraft weights are:

W, W, 1
MR=—1o_ 7t _

W, W, —AW, 1-¢ (3-50)
W, =W i(1-{) (3-51)
. L _MR-1
*TTTMRT MR (3-52)

With the assumption that the specific fuel consumption is constant, Eq. 3-48
can be partially integrated to obtain the integral range equation:

-1 v
== L i (3-53)
Before Eq. 3-53 can be further integrated, it is necessary to define the flight pro-
grams to be considered.
Of the many possible cruise flight programs only three will be examined: in
each case, two flight parameters will be held constant throughout cruise. The
three flight programs of interest are:

1. Constant altitude-constant lift coefficient flight
2. Constant airspeed-constant lift coefficient flight \
3. Constant altitude-constant airspeed flight

For each flight program, the integral equation will be set up and then only the
final range equation will be shown and discussed. The details of the integrations
are given in Appendix B for anyone who is interested.

The first flight program to be examined is the constant altitude-constant lift
coefficient flight program. Since the lift coefficient is held constant throughout
cruise, the flight-lift-to-drag ratio E will also be constant. It is convenient, there-
fore, to express the instantaneous drag as the ratio of the instantaneous weight to
the instantaneous lift-to-drag ratio and rewrite Eq. 3-53 as

E(*v
Mhe==7 L w (3-54)

Performing the integration yields the range equation
2EV,

Hrep = H=(1=0"] (3-55)
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where ¥, the initial airspeed, is given by

{2( W /S)J”2
V=
psL0Cy

(3-56)

where W, is the gross weight of the aircraft at the start of cruise. It can be seen
from Eq. 3-56 that the airspeed must be decreased as fuel is used if Cy is to be kept
constant as the weight decreases along the flight path. It can also be shown that
the final airspeed V; is

Vy=Vi(1=0)"? (3-57)
since W, =W (1-0) (3-58)

Since E is held constant, Eq. 3-47 shows that the thrust must constantly be de-
creased (by coming back on the throttle) as the fuel is used and the gross weight
decreases. The variations in the flight parameters for this flight program are shown
in Fig. 3-4 as functions of the cruise-fuel weight fraction, which is a measure of the
range flown. There are three drawbacks to this flight program. The first is the need
to continuously compute the airspeed along the flight path and to reduce the
throttle setting accordingly. The second is that reducing the airspeed increases the
flight and block times. The third is the fact that air traffic control rules require a
“constant” true airspeed for cruise flight, currently constant is + 10 knots.

The second flight program to be examined is the constant airspeed-cons.tant
lift coefficient flight program, which is commonly referred to as cruise-climb flight.
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Cruise — fuel weight fraction, ¢
FIGURE 34

Variation of flight parameters along the flight path for constant-altitude
constant lift coefficient flight.
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‘With both V and E constant, Eq. 3-54 can be written as
—EV J‘2 aw
W (3-59)

XV.CL= P

The resulting range equation is

EV EV 1
XV-CL':TIH MR =Tln <1 —C)

(3-60)

This is the general form of what is known as the Breguet range equation. In order
to keep both the airspeed and the lift coefficient constant as the weight of the
aircraft decreases, Eq. 3-56 shows that p must decrease in a similar manner so as
to keep the ratio of the weight to the atmospheric density (W/p) constant. The
only way that this can be done is to increase the altitude in an appropriate manner.
Consequently, the aircraft will be in a continuous climb (thus, the name cruise-
climb), which appears to violate the level-flight condition of a zero flight-path
angle. It will be shown in a subsequent section that the cruise-climb flight-path
angle is sufficiently small so as to justify the use of the level-flight equations and
solutions for cruise-climb. The thrust required will decrease along the flight path
in such a manner that in the stratosphere the available thrust will decrease in an
identical manner. Therefore, cruise-climb flight in the stratosphere requires no
computations or efforts by the pilot. After establishing the desired cruise airspeed,
the pilot simply engages the Mach-hold mode (or constant-airspeed mode) on the
autopilot and the aircraft will slowly climb at the desired flight-path angle as the
fuel is burned. The variations in the flight parameters along the flight path are
shown in Fig. 3-5. Only under certain limited conditions will cruise-climb flight
be allowed by air traffic control. \
Generally, when flight is conducted under the Jurisdiction of flight traffic control
regulations, the accepted flight program is the constant altitude-constant airspeed
Slight program. The integral range equation for this flight program can be written as

—Vj'de
1

Yv=—"71 3 (3-61)

The integration over the cruise interval is a bit messy (see Appendix B) but does
yield the following range equation, which is also a bit messy:

¢ —2E"'Varc tan CE,
T 2E,(1— KC_ E,0) (3-62)

where E; and Cy, are the values of the flight lift-to-drag ratio and of the lift co-
efficient at the start of cruise: these two flight parameters will decrease along the
flight path. The thrust (throttle setting) must be reduced along the flight path so as
to maintain a constant airspeed; this can be done manually or by a combination
of altitude and airspeed (Mach number) hold modes. The variations of the flight
parameters along the flight path of this program are sketched in Fig. 3-6. This
flight program is the one used the most, but many performance analyses use the
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Breguet range equation of the cruise-climb program because the mathematics is
simpler and the errors are normally not significant.

In order to compare the ranges attainable with each of these flight programs,
consider an aircraft that starts its cruise at30,000 ft {o =0.374) at 550 fps (167.6 m/s)
or 375 mph (603 km/h) and has a wing loading of 60 Ib/ft (2873 N/m?), a parabolic
drag polar with Cp,=0.016+0.065 CZ, and a sfc of 0.8 1b/h/1b. The relevant con-
ditions at the start of cruise are:

g1 =%psio, V2 =134.41b/ft? (6435 N/m?)

W
., =205 o aug
91
Cp, =0.016+0.065 C#,=0.0289
Co
E, =—% _1s.
=154

Note that

1
" AR Cpo ™
Only the cruise-fuel weight fraction remains to be specified. Obviously, the larger

that { is, the more the available fuel and the greater the range. Let us set { equal to
0.3 for a reasonably long-range flight.

For the constant altitude-constant lift coefficient flight, substitute the appro-
priate valués in Eq. 3-55 to obtain

2x154x375
0.8

so that Xh.c;, =2,358 mi (3,794 km)

155

Xh,CL=

[1—(1-03)'2]

Watch your units. Since ¢ is expressed in 1b/h/Ib and since we are interested in
the range in statute miles, V in the range equation must be expressed in mph. A
convenient, easy-to-remember, conversion relationship is the fact that 60 mph is
equal to 88 fps. Although nautical miles (nmi) and knots (kt) are commonly used
operationally for range and airspeed, (statute) miles and miles per hour will be
the basic units used in this book: 1 nmi=1.1515 mi and 1 kt =1.1515 mph.

Using Eq. 3-60, the cruise-climb range is found to be

15.4 %375 1
Ye=——Fg —In <1 ~0 3>
or Xy, =2,575 mi (4143 km)

The constant altitude-constant airspeed range is found, from Eq. 3-62, to be

2x15.5x375 [ 0.3x15.4
Xpy=——-—""""13arctan :
0.8 2 x15.5(1 —0.065 x 0.446 x 15.4 x 0.3)]

or Xn,y=2,476 mi (3,984 km)
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We see that, for this aircraft and for this set of initial cruise conditions, the cruise-
climb flight program yields about 4 percent more range than the constant altitude-
constant airspeed program and approximately 9 percent more than the constant
altitude-constant lift coefficient program. These ranges, however, are not neces-
sarily the maximum ranges that can be achieved by this aircraft using each of these
programs. The next section will be devoted to determining the conditions for the
maximum, or best range, for each flight program and for the aircraft itself.

3-5 BEST (MAXIMUM) RANGE

Range is an important performance and design criterion for all aircraft. It is
primary for transports and secondary for fighter and special-purpose aircraft. The
conditions for the maximum range, which will henceforth be called the best range,
can be determined by maximizing either the individual range equations or by
maximizing the instantaneous range. Both approaches will arrive at the same
conclusion, and we shall choose the latter approach. We shall maximize the
instantaneous range with respect to the airspeed by setting the first derivative
with respect to the airspeed equal to zero and solving for the best-range airspeed.
Using Eqg. 3-48, the maximization process starts with

i(j_X_ _L(K -0
dv\—dw) av\eD) (3-63)

Performing the differentiation indicated yields the equation
—VdD V dc + I
cD*dV  ¢*DdD ' D (3-64)
Since the variation in the thrust specific fuel consumption with the airspeed is
small and can be assumed equal to zero, the condition for best instantaneous range
becomes
dD D
v v (3-65)
Although Eq. 3-65 is valid for any drag polar, the parabolic drag polar is now
introduced in order to obtain analytic and closed-form expressions and solutions.

By making use of the drag expression of Eq. 3-24, Eq. 3-65 can be solved for the
best-range dynamic pressure, which is found to be

_(W (31()“2
For=\73 Coo (3-66)

W _[2<W/S)]“2 [ﬁ}
br = PsLO CDO (3-67)

With the substitution of Eq. 3-66 into the parabolic drag expressions, the b}:&é‘

so that
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" range drag is

AW(KCpo)''? 1.155W
Dbrz 12 = = Ipr
3 En (3-68)

W—o 866 E,
Dve " (3-69)

With appropriate substitutions into Eq. 3-48, the expression for the best instan-
taneous range can be written as

and Ebr =

dXo 0.866E, Vs,
—aw W (3-70)

where the value of }, can be found from Eq. 3-67. From Eq. 3-70, we see that, for
“good mileage,” we want a large maximum lift-to-drag ratio, a high best-range
airspeed, a low specific fuel consumption, and a low aircraft gross weight. The
maximum lift-to-drag ratio and the specific fuel consumption are design charac-
teristics whereas the best-range airspeed and the gross weight are a combination
of design characteristics and operational considerations. Since the gross weight
will decrease along the flight path, the best instantaneous range will increase along
the flight path and the best mileage will be at the end of the flight when the aircraft
is the lightest. -
The best-range lift coefficient is

(W/S) <Cno>”2
‘ Crw=—"=(22) =0577Cy s
L,br Gor 3K L.E (3_71)

Equation 3-71 tells us that, in order to maximize the instantaneous range at all
points along the flight path, the lift coefficient must be kept constant at all times
and be equal to the best-range lift coefficient, which is a design characteristic.
Therefore, these best-range conditions can be applied only to the two constant
lift coefficient flight programs of the preceding section.

Introducing the best-range conditions into Eq. 3-55, the best-range equation for
constant altitude-constant lift coefficient flight can be written as ’

1.732E,, Vi
C

[1-(1=0"]

Xbr;h.C]_ =

(3-72)

where Vi, is the best-range airspeed at the start of cruise. Remember that the
airspeed must be appropriately reduced during cruise.

From Eq. 3-60 and the best-range conditions, the best-range equation for cruise-

climb is
0.866F,, Vi, 1
Xoriv.cp, = * In < v>
¢ l—g_

(3-73)

The term in parentheses with ¢ can be, and often is, replaced by its equivalent,
which is simply the mass ratio MR.

Although the best-range condition of a constant lift coefficient cannot be satisfied
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by the constant altitude-constant airspeed flight program, the range can be
maximized to a first approximation by setting the initial cruise conditions equal
to those for best range. By so doing, the “best-range’” equation for constant altitude-
constant airspeed cruise can be written as

2E, Vi 0.433¢
Xor iy = : arctan (m)

(3-74)

\

where the angle represented by the arc tangent term must be expressed in radians.
The exact conditions for best range for this flight program can be obtained by
maximizing the range equation of Eq. 3-63 and are a function of the cruise-fuel
weight fraction as well as of the design and flight characteristics. The difference in
range between the exact solution and that of Eq. 3-74 is small for small values of
the cruise-fuel weight fraction. Although the difference does increase with in-
creasing values of {, long-range flights at constant altitude and constant airspeed
are normally broken down into smaller segments (with low values of {), which are
flown at successively increasing altitudes. Such a flight program is known as
stepped-altitude flight ; it approaches cruise-climb flight in the limit as the number of
altitude steps increases and will be discussed in the next section. Consequently,
Eq. 3-74 can be used as the “best-range” equation for constant altitude-constant
airspeed (sometimes called hard altitude-hard airspeed) flight with little loss of
accuracy.

At this point, let us return to the aircraft of the preceding section and determine
the best ranges for each flight program. The aircraft has a W/S of 60 Ib/ft?
(2873 N/m?), Cp=0.016+0.065 C%, c=0.8 1b/h/lb (0.81 kg/h/N), and E,=15.5.
Cruise will start at 30,000 ft (9,144 m), and { will be 0.3, as before. The value of
Vi at start of cruise is found, from Eq. 3-67, to be

1/2 1/4
L 3X0065\1 _ o< fos
ps. x0.374 0.016

Vor =468 mph =M 0.69

In SI units, %, =209 m/s =753 km/h =M 0.69. The best-range equations yield
the following values:

Xor;n.c, =2,565 mi (4,127 km)
Xoe;v,cp, = 2,800 mi (4,505 km)
Xorsny =2,530 mi (4,070 km)

Comparing these values to those obtained for a specified airspeed of 375 mph
shows not only that the maximum range of the aircraft has been increased by
9 percent but also that the cruise-climb program is the best of the three, producing
9 percent more range than the constant altitude-constant lift coefficient program,
which in turn is about 1.3 percent better than cruise at constant altitude and air-
speed.

The differences among the ranges for the various flight programs increase as
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- the ranges increase, i.e., as the cruise-fuel fraction ¢ increases. For example, the

ratio qf the range for cruise-climb flight to that for constant altitude-constant lift
coefficient flight is

1Ybr;l'.(‘1‘= ln[l/(l-—C)]
KXoroncr, 2[1—=(1=0)'?] (3-75)

gpdhthe ratio of ranges for cruise-climb and constant altitude-constant airspeed
ight is

Xorv.cp _ 04331n [1/(1-0)]
Xorny  arctan (0.433(/1—0.250) (3-76)

These relative ranges are plotted in Fig. 3-7 and show, as we might expect, that the
differences in range among the various flight programs are not as impo,rtam for
short-range flight as for long-range flight.

Let us now examine Eq. 3-67 with a view to maximizing the best-range airspeed
as a means of increasing the best range. We see first that %, is inversely proportional
to the square root of the density ratio and thus increases with altitude. The in-
fluence of the altitude upon the airspeed and range is strong, as evidenced by the
fact that the range of a particular aircraft is 60 percent greater at 30,000 ft than at
sea level. We next see that W, increases in direct proportion to the square root
gfthe wing loading. A doubling of the wing loading results in a 14 percent increase
in range.

Typical values of the wing loading are of the order of 100 to 120 1b/ft? (4,788 to
5,746 N/m?) for long-range subsonic transports, of the order of 50 1b/ft? (2,400
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Relative best range as a function of the range, i.e., the
cruise-fuel weight fraction.
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N/m?) for short-range transports and fighter aircraft, and of the order of 15 to
20 Ib/ft? (718 to 958 N/m?) for light aircraft. The lower values for the last two
classes of aircraft arise from operational requirements more pressing than range,
cenerally a short take-off run for the smaller aircraft and maneuverability for the
fighters.

Two cautionary comments are in order with respect to increasing the best-range
airspeed. First of all, do not attempt to increase the wing loading by increasing the
weight, reduce the wing area instead. Although V, is directly proportional to the
square root of the gross weight, the instantaneous range is inversely proportional
to the weight itself. Secondly, do not try to increase ¥, by increasing K (by de-
creasing the aspect ratio) because the range penalty associated with the accom-
panying decrease in the maximum lift-to-drag ratio will be predominant. On the
other hand, reducing the zero-lift drag coefficient will increase not only W, but
also E,,, both salutory. Furthermore, a reduction in Cp, improves all other aspects
of performance and is a goal to be pursued vigorously, as is a reduction in weight.

The cruise-fuel weight fraction is a measure of the fuel available for cruise.
Obviously, all of the fuel loaded aboard an aircraft on the ramp is not available
for cruise because some of it is used for taxiing, take-off, and climb to the cruise
altitude. In addition, there must be fuel remaining at the end of cruise in case the
winds and fuel consumption were not as planned and for descent, landing, and
taxiing. If the flight is conducted in weather (under instrument flight rules), there
must be sufficient fuel to fly to an alternate airport. This remaining fuel is called the
reserve, either VFR or IFR, depending on whether the flight is conducted under
visual flight rules or instrument flight rules.

For large aircraft, it is reasonable to assume that 0.1W, (W, is the total fuel
loaded aboard the aircraft) is consumed prior to the start of cruise and that the
reserve is also 0.1W/, leaving a AW, available for cruise of 0.8W;. For small air-
craft, assume 0.2W; to reach cruise altitude and the same reserve so that the AW,
available for cruise is 0.7W,. With these assumptions, W, the initial cruise weight,
for large aircraft is equal to W, —0.1 W, and for small aircraft is W, —0.2W,. If all
the fuel available for cruise is not needed and not used, it can be shown that the
performance of the aircraft has been penalized by carrying the fuel as dead weight.

From either Eq. 3-47 or Eq. 3-68, we see that the thrust required for best-range

flight is

W B, En (3-77)

We see, first of all, that the thrust-to-weight ratio is greater than the reciprocal of
the maximum lift-to-drag ratio, as is required for level flight, but not much more,
indicating that the altitude for best-range flight lies below but close to the absolute
ceiling for the associated throttle setting. By using Eq. 2-2 and the ceiling thrust-
to-weight ratio, it can be shown that the best-range altitude is approximately
3,500 ft below the instantaneous absolute ceiling for that particular throttle setting.

We also see that the thrust required is independent of the altitude itself, being
dependent only upon the instantaneous weight of the aircraft and upon E,. In
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-other words, the thrust required at sea level is identical (as is the drag) to that
required at high altitudes. We fly at altitude to obtain the range benefits (and the
secondary benefits of flying above the weather and surface turbulence) accruing
to the increase in the airspeed necessary (with the reduced air density) to generate
the lift required to counteract the weight and keep the airplane in the air. As we
increase the altitude, however, the available thrust does decrease (it’s the required
thrust that remains constant) and we must be sure that there is sufficient available
thrust at the cruise altitude to satisfy Eq. 3-77. In addition to worrying about the
thrust available versus that required, we must also check to be sure that the Mach
number associated with the best-range airspeed does not exceed the drag-rise
Mach number for our aircraft.

The instantaneous fuel consumption rate is also of interest: measured in Ib/h,
it is displayed to the pilot as part of his instrument array. For best-range flight,

awy\ o _L1SSeW
dt oy ST E, (3-78)

If the specific fuel consumption is assumed to be independent of the altitude, then
the best-range fuel consumption rate is also independent of the altitude. This
means that for a given fuel load, a turbojet aircraft can stay in the air just as long at
sea level as at altitude. It is the increased airspeed required at the higher altitudes
that results in the greater range. In actuality, however, the specific fuel consumption
does decrease slowly with altitude, reaching its minimum value at the tropopause
and then increasing even more slowly in the stratosphere. Consequently, there is a
slight advantage to flying in the vicinity of the tropopause, all other things being
equal.

The time required for any of the best-range, constant lift coefficient flight pro-
grams can be determined by inverting Eq. 3-78 and integrating over ‘the flight
path from W, to W, to obtain

o 0866, [ 1
LT 1-¢ (3-79)

The time of flight is the same for all best-range, constant lift coefficient flight
programs at any altitude; i.e., it is independent of the actual range flown.

The cruise flight time for the constant altitude-constant airspeed flight program
can easily be found by dividing the range by the airspeed. The same procedure
can also be used for the cruise-climb flight time.

3-6 CRUISE-CLIMB AND
STEPPED-ALTITUDE FLIGHT

In the preceding section, the level-flight equations were used to evaluate cruise-
climb flight with the statement that the flight-path (climb) angle was sufficiently
small to justify this action. The basic operating condition for cruise-climb flight
is that the ratio of the instantaneous weight of the aircraft to the air density be
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kept constant along the flight path. Therefore,
w W W :
T (3-80)

so that, with Eq. 3-52, the density ratio at the end of cruise-climb flight can be
expressed in terms of both the initial density ratio and the cruise-fuel weight

fraction, i.e.,
6,=0,(1-{) (3-81)

With o, known, Table A-1 can be used to determine the final altitude. The change
in altitude can also be determined mathematically by making use of Eq. 2-2 to
write the expression

1
Ah=23,800In <T——C>
where Ak is in feet and the value of 23,800 implies flight in or near the stratospht?re.
Both Eq. 3-81 and Eq. 3-82 show that the increase in altitude during a cruise-
climb flight is a function only of the cruise-fuel weight fraction, which is a measure

of the range flown. . ' '
Returning to the best-range example of the preceding section, the cruise-fuel

weight fraction was 0.3, so that the increase in altitude, as dctermiped from Eg. 3-82,
would be approximately 8,500 ft. This altitude change, in conjunction wx_t? the
range of 2,800 miles, represents an average flight-path angle of 5.7 x 107 rad,

or 0.033 deg, a small angle indeed.
Since the flight-path angle is small, the tangent can be replaced by the angle

itself, expressed in radians. Therefore,
_ An 23.800c
TV.CLTS 380X 5,280V E

(3-82)

(3-83)

for any cruise-climb flight, with ¥ in mph and y in radians. For best-range cruise-
climb flight, Eq. 3-83 becomes

5.2¢

Yorv.cp = Vo E. (3-84)

In Egs. 3-83 and 3-84, the rate of change of the flight-path angle is essentially zero
and the flight-path angle itself can be assumed to be constant. o
Even though the best-range flight-path angle is small, it is.not zero and it will
have some effect on the value of the actual range. In order to determine the errors
in the range associated with the level-flight solution, an exact solution has been
obtained elsewhere using the non-level-flight equations. The conclusions are that,
for aircraft that are apt to use cruise-climb flight, the errors in range from using the
“level-flight” (Breguet) range equation are of the order of 1 percent or letss.
Although cruise-climb flight can greatly increase the range of an alrcrgft for
long-range flights, it does involve a continuous increase of altitude that is not
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compatible with safe flight when the presence of other aircraft must be considered.
Consequently, the opportunity to use cruise-climb flight is limited. It can be
approximated, however, on long-range flights by the use of stepped-altitude flight,
which is a series of constant altitude-constant airspeed flight segments conducted
at different altitudes. Stepped-altitude flight is consistently used on long-range
flights, such as transcontinental and transoceanic flights, in order to reduce the
total fuel consumption, an important consideration in these days of fuel scarcity
and/or price increases.

Although analytic relationships have been developed for stepped-altitude
flight, they are somewhat awkward and it is easier to show the use and benefits
of such flight by example. The situation is sketched in Fig. 3-8a, where the problem
is to fly a prescribed range with a minimum expenditure of fuel at a constant air-
speed and at a constant altitude. If the altitude remains unchanged throughout the
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FIGURE 3-8

Comparison of stepped-altitude flight with constant altitude
and cruise-climb flight: (a) flight profiles; (b) relative fuel
consumption.
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entire flight, the theoretical best-range airspeed will decrease below the actual
airspeed and the range will suffer. If cruise-climb is used, the altitude will be con-
tinually increasing in order to keep the best-range airspeed equal to the actual
airspeed. The key to stepped-altitude flight is to increase the altitude in steps that
are compatible with air traffic control regulations and of such magnitude and
timing so as to rematch the actual airspeed to the theoretical best-range airspeed
at regular intervals. As the number of steps increases, the stepped-altitude flight
path obviously becomes closer to the cruise-climb flight path.

Since air traffic control assigns odd-numbered altitudes to traffic going in one
direction and even-numbered altitudes to traffic in the opposite direction, the
steps in altitude must be multiples of 2,000 ft. At present, air traffic control limits
such steps to 4,000 ft although the airlines would like 2,000-ft steps. If {; is used to
designate the cruise-fuel weight fraction for a constant-altitude segment, Eq. 3-82
can be solved to obtain

- —Ah
¢i= TP 33300 (3-85)
h v _AWfl
where 6= W, (3-86)

In Eq. 3-86, AW}; is the cruise-fuel used during the ith segment and W, is the gross
weight at the start of the ith segment. Returning to Eq. 3-85, the segment {; associ-
ated with a 4,000-ft change is 0.1547 and with a 2,000-ft change is 0.0806.

Using the illustrative aircraft of the preceding sections, the minimum fuel con-
sumption for four flight programs will be compared for a specified range of 4,000 mi
and for an aircraft weight at the start of cruise of 200,000 Ib. In review, this aircraft
has a wing loading of 60 1b/ft?, Cp=0.016+0.065 C%, c=0.8 lb/h/lb, E,=15.5,
and a W, for 30,000 ft of 468 mph.

The “best-range” constant altitude-constant airspeed cruise-fuel weight fraction
can be calculated by substituting into Eq. 3-74 and solving to obtain a value for {
of 0.4585. This is an unrealistically high value that is primarily the consequence of a
wing loading that is too low for such a long range. With this value and an initial
aircraft weight of 200,000 Ib, the fuel consumption will be 91,700 Ib. This flight
program with this fuel consumption and a flight time of 8.55 hours, will be the
baseline used in the comparisons. This particular flight program starts and ends
at 30,000 ft.

The fuel consumption for the stepped-altitude programs requires a little more
effort to determine. The 4,000-ft step case will be treated first and the fuel con-
sumption for each segment will be calculated in turn: points of altitude change will
be denoted by q, b, c,. ... Referring to Fig. 3-8a, the first segment starts at 1 and
ends at a, the second starts at b and ends at ¢, and so on. In general, there will be n
segments of identical length and {; plus a final segment with a different length and
a different ¢,.

The first action is to use Eq. 3-74 to calculate the length of the first segment using
a ¢, of 0.1547, the proper value for a 4,000-ft altitude change. The first segment
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dength is 1.261.6 mi. With an overall range of 4,000 mi, there can be either three
segments of 1,261.6 mi each and a final segment of only 215.2 mi with three altitude
changes or two segments of 1,261.6 mi each and a final segment of 1,476.8 mi with
two altitude changes. The latter case will be the only one examined since it is
the more practical of the two. With the length and number of the segments estab-
lished, we can proceed with the calculation of the fuel consumption.

For the first segment, ¢; is 0.1547 and is equal to AW, ,/W,, so that AW, is
30,940 Ib. For the second segment, {, is identical in value to {1 but is now equal
to AW, /W,, where W,=W,(1-{,), or 169,060 Ib. Therefore, AW;, is equal to
26,154 1b.

For the third and final segment, {5 must be calculated for a range of 1,476.8 mi.
It has a value of 0.17935 and is equal to AW;;/W,, where W,= Wiu(l1-¢(,) or
142,906 1b. There, AW,; is 25,630 Ib and the total amount of fuel used during
cruise is 82,724 1b. This represents a 9.8 percent fuel savings over single-altitude
cruise and amounts to an actual savings of 8,976 Ib (1,330 gal). The overall cruise-
fuel weight fraction is 0.4136, the final altitude is 38,000 ft, and the altitude changes
are made every 2.7 hours.

The procedure followed in the case of 2,000-ft altitude changes is the same.
There will be five segments of 645.64 mi each with a {; of 0.0806 and a final segment
of 771.8 mi with a {¢ of 0.09598 and five altitude changes. The total amount of fuel
used is 81,224 1b for an 11.4 percent savings, which amounts to 10,746 Ib (1,552 gal).
The overall cruise-fuel weight fraction is 0.406, the final altitude is 40,000 ft, and
altitude changes are made every 1.4 hours.

The cruise-fuel weight fraction for best-range, cruise-climb flight can easily be
found from Eq. 3-73 to be 0.3991 so that AW, is 79,828 Ib. This represents the
maximum fuel savings of 13 percent or 11,8721b (1,759 gal). The altitude at the
completion of cruise-climb is approximately 42,000 ft. N

The relative fuel consumption of each of the flight profiles is shown in Fig,. 3-8b.
Notice that the most dramatic reduction is in going from single-altitude flight to
4,000-ft steps. The fuel consumption for stepped-altitude flight will be slightly
increased by the climb requirements. There is also an extra burden placed on air
traffic control to ensure safe clearance from any traffic at the altitudes crossed
during climb and then at the new cruise altitudes,

3-7 BEST RANGE
WITH A SPECIFIED
OR RESTRICTED AIRSPEED

The best-range flight conditions in the preceding sections were determined for a
given wing loading with the tacit assumption that the calculated best-range
airspeed does not exceed that for the drag-rise Mach number. Under these con-
ditions, the best range occurs when the turbojet is flying at a lift-to-drag ratio less
than the maximum value, specifically at 86.6 percent of the maximum value. If
the cruise airspeed is specified or if the theoretical best-range airspeed exceeds that
for the drag-rise Mach number, then the conditions for best range will be different.
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If the design airspeed is specified for operational reasons or is limited by the
drag-rise Mach number, then, obviously, it cannot be varied in order to maximizg
cither the instantancous or the flight-path range. If the instantaneous range is
written as

dx VE
—dW W (3-87)

then for a given weight, specific fuel consumption, and airspeed, the inslantapeous
range is maximized when the flight lift-to-drag ratio is equal to the maximum
lift-to-drag ratio of the aircraft. However, V and E are not independent gf each
other: specifying one for a given aircraft specifies the other. The implications of
these statements will be explored by examples. Only the cruise-climb (Breguet)
range equation in its general form will be used, i.e.,

EV 1
X=—"ln (1 —g) (3-88)

It is also apparent from this equation that if V is fixed, then the maximum range
will occur when E is as large as possible, remaining compatible with V.

Let us first consider a turbojet aircraft that has a wing loading of 115 Ib/ft?; a
drag polar, Cp=0.0154+0.05 C (E, = 18); and a drag-rise Mach number of 0.85
These are typical values for current long-range, wide-body, subsonic transports.
The initial cruise altitude is to be 35,000 ft (¢ =0.310). The theoretical best-range

airspeed, from Eq. 3-67, is

1/4
Y% =( 2x115 )1/2 <3 X 0'05> =987 fps =673 mph
r PsL X0310 00154

Since, from Table A-1, the speed of sound at 35,000 ft is 972 fps, this best-range
airspeed corresponds to a slightly supersonic Mach number, specificaily M 1.01.
This is an unrealistic Mach number for this aircraft and the aircraft should cruise
at M 0.85, which is 826 fps or 563 mph. This decision establishes the airspeed to be
used in Eq. 3-88, and this airspeed establishes the lift coefficient as

B 2x115
L7 psL x0.310 x (826)?

=0.4575

The drag coefficient can now be found from the drag polar to be 9.0259, so that the
cruise lift-to-drag ratio is 17.7. This value is less than the maximum value of 18
but greater than the theoretical best-range value of 15.6. If .the specific fuel con-
sumption is 0.8 Ib/h/Ib and the cruise-fuel weight fraction is 0.3, then Eq. 3-83
shows a maximum range for this aircraft of 4,443 mi.

If, somehow, it were possible to keep the airspeed at M 0.85 and .increase the
lift-to-drag value to its maximum value of 18, the range could be increased to
4,518 mi, an increase of 1.7 percent. Although this is probably not enough of an
ir’lcrease for us to concern ourselves with, let us pursue its attainment for thc? sake
of illustrating a point and procedure. Since the lift coefficient for the maximum
lift-to-drag ratio is equal to (Cpo/K)'/* or 0.553, then use of the level-flight lift
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-€quation provides the relationship between the flight loading and density ratio that
W/S__/)SL v: (Coo)l 2

I 2

=450 Ib/ft?
IR 01b/

(3-89)
If the initial cruise altitude is to be kept at 35,000 ft, then the wing loading must be
increased to 139.5 1b/ft* by reducing the wing area, with due consideration given
to the effects on other aspects of performance, principally the take-off run. If the
wing loading is to be kept at 115 Ib/ft?, then the altitude must be increased to
38,000 ft (0 =0.255) with due consideration given to the ceiling (T/W) constraints
and the fuel required to climb to the higher altitude.

If an aircraft is to be designed to cruise in or near the stratosphere at a specified
airspeed, then the best-range condition is to Sy at the maximum lift-to-drag ratio,
using this condition to establish an exchange ratio between the wing loading and
the initial cruise altitude. For example, if the specified cruise airspeed in the strato-

sphere of this illustrative aircraft is to be M 0.8 (774 fps or 528 mph), then Eq. 3-89
yields the exchange (trade-off) ratio

W,
T/S =395 Ib/ft?

(3-90)
For an initial cruise altitude of 35,000 ft, the wing loading should be 122.5 1b/ft?;
for 40,000 ft, it need only be 97 Ib/ft2.

If we examine the Breguet (cruise-climb) range equation,

Vv
, x=YE, (;)

c 1-¢ (3-91)

we see that, for a given fuel load and a given specific fuel consumption, the range is
maximized by maximizing the product of the airspeed and the lifho-drag ratio
(VE). If there are no constraints on V, the product is maximized when V is such that
E is equal to 0.866E,,. If, however, V is constrained to a specified value, then £ is
also specified and the value of their product VE is established. The product VE
can now be increased only by increasing E to its maximum attainable value,
namely, the maximum lift-to-drag ratio for the aircraft. This can be accomplished
either by the operational technique of increasing the cruise altitude, if such is
possible, or by the redesign of the aircraft so as to increase the wing loading.

3-8 MAXIMUM ENDURANCE

Endurance is the length of time that an aircraft can remain airborne for a given
expenditure of fuel and for a specified set of flight conditions. The instantaneous
endurance, or exchange ratio between time and fuel, is the inverse of the fuel
consumption rate, and for level or cruise-climb flight it can be written as

dt ! E
—dW D W (3-92)
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In a preceding section, this expression was imegruleEi,_using. the best-range con-
ditions, to obtain the flight time for constant lift coefficient ﬂxgm. ' .

Maximum endurance is a primary design and operational criterion for aircraft
with such special missions as patrol, antisubmarine warfare, obse'rvauon, and
command and control and is of interest for all aircraft during the loiter phase qf
any flight. Loiter is defined as flight where endurance is paramount and range is
cither ;econdary or of no importance at all. An inlc?rcontinenlal bomber,. such as
the B-52 or B-1, loiters while on airborne alert. A fighter on g combal gxr pat.rol
(CAP) loiters while awaiting the assignment of targets or the sighting qf xntruFifng
aircraft, All aircraft should loiter, if so permitted, in holding patterns whl!e awaiting
clearance for further flight to their destinations or for let-down am;l landing. ‘

Inspection of Eq. 3-92 shows that the instantaneous endurance is ata maximum
when both the specific fuel consumption and the drag are at a minimum. The
minimum-drag condition (also shown by Eq. 3-92) occurs whgn the aircraft weight
is as low as possible and the lift-to-drag ratio is at its maximum. Therefore, the
endurance is maximized by the airspeed (ground speed does not affect endurance)
that produces the lowest drag and thus requires the lowest amm.mt of thrust,
which in turn minimizes the fuel consumption rate. With a parabolic drag polar,
the maximum endurance (minimum-drag) conditions are:

CDO 1/2
Clitmax = CL.En =<7> (3-93a)
E. =E, (3-93b)
1/2 1/4
(7).
w fman = (3-934)

Comparison with the best-range flight conditions for a given air.craft shows that
maximum-endurance flight is slower (24 percent for identical aititude§)3 and thus
at a higher lift coefficient, and that the flight altitude is the‘ absolu.te ceiling for the
throttle setting that produces the thrust required to maintain the airspeed specified
.3-93¢. .
byl}fsghjﬂigixt lift-to-drag ratio is set at the maximum value for‘the aircraft anfi is
kept constant along the flight path, then Eq. 3-92 can easily be integrated to yield

En 1 En
fmax:CL:L_, In <1_€>=~(— In MR (3-94)

Equation 3-94 shows that with a given weight of fuel, maximum endurance calls
for a large E,, and a low gross weight (as does best range), bLTl that the enc.iurance
does not increase with an increase in the value of the mimmum-drag~ airspeed.
Consequently, the maximum endurance is independent of the wing loading gnd of
the altitude. An aircraft flying at 40,000 ft at its minimum-drag airspeed will not
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remain airborne any longer (with the specific fuel consumption assumed to be
independent of altitude) than if it flew at sea level at the lower sea-level minimum-
drag airspeed. The aircraft will, however, fly farther at altitude because the airspeed
is higher. It is also interesting to note that a comparison of the expressions for
flight times shows that the maximum-endurance flight time is always 15.5 percent
longer than the best-range flight time, no matter how long the range flown is.
Since Eq. 3-94 is valid only for constant lift coefficient ﬂight: maintaining a
constant airspeed requires cruise-climb flight, and maintaining a constant altitude
requires a continuous decrease in the airspeed. If both altitude and airspeed are
to be kept constant, then the expression for maximum endurance can be approx-

imated by
2E, ( 0.5¢ )
Imax;h, v =—— arctan =
¢ 1-0.5¢ (3-93)
and the ratio of the times for such flight is
(["‘_“> __arctan [0.5/(1-0.5)] L L155(1-0.250)
tw /ny arctan [0433(/(1-0250)]" 1-0.5C (3-96)

Equation 3'-96 shows that the increase in the flight time (the endurance) by flying
at the maximum lift-to-drag ratio, rather than at 0.866E,,, increases with ¢, and

that this increase in endurance is greater than the corresponding increase for
constant lift coefficient flight.

‘

PROBLEMS
AN

The three aircraft whose major characteristics are given below will be used in
many of the problems of this chapter and of the two subsequent chapters.

Aircraft A Aircraft B Aircraft C
Type Executive Medium Range Long Range
Gross weight (Ib) 24,000 140.000 600.000
Wing area (ft?) 600 2333 5.128
Maximum thrust (Ib) 6.000 37.800 180.000
Cpo 0.02 0.018 0.017
K 0.056 0.048 0.042
Mpg 0.72 0.8 0.85
Crine 1.8 20 22

3-1.  For Aircraft 4, flying at sea level:

a. Plot the drag-to-weight ratio, D/W, and the maximum thrust-to-

yveigh}t]ratio, T/W, in the same figure as a function of the true airspeed
in mph.

3-2.
3-3.
34.
3-5.

3-6.
3-7.

3-9.

3-10.
3-11.
3-12.
3-13.
3-14.
3-15.
3-16.

3-17.
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b. From (a) above, find the maximum and minimum airspeeds in mph

and as a Mach number. Are these airspeeds physically attainable?
Justify your answer.

¢. Calculate the maximum and minimum airspeeds and the associated

lift coefficients and lift-to-drag ratios.

d. Calculate the maximum lift-to-drag ratio and compare its value with
that obtained from the plots of a above.

Do Prob. 3-1 for Aircraft A but at an altitude of 20,000 ft.
Do Prob. 3-1 for Aircraft 4 but at an altitude of 30,000 ft.
Do Prob. 3-1 for Aircraft 4 but at an altitude of 40,000 ft.

For Aircraft 4:

a. Find the maximum absolute ceiling using the approximation of
Eq. 3-42a.

b. Find the airspeed (mph) and Mach number at this ceiling. If the latter
is greater than the drag-rise Mach number, determine the actual ceiling.

¢. Do (a) above, using the more exact relationship of Eq. 3-41 and com-
pare with the results of (a).

Do Prob. 3-1 for Aircraft B.
Do Prob. 3-2 for Aircraft B.
Do Prob. 3-3 for Aircraft B.
Do Prob. 3-4 for Aircraft B.
Do Prob. 3-5 for Aircraft B.
Do Prob. 3-1 for Aircraft C.
Do Prob. 3-2 for Aircraft C.
Do Prob. 3-3 for Aircraft C.
Do Prob. 3-4 for Aircraft C.
Do Prob. 3-5 for Aircraft C.

Find the density ratio and altitude (ft) at the absolute ceiling for each of the
following T/W and maximum lift-to-drag combinations:

a. 12;12 b. 025;14
c. 025:20 d. 0.7;10
e. 03:18 f. 0.28:16

Aircraft A is to cruise at sea level with a tsfc of 0.95 Ib/h/lb, a cruise-fuel
weight of 4,800 Ib, and a cruise Mach number of 0.4.

a. Findthe T/Wand L/D ratios at the start of cruise along with the mileage
in mi/Ib and mi/gal and the fuel flow rate (Ib/h).

b. For a constant altitude-constant lift coefficient flight program, find
the range along with the airspeed, Mach number, and mileage (mi/gal)
at the end of cruise.
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3-18.
3-19.

3-20.
3-21.

3-22.
3-23.

3-24.
3-25.
3-26.

3-27.

3-28.

3-29.

3-30.
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¢. Foracruise-climb flight program, find the range along with the altitude

and mileage (mi/gal) at the end of cruise and the average flight-path
angle.

d. For a constant altitude-constant airspeed flight program, find the
range along with the mileage (mi/gal) at the end of cruise.
Do Prob. 3-17 for Aircraft 4 but at a cruise altitude of 35,000 ft.

Do Prob. 3-17 but for Aircraft B with a tsfc of 0.9 Ib/h/Ib, a cruise-fuel weight
of 35,000 1b, and a cruise Mach number of 0.6,

Do Prob. 3-18 for Aircraft B at a cruise altitude of 35,000 ft.

Do Prob. 3-17 but for Aircraft C with a tsfc of 0.85 Ib/h/1b, a cruise-fuel
weight of 180,000 Ib, and a cruise Mach number of 0.7.

Do Prob. 3-21 for Aircraft C at a cruise altitude of 35,000 ft.

Do Prob. 3-17 for Aircraft 4 at a cruise altitude of 35,000 ft, but this time
cruise at the best-range Mach number or at the drag-rise Mach number,
whichever is lower. Find the best-range airspeed and Mach number and
then do parts (a) through (d).

Do Prob. 3-23 in conjunction with Prob. 3-19 for Aircraft B,

Do Prob. 3-23 in conjunction with Prob. 3-21 for Aircraft C.

Find the highest best-range cruise altitudes for Aircraft A, B, and C, using
maximum thrust and assuming that the ceiling weight is the gross weight.

Aircraft A4 is scheduled to fly 1,200 mi under best-range conditions, starting
at 30,000 ft with a tsfc of 0.95 1b/h/Ib.

a. Find the fuel required (Ib and gal) and the cruise-fuel weight fraction
for a constant altitude-constant airspeed flight program.

b. Find the fuel required and the fuel fraction for stepped-altitude flight
with 4,000-ft steps. What is the altitude at the end of cruise?

¢. Do (b) above, using 2,000-ft steps.

d. Find the fuel required and the fuel fraction for cruise climb along with
the altitude at the end of cruise.

Do the stepped-altitude problem of Prob. 3-27, using Aircraft B with a
tsfc of 0.9 Ib/h/Ib and for a range of 2,000 mi.

Do the stepped-altitude problem of Prob. 3-27, using Aircraft C with a
tsfc of 0.8 Ib/h/1b and for a range of 4,000 mi.

Aircraft 4 has a cruise-fuel weight fraction of 0.2 and a tsfc of 0.95 1b/h/1b.

a. At what altitude will the best-range airspeed be equal to the drag-rise
Mach number? What will the cruise-climb range be? Is there enough
thrust available to fly at this altitude?

b. At what altitude will the drag-rise Mach aumber be equal to the
minimum-drag (maximum lift-to-drag ratio) airspeed? What will the

cruise-climb range be? Is there enough thrust available to fly this
program?

3.31.

3-32.

3-33.

3-34.

3-35.

3-36.

3-37.
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Do Prob. 3-30 with Aircraft B with a cruise-fuel weight fraction of 0.25
and a tfsc of 0.9 Ib/h/lb.

Do Prob. 3-30 with Aircraft C with a cruise-fuel weight fraction of 0.3 and a
tsfc of 0.8 1b/h/ib.

Aircraft 4 has a cruise-fuel weight of 4,800 1b and a tfsc of 0.95 Ib/h/1b.

a. Find its maximum-endurance airspeed, range, and flight time at sea
level.

b. Do (a) above, for 30,000 ft.

Do Prob. 3-33 for Aircraft B with a cruise-fuel weight of 35,000 1b and a

tfsc of 0.9 Ib/h/Ib.

Do Prob. 3-33 for Aircraft C with a cruise-fuel weight of 150,000 b and a

tfsc of 0.85 Ib/h/1b.

You are to do the preliminary sizing of the lowest weight aircraft to meet

the following operational requirements: a payload of 20 passengers (at

200 1b each) plus 1,500 Ib of cargo, a cruise range of 1,800 mi at 30,000 ft

and at an airspeed of 440 mph, and an absolute ceiling of 40,000 ft. Based

on your experience with this type of aircraft, you choose the following

tentative values for your first try: AR=7, Cpe=0.019, =09, tsfc=

0.8 Ib/h/lb, a structural weight fraction of 0.44, and a thrust-to-engine

weight of 5.

a. Find the cruise lift coefficient and then the wing loading.

b. Find the cruise-fuel weight fraction. Then with the assumption that
the cruise fuel is 80 percent of the total fuel loaded aboard the aircraft,
find the total fuel weight fraction.

c. Find the payload weight fraction and the gross weight of the aircraft.

Using a minimum of two engines, determine the number and size of
the engines.

e. Find the remaining characteristics of the aircraft, such as the wing
area, wing span, engine weight, average chord, operational empty
weight.

Unused fuel is excess weight and penalizes the performance of an aircraft.

Aircraft A4 is loaded with 4,800 Ib of cruise fuel for a cruise-climb range of

1,000 mi, starting at 35,000 ft. Assume a tsfc of 0.9 lb/h/Ib.

a. Find the best-range airspeed and the fuel required (Ib) for this cruise
range. How much excess cruise fuel is there?

b. Remove this excess fuel, thus reducing the gross weight and the wing
loading of the aircraft. Keeping the cruise airspeed equal to that of
(a) above (remember that the lift-to-drag ratio will change), find the
fuel now required for this cruise range and compare with the results
of (a).

¢.  Find the new best-range airspeed with the reduced wing loading and
do (b) with this airspeed and its associated lift-to-drag ratio.
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"3-38.

3-39.

3-40.
341.
3-42.

Level Flight in the Vertical Plane: Turbojets

Aircraft Bis loaded with 35,000 1b of fuel for cruise for a cruise-climb range
of 2,000 mi, starting at 35,000 ft. Assume a tsfc of 0.85 Ib/h/Ib. Do Prob. 3-37
but do not exceed the drag-rise Mach number.

Aircraft C is loaded with 180,000 Ib of cruise fuel for a cruise-climb range
of 3,000 mi, starting at 35,000 ft. Assume a tsfc of 0.8 Ib/h/lb, and do not
exceed the drag-rise Mach number. Do Prob. 3-37.

Do Prob. 3-37 with the cruise range reduced to 500 mi.
Do Prob. 3-38 with the cruise range reduced to 1,000 mi.
Do Prob. 3-39 with the cruise range reduced to 2,000 mi.

Chaprer Four

Other Flight in the
Vertical Plane: Turbojets

4-1 TAKE-OFF AND LANDING

The ground-run requirement for an aircraft, though not a flight condition, is
important for performance and operational reasons and often may be the deter-
mining factor in the selection of certain design and subsystem characteristics,
such as the thrust-to-weight ratio and the wing loading.

The equation of motion governing the take-off ground run of a conventional
aircraft can be written as

wdv
T=D-uW-L=25 (a-1)

where p, the coefficient of rolling friction, is of the order of 0.02 for a dry, hard run-
way. Rather than use numerical or iterative procedures to obtain a solution of
this equation, we shall obtain a closed-form expression by assuming that the
thrust is constant throughout the run and by neglecting the drag and friction
forces, which account for 10 to 20 percent of the energy expended. With these
assumptions, Eq. 4-1 can now be written as

_Wavdx_wvdv
TgdX dt g dX (4-2)

Separating the variables and integrating from the start of the run to lift-off (lift-off
conditions will be denoted by the subscript LO) yields the expression

d_ VLOZ
T 29(T/W) 4-3)

The lift-off airspeed (Vo) is generally set equal to 1.2V, where V, is the stall
speed. These two airspeeds can be found from

y _[ 2AW/S) T’Z
* psoCr,, 10 (4-4)

. _[ 2(W/S) T”_[ 2.88(W/S) }1/2
Y7 psioCrro psioCr,, 10 (4-5)
where CL‘LO :0'694C’-muXv TO-

67
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" With the substitution of Eq. 4-5 into Eq. 4-3, we obtain

d= 1.44(W/S) _ 1.44(W/S)
PsLOYCr, Tl T/W)  ps1o?gCr . 1o(T/Ws, (4-6)

This expression gives overly optimistic values for the take-off run (of the order of
1010 20 percent too low) but is valuable for its insights into the parameters affecting
the run. We see that 10 decrease the take-off run, we need to decrease the winé
loading or increase the thrust-to-weight ratio, the maximum lift coefficient, or
the atmospheric density.

Decreasing the wing loading, however, decreases the best-range airspeed and
thus the cruise range for a given cruise-fuel weight fraction. Increasing the thrust-
to-weight ratio beyond that required for cruise or for special mission requirements
(e.g, ceilings) increases the engine weight with accompanying increases in the gross
weight of the aircraft and in the weight of the fuel required for a specified range.
Increasing the maximum lift coefficient by means of flaps (Fowler-type flaps also
decrease the wing loading by increasing the effective wing area during the take-off)
adds weight and complexity and increases the zero-lift drag coefficient during
the ground run. The atmospheric density cannot be controlled by man, but its
effect on take-off performance cannot be neglected. Obviously, an airfield located
5,000 ft above mean sea level will require a longer ground run than one at sea
level. In addition, a hot day and/or a low pressure area will also decrease the air
density, thus increasing the ground run.

We can dgvelop an approximate, and also somewhat optimistic, expression for
the time required for lift-off by recognizing that the thrust-to-weight ratio, al-
though appearing dimensionless, actually is an acceleration expressed in g's.
Neglecting all other forces, Newton’s law can be written as

oGl ()

T a

W g 4-7)
Consequently, a T/W ratio of 0.25 represents an acceleration of 0.25 g's or 8.05
ft/s2. Since

so that

d=ar> ST
B 2

we can solve for

I_[ 0.062d :'“ Vo
o(T/WiL] — go(T/Whe (4-8)
where d, the ground run in feet, can be obtained from Eg. 4-6.

Let us look at several typical classes of aircraft. A long-range high-subsonic
transport with a wing loading of 100 Ib/ft?, a thrust-to-weight ratio of 0.25, and a
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maximum take-off lift coefticient of 1.8 would require, according to Egs. 4-6 and
4-8, a sea-level ground run of 4,200 ft with a lift-off airspeed of 177 mph and an
clapsed time of 32 seconds. Remembering that these are optimistic figures and
noting that provisions must be made for nonstandard day conditions. clearance
of a 50-ft obstacle, factors of safety, take-off aborts, etc., such a ground-run value
implies the need for runway lengths of the order of 8,000 to 10,000 ft for such
an aircraft.

Short-range transports used for travel between and from smaller cities cannot
count on finding 10,000-ft runways. Consequently, their design characteristics
must be modified so as to reduce the ground run, generally by reducing the wing
loading and increasing the maximum lift coefficient for take-off. The thrust-to-
weight ratio is left unchanged, if possible, for weight and operating economy
reasons. Reducing W/S from 100 to 501b/ft? and increasing the lift coefficient
from 1.8 to 2.0, but leaving T/W equal to 0.25, results in a ground run of approx-
imately 1,900 ft with a lift-off airspeed of 119 mph and an elapsed time of 22 seconds.
This ground-run value implies a need for runway lengths of the order of 4,000 to
5,000 ft.

A STOL (Short Take-Offs and Landing) aircraft is designed for exceptionally
short ground runs as well as steep climbs and descents. It is characterized by a low
wing loading, a high lift coefficient, and a large thrust-to-weight ratio. For example,
if W/Sis 40 Ib/ft?, Cy_, is 2.6, and T/W is 0.6, then the ground run becomes of the
order of 500 ft with a lift-off airspeed of 93 mph and an elapsed time of 7 seconds.

Air-to-air fighter aircraft, particularly those equipped with guns, are charac-
terized by a lower wing loading than transports for reasons of maneuverability,
higher thrust-to-weight ratios, as might be expected, and lower values of the
maximum lift coefficient (to keep the wing thin and clean so as to minimize Cpg
and the wave drag). An advanced fighter with a T/W of 1.3 (without afterburners),
a W/S of 66 1b/ft?, and a maximum C; of 1.2 would have a ground run of the order
of 800 ft and an elapsed ground-run time of 6 seconds. The sea-level stall and lift-
off airspeeds for such an aircraft would be 215 fps (147 mph) and 258 fps (176 mph),
respectively.

The landing requirements must also be considered. They have increased in
importance as wing loadings (and thus approach and touchdown airspeeds) have
increased and as the drag has decreased. The landing maneuver comprises the
final approach, the landing flare, the touchdown (to include getting all the wheels
on the ground), and the ground run. A simple but crude expression for the landing-
run distance, in feet, is

d=3fil;? (4-9)

where f;, the deceleration factor, is of the order of 0.4 for a conventional jet tran-
sport and V; is the stall speed at landing. This expression is crude because of the
variety and complexity of retardation devices on modern aircraft (such as thrust
reversers and spoilers) and the differences between wet and dry runways. If our
long-range transport has been on a { equal to 0.4 mission and has a landing lift
coefficient of 2.0, then the landing wing loading will be equal to 100 (1—¢) or
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60 Ib/ft>. Consequently, ¥, will be 159 fps (108 mphy}: the final approach airspeed
is normally 20 percent higher than the stall speed. With f; equal to 0.4, the landing
run will be of the order of 5,000 ft. So we can see that stopping a clean, high-speed
aircraft is neither a trivial nor unimportant task.

4-2 CLIMBING FLIGHT

In order to examine climbing flight, we shall return to the dynamic and kinematic
equations of Sec. 3-1, which are repeated here along with the weight balance
equation for a turbojet aircraft:

T—D—-Wsiny=0 (4-10)
L—-Wcosy=0 (4-11)
ax
—=Vcosy
dt (4-12)
dh
—=Vsiny
dt 4-13)
—dw .
=cT
dt (4-14)
From Eq. 4-10, we find that
. T-D
siny=———
w 4-15)

which shows that the climb angle is determined by the excess thrust per unit
weight, where excess thrust refers to that thrust not required to counteract the
drag. Substituting Eq. 4-15 into Eq. 4-13 gives an expression for dh/dt, which we
shall call the rate of climb and write as R/C. This expression, i.e.,

TV-DV
w (4-16)

tells us that the rate of climb is determined by the excess thrust power per unit
weight.

Returning to Eq. 4-15 and rewriting it as
D T cosy

sin"—T —r
W ww T E (4-17)

R/C=Vsiny=

we see that the largest value that the sine of the climb angle can assume is equal
to the maximum thrust-to-weight ratio. Thus, we can obtain a qualitative feel for
the magnitude of the maximum climb angle. If the maximum T/W is 0.25, a
typical value for a subsonic jet transport, then the maximum climb angle will be
less than 15 deg at sea level: if the maximum T/W is 0.6, the maximum climb
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angle will be less than 37 deg. As the altitude increases during the climb, the
available T/W will decrease (if we assume W to be constant) and the maximum
climb angle will, therefore, decrease also, going to zero at the absolute ceiling of
the aircraft, as might be expected.

For an aircraft with a parabolic drag polar, that is, Cp=Cp+KCi, the
climbing-flight drag function can be written as

KW?cos?
D=qSCDo+_—qS— (4-18)
. Cr— L Wecos?
SInce L—qS‘— qS (4_19)

The first term of Eq. 4-18 represents the zero-lift drag, and the second term the
drag-due-to-lift (induced drag). In general, for climbing flight, the induced drag
will be less than the zero-lift drag and will decrease as the climb angle increases,
going to zero for a 90 deg climb angle (flight straight up). For such flight, the drag
will be entirely zero-lift drag and will be equal to gSCpy; obviously, the thrust-to-
weight ratio must be greater than unity. For our analyses, we shall ignore the
effects of the climb angle upon the drag function and use the approximation that
2

P (4-20)

D=q5C1)0+

This level-flight drag approximation can be used with reasonable accuracy for
climb angles up to the order of 30 deg or so.

In order to find the rate of climb for a specified airspeed at a specified altitude,
use Eq. 4-15 in conjunction with Eq. 4-20 to find the sine of the climb angle and
then use Eq. 4-16 to obtain the rate of climb. We shall assume the gross weight of
the aircraft to be constant throughout the climb because the weight of the fuel
burned is a small portion of the gross weight of a well-designed aircraft climbing in
an efficient manner. The largest rate of climb for a given throttle setting (thrust)
will occur at sea level, and the rate of climb will decrease to zero at the absolute
ceiling.

To illustrate the use of the climbing equations, let us consider our jet transport
with a W/S of 100 1b/ft?>, a maximum T/W of 0.25, and the drag polar, Cp=
0.015+0.06C?. We plan to climb at a constant airspeed of 400 mph (587 fps) and
want to find the rate of climb at sea level and at 30,000 ft. At sea level, the dynamic
pressure g is equal to 409.5 1b/ft2. Since we do not know either W or S, let us rewrite
Eq. 4-20 as the drag-to-weight ratio,

qucno K(W/S)
w  W/s q (4-21)

From Eq. 4-21, the sea-level D/W is

<2> =0.0614+0.0146=0.076
W /sL
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‘From Eq. 4-17, with the maximum T/W of 0.25, we find that
sin 75, =0.25-0.076 =0.174
so that the sea-level climb angle is 10 deg. Substituting into Eq. 4-16 results in
(R/C)L =587 x0.174 =102.14 fps = 6,128 fpm

At 30,000 ft, the dynamic pressure is 153 Ib/ft?, and the maximum thrust-to-
weight ratio is 0.0935 (0.25 x 0.374), so that the D/W ratio is

<2> =0.0203 +0.039 =0.062
W 30K

and the sine of the climb angle is
sin y =0.0935-0.062 =0.0315
The climb angle is only 1.8 deg and the R/Cis
(RIC)30x =587 x0.0315=18.5 fps =1,110 fpm

From this set of calculations, we see that for a constant climb airspeed of 400 mph,
the climb angle and rate of climb decreased from their sea-level values of 10 deg
and 6,128 fpm, respectively, to 1.8 deg and 1,110 fpm at 30,000 ft.

There are three climbing-flight conditions of special interest. They are steepest
climb yn,,, fastest climb (R/C),,,, and most economical climb (—dW/dh),,,.
Steepest climb will be described and discussed in the next section, and the other
two will be‘treated in the sections following.

4-3 STEEPEST CLIMB

Steepest climb is climbing flight at the maximum climb angle. It is of interest in
clearing obstacles, such as mountains or trees and buildings at the end of a runway,
and in establishing the upper limit for the climb angle. If Eq. 4-17 is rewritten
here for convenience,

wwTE (4-22)

then the maximum climb angle obviously is obtained when the excess thrust is
maximized by maximizing the thrust-to-weight ratio and by minimizing the ratio
of the cosine of the climb angle to the lift-to-drag ratio. With the constant-weight
assumption and the level-flight drag approximation, the maximum climb angle
can be found from

1

. (4-23)

Sin Ymax =

Sk
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This is an approximate solution, as are the steepest-climb conditions that follow

, awysy 1l k]

Vimox = PsLO Cho (4-24)

E.  =E, (4-25)
(RIC), . =V . SiN 7 (4-26)

Although approximate, they do provide useful values of suitable accuracy for
most conventional aircraft. Special high-performance aircraft, such as interceptor
aircraft, should be given special consideration to includc.: accelerauop along the
flight path. The energy-state approximation of Sec. 8-6 is one technique for ex-

amining the climbing performance of such aircraft. . '
For the turbojet transport of the preceding section, the steepest-climb con-

ditions at sea level are:

1:2 14
4 =(2XIOO> (0'06> =110 fps =280 mph

max o\ pgy 0.015
1
N Y = - ——=0.190
SN Y =0.25 667
.rymax = 1 1 deg

(R/C), =410 x0.190 =779 fps =4,674 fpm

At 30,000 ft, the steepest-climb conditions are:

V'r'max SL 410

—DmaSt_ 2670 fps =457 mph
Vimas =517 = (037272 =00 P P

1
Sin Y =0.25¢6 — 667 =0.0335

16.6
Ymax = 1.92 deg
(R/C),,, =670 x0.0335 =224 [ps = 1,347 fpm

At the absolute ceiling of the aircraft, the steepest-climb angle is zero. as can be
seen from

T.o. 1

SIN Yy =— — —— =
i max W Em
Examination of Fig. 4-1, which is a sketch of the drag (required thrust) and 'ofthe
available thrust for a given weight and altitude indicates that the maximum
excess thrust occurs in the vicinity of the minimum-drag airspeed. The' minimum-
drag airspeed is the airspeed where the thrust-to-weight ratio is a maximum.
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FIGURE 4-1

Graphical representation of steepest-climb condition for a
turbojet for a given weight, altitude, and throttle setting.

4-4 FASTEST CLIMB

Fastest climb is synonymous with climb at the maximum rate of climb and is of
much greater interest to us than steepest climb. Fastest climb requires the minimum
time to climb to a specified altitude, which is of importance to air traffic control
who must keep the intervening air space clear of traffic. Furthermore, to a first
approximation, fastest climb requires the smallest amount of fuel, thus increasing
the amount available for cruise. \

The rate of climb is proportional to the excess power per unit weight (see Eq. 4-16
and Fig. 4-2) and can be maximized by setting its first derivative with respect to
the true airspeed equal to zero, ie.,

dR/C) d (TV-DV
v av\_ w 4-27)

Carrying out this differentiation, with the aircraft weight assumed constant,
produces the condition for the fastest climb of a turbojet that

dD
T-D—-V=_ =
D-V =5 =0

=0

4-28)

With the realization that the climb angle will be less than that for steepest

climb, substitution of the drag function of Eq. 4-20 into Eg. 4-28 and solving for
the dynamic pressure yields the expression

grc =

T/s <1+{1+ﬁ3 }1/2>
6Coo\ = | [E(T/WIT? (4-29)
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FIGURE 4-2

Graphical representation of fastest-climb condition for a
turbojet for a given weight, altitude, and power setting.

where the subscript FC denotes fastest-climb conditions. The first thing to notice is
that the dynamic pressure is not necessarily independent of the altitude inasmuch as
the thrust available for a given throttle setting decreases with altitude. The second
thing to notice is that the minus sign within the larger parenthesis results in
negative values for ¢, an unrealistic situation.

Dropping the minus sign, Eq. 4-29 and subsequent expressions can be simplified
by giving the term within the larger parentheses the symbol I, where

3 1/2
r=1+{1 +——}

LEAT/W)]? (4-30)

At the absolute ceiling for a given throttle setting, the thrust-to-weight ratio is
equal to the reciprocal of the maximum lift-to-drag ratio, so that I at the ceiling is
equal to three. Since the T/W ratio has its largest values at sea level, the sea-level
value of I will approach a value of 2 for large values of the product of E,, and T/W.
Consequently, I must take on values between 2 and 3.

With the substitution of I, Eq. 4-29 can now be written as

(T/S)r
I = o (4-31)
so that
W _[ (T/SIF ]"3_[(7§L/S)F]”2
e 3psL.6Chg 3ps1.Chpo (4-32)
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The remaining flight conditions for fastest climb are:

DY _(T/WIT, 3

W/iee 6 2TE,XT/W) (4-33)

o T T\ 3

M=\ T )T wEAT/W) (4-34)
(R/C)max =(R/C)rc = Vic sin yrc (4-35)

If there are no flight constraints or limitations, the fastest climb of an aircraft
will obviously occur when the maximum available thrust is used. Examination of
the fastest-climb relationships shows that a turbojet aircraft with a high rate of
climb is characterized by one or more of the following: a large thrust loading
(T/S), a large thrust-to-weight ratio (T/W), a large maximum lift-to-drag ratio
(E.), and a small zero-lift drag coefficient. The maximum rate of climb occurs at
sea level and decreases with altitude, going to zero at the absolute ceiling.

In calculating the maximum rate of climb at any specified altitude, the simplest
procedure is to calculate I for that altitude, use that value to determine the corre-
sponding airspeed and the sine of the climb angle, and then multiply the last two
together to obtain the fastest-climb rate. Remember that the airspeed will be in
fps as will the climb rate.

Our illustrative turbojet has a maximum T/Wof 0.25, a W/S of 100 1b/ft?, a
Cpo of 0.015, and an E,, of 16.67; the corresponding maximum T/S is 25 Ib/ft2.
Using maximum thrust throughout the climb, the maximum rate of climb will be
calculated at sea level, at 30,000 ft, and at the absolute ceiling of the aircraft.

3 1/2
Atsealevel: I'=1 +[1 +~——-] =2.083

(16.67 x0.25) N
25 x2.083 \}2
Fc (3Psx_><0-015> 698 fps =476 mph =M 0.6
2.083 3
in yrc=0.25(1— - 0.
St yre 025( 6 > TX 2083 X (16677 x 025~ 153

yrc =8.8 deg
(R/C)rc =698 x 0.153 =106.8 fps = 6,408 fpm

Notice that the climb angle of 8.8 deg is less than the value of 11 deg obtained for

steepest climb.
At 30,000 ft, where 6=0.374, the T/W is 0.0935 (0.25 x0.347) and the T/S,
therefore, is 9.35 1b/ft?, so that:

3 1/2
I"=1+|:1+ )z:i =2.495

(16.67 x 0.0935

v 935x2495
FC™\3psL x0.374 x 0.015

1,2
) =764 fps =520 mph =M 0.78
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=0.0315

5 -
sin JFC =0.0935 <1 - ‘-'493) 3

6 | 2x2.495x(16.67)* x0.935
vec=1.8deg
(R/C)rc =764 x 0.0315 =24 fps = 1,440 [pm

Notice the increase in the airspeed and the reduction in both the climb angle and
the rate of climb.

At the absolute ceiling of the aircraft, the product of the thrust-to weight ratio
and the maximum lift-to-drag ratio becomes equal to unity so that I’ becomes
equal to 3 and

T 1
W' E,
. 1 3 3E,
Sln"/'FC:E_m<1— g)- WEMZ=0
7rc =0
(R/C)rc =0

It can be shown that the airspeeds for steepest climb, fastest climb, and the
minimum-drag airspeed are all identically equal at the absolute ceiling. Since,
at the ceiling, 6 =0.24 and T/S=6.0, the true airspeed is 837.4 fps or 571 mph or
M 0.865, which is probably in excess of the drag-rise Mach number. Therefore,
this represents a case where the theoretical absolute ceiling cannot actually be
reached.

In order to show the variations with altitude of the airspeed, the climb angle,
and the rate of climb for the fastest-climb program from sea level to the absolute
ceiling, the values at 5,000-ft intervals were calculated and used to construct
Table 4-1, which is also sketched in Fig. 4-3.

The actual rate of climb is of less interest than the length of time required to
climb to a particular altitude and the amount of fuel consumed during climb.
Rather than attempt to integrate Eq. 4-35 and its auxiliary equations, average
values will be used to determine the increment of time for a specific altitude
interval using the expression

Ah

A=
: (R/C)FC.ave (4'36)

Similar expressions for the fuel consumed and the ground distance covered during
an increment of time are
AW, o(T/We Ot
w o 3,600 (4-37)

Vave COS Tave At

AX=
5,280 (4-38)
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TABLE 4-1
Fastest-Climb Values

T/ W=0.25; W/S=100 Ib/ft?; E,,,. =16.67; Cp,=0.015;
sfe=0.8 Ib/h/lb

h Toad/ W r v sin?T  (R/C)an Y
(1,000 ft)  (g’s) (fps) (fps) (deg)
SL 0.25 2.083 698 0.153 106.7 8.8
5 0.216 211 702 0.128 89.7 7.35
10 0.184 2.148 708 0.105 74.0 6.00
15 0.157 2.20 717 0.099 71.3 57
20 0.133 227 728 0.065 47.2 372
25 0.112 236 743 0.047 353 272
30 0.0935 2495 763 0.0315 240 18
35 0.0775 2672 7904 0.0169 134 0.97
40 0.0615 29631 8323 000149 1.244 0.08
40.58 0.06 30 8374 0 0 0

40
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FIGURE 4-3

Fastest-climb conditions for the illustrative turbojet.
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with Az in seconds, V in fps, and A X in miles. Equation 4-37 comes from the weight
balance equation with both sides divided by the aircraft weight to avoid the need to
specify the actual weight of the aircraft. AW, /W represents an increment of climb-
fuel weight fraction. The average and cumulative values are tabulated in Table 4-2
and sketched in Fig. 4-4 for our illustrative turbojet with a specific fuel consumption
of 0.8 Ib/h/Ib.

TABLE 4-2
Additional Fastest-Climb Values
h R/Oax At t (T|Wye AW[|W ZA W W V.. AX X
(ft) (fps) (s) s) (x10%)  (x10%) (fps) (mi) (mi)
SI1.-5,000 98.2 50.9 509 0.233 2.63 2.63 700.0 6.7 6.7
5-10,000 81.85 61.1 1120 0.200 2.71 5.34 705.0 81 148
10-15,000 72.65 68.8 180.8 0.1705 261 7.95 712.5 92 240
15-20,000 59.25 844 2652 0.145 2.72 10.67 7225 11.5 355
20-25,000 41.25 121.2 3864 0.1225 3.30 13.97 7355 169 524
25-30,000 2965 168.6 5550 0.1027 3.80 17.77 7530 173 69.7
30-35,000 18.7 2674 8224 0.0855 5.00 22.77 776.7 393 1490

35-40,000 7.3 6829 1,505.3  0.0695 10.51 33.28 8114 1049 2139
40-40,576 0.6 8333 2,338.6 0.0607 11.12 44.40 8348 131.7 3456
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FIGURE 44

Fastest-climb values for the illustrative turbojet.
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* From Table 4-2, the total time (which is the minimum time) to climb from sea
level to 30,000 ft is 555 seconds or 9.25 minutes, for an average climb rate of 3,243
fpm. Note that it takes almost four times as long to climb the last 5,000 ft (from
25,000 to 30,000 ft) as it does to climb the first 5,000 ft. The total W;/W ratio to
30,000 ft is 0.0178, which means that the amount of fuel used during the climb is
1.78 percent of the total weight of the aircraft at the start of climb. If the aircraft
weighs 100,000 Ib, 1,780 1b of fuel will be used during climb. If the climb to 30,000 ft
is made in the direction of the desired flight, the aircraft will be 69.7 miles closer
to its destination.

Notice how nonlinear the climb time, the fuel consumption, and the range are
as the absolute ceiling is approached.

Tabulating values and averaging to determine time to climb, fuel consumed,
and distance traveled is tedious and time consuming. It would be nice to have
closed-form expressions that would give reasonable values. If we assume that T’
is constant and assign it a value of 2, then

1/2
VFC;[ 2AT/S) :l

3psLaCpg (4-39)

This expression gives values at the higher altitudes that are too low. In addition,
sin res 2AT/W) B 3

3 4E,N(T/W) 4-40)

which gives values at the higher altitudes that are too high. This expression can
be further simplified, with additional loss of accuracy, to

AT/W)
3

S yre= N (4-41)
Combining Egs. 4-40 and 4-41 results in a single expression for the maximum
rate of climb (fastest climb), namely,

_xAT/w[ «AT/S) T
(R/Chrez = [3psLacDJ

[8(T/W)3(W/S)T’2

27pSLGCD0 (4'42)

Equation 4-42 shows that a high rate of climb calls for a large thrust-to-weight
ratio, a large wing loading, and a low zero-lift coefficient. The magnitude of the
thrust itself is the most important parameter for fast climb. The effects of changes in
the thrust upon the fastest-climb rate and airspeed of our illustrative jet are
sketched in Fig. 4-5.

These simplified expressions should not be used to determine climb performance
at a specified altitude: instead, use the more exact expressions. The simplified
model of Eq. 4-42 can be used, however, to develop closed-form expressions that
can be used to calculate directly the minimum time to climb to a particular altitude,
along with the fuel used and distance traveled, without the need to construct
tables or graphs. Since the rate of climb is equal to di/dt, Eq. 4-42 can be inverted,
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Effect of changes in T/ W on fastest-climb rates and airspeeds for
illustrative turbojet,

partially integrated, and written as

21 27ps1L0Cpo |'12
t =l‘min= dh
e j T/W[ 8(T/S)

An expression for the fuel consumed during fastest climb can be obtained by
first establishing the fuel-altitude exchange ratio:

—dW —-dW/dt T
dh~ dnjd " (R/Clrc (4-44)
With the substitution of Eq. 4-42, Eq. 4-44 becomes

—dW ¢ [27PSLUCD0]U2 dh

(4-43)

3,600 8(T/S) (4-45)
which is partially integrated to yield
c *[27psLoCpo |'12
Rpc=—— _—_ dh
I MRrc =750 JI[ 8(T/S) } ’ (4-46)
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which can be further reduced to

AW ) 2 . 1/2
( f> =1—exp {— . j 27p51.9Co dh
W Jec 3,600 J, 8(T/S) (4-47)

The expression for the distance traveled during climb is developed from the
range-altitude exchange ratio:
dX _dX/dt_V cosy _<cos ‘,')
dh  dhfdt (R/Cc \siny Jec (4-48)
With the assumption of a “small” climb angle, so that the cosine of the climb angle

can be set equal to unity, Eq. 4-48 can be simplified by the substitution of Eq. 4-41,
rearranged, and partially integrated to obtain

15 r dh
5,280 ), T/W (4-49)

The climb program must now be established before the remaining integrations
can be carried out. Of the many possible climb programs, only the constant throttle
setting climb will be examined here as it gives the minimum climb time to altitude

for quasi-steady-state climb. With a constant throttle setting, the simple relation-
ship that T/p is constant can be introduced into Eq. 4-43 to obtain

IFC =lqin = 1 l:27pSI;CDO:|”2 JZ dh
M A(T/WsL | 8(T/S)ke 1 0 (4-50)

If the exponential approximation of the density ratio (Eq. 2-1) is used with =
23,800, then

Xrc

tre =t = 23,800 [27,DSLCD0:l1/2 (¢h2/23:800 _ gh/23,800)
(T/WsL | 8(T/S)s1 (4-51)
Using the same relationships, the other two expressions can be integrated to give
AW/ —C 27p5 C 1/2
2y == £ FSL™bo _
< w >Fc exp {3,600 [ 8(T/Skr ] (ha—h ‘)} @.52)

and Xec

_ 6.76 (eh2/23:800 _ phi/23,800)
T/ Wyt (4-33)

These closed-form expressions will now be used to calculate the values for the
maximum-thrust climb of our illustrative turbojet transport to 30,000 ft.

23,800 (27ps. x0.015\/2
min= 035 ( p;szs ) (£30-000/23.800 _ 1) — 528 s =8.8 min
Aw; —0.8 (27psy x0.015\!2
< w )FC_I—-exp [3,60()( 8% 25 ) X3O’000J=0'0145
Xec =6'ﬁ (£30:000/23.800 _ 1) _ 68 mj
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Comparison with the tabulated values shows a calculated climb time of 528
seconds versus 535 seconds, for a 3.8 percent error on the low side: 0.0145 versus
0.0178, for a 17 percent error on the low side: and 68 mi versus 69.7 mi. For lower
destination altitudes, the correlation is much better and for higher altitudes much
worse. As the final altitude approaches the absolute ceiling of the aircraft, these
expressions should not be used.

In these climbing examples, the maximum available thrust was used. Aircraft
normally do not climb at maximum thrust, not only for consideration of engine
life but also for other reasons such as passenger comfort, structural limitations, or
air traffic control rules. .

The next chapter on turning flight will discuss the increase in the loads exerted
on the passengers and on the aircraft structure by virtue of the lift force being
greater than the weight of the aircraft. This condition is described by the lift-to-
weight ratio L/W, which is called the /oad factor, given the symbol n, and has the
units of g's. In level flight, the lift is equal to the weight and the load factor is unity
(one-g flight); in climbing flight, L =W cos 7 and # is less than one. However, it is
possible in both level and climbing flight to increase the magnitude of the load
factor by suddenly pulling up or nosing down.

The maximum steady-state load factor possible, with aerodynamic considera-
tions only, is equal to the product of the thrust-to-weight ratio and the maximum
lift-to-drag ratio, i.e.,

T
Pm =<v_v> En (4-54)

There is also a maximum allowable load factor that is imposed to avoid over-
stressing the aircraft structure; this allowable load factor is usually less than the
possible maximum. It is normal practice to keep the flight thrust-to-weight ratio
below the value that could inadvertently cause the instantaneous load factor to
exceed the allowable limit. As an example, let us assume that our illustrative turbo-
jet is limited to a maximum allowable load factor of 2.5 g’s even though the maxi-
mum possible is 4.17 g’s (0.25 x 16.67). Equation 4-54 tells us that the climbing
thrust-to-weight ratio should be limited to 0.15 to avoid the possibility of exceeding
the maximum allowable load factor. Consequently, this value should be used in
the fastest-climb expressions rather than the value of 0.25. If we do so, the sea-
level rate of climb is reduced from 6,408 to 2,620 fpm and the sea-level climb speed
is reduced from 476 to 380 mph.

Returning to Eq. 4-30, it can be seen that " can also be expressed in terms of
n,, for use in the more exact expressions, so that

3 1/2
r=1 +<1 +nm2> (4-55)

If the T/W ratio is kept less than the maximum T/W at the start of climb, it is
now possible to climb at a constant thrust, by increasing the throttle setting, until
the available thrust becomes equal to maximum. Climb beyond that point will be
with a constant throttle setting. For the constant-thrust portion of the climb,
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" Eqgs. 4-43, 4-47, and 4-49 can be used in conjunction with the exponential approx-
imation of the density ratio.

If the climb is to be made in an air traffic control area, the climb airspeed is
limited to a maximum calibrated airspeed of 250 knots for altitudes under 10,000 ft.
The exact expressions and tabulated results are best suited for handling this
climb program.

Returning to the fastest-climb program using the maximum thrust available,
examination of the tabulated values in Table 4-1 shows that the required climb
airspeed increases from 476 mph at sea level to 520 mph at 30,000 ft, indicating a
tangential acceleration along the flight path that we have ignored. By doing so,
we have also ignored the propulsive energy used to generate the increase in the
kinetic energy of the aircraft. By adding the tangential acceleration term (m dV/dt)
to the right-hand side of Eq. 4-10, an acceleration correction factor can be developed
that relates the accelerated rate of climb to our quasi-steady-state rate of climb.
This correction factor is

1
L rav
g dh (4-56)

C:

For the tabulated example, a feeling for the magnitude of this correction factor
can be obtained by approximating dV/dh by a AV/Ah equal to 2.17 x 10~ ft/s/ft
and using an average airspeed of 731 fps; these values were obtained from Table 4-1.
Substitution into Eq. 4-56 yields a correction factor of 0.953, which means that the
actual rate of climb is of the order of 95.3 percent of the value we obtained from
the steady-state expressions. As the climb airspeed and acceleration along the
climb path increase, the correction factor decreases, reducigg the actual rate of
climb and thus increasing the time to climb, the fuel consumed, and the distance
traveled. These acceleration effects should be considered for high-speed and high-
thrust aircraft. Such aircraft are discussed in Sec. 8-6, which looks at the energy-
state approach to accelerated climbs.

4-5 MOST-ECONOMICAL CLIMB

The third climb program of interest is the most-economical climb, the climb that
uses the smallest amount of fuel. The fuel-altitude exchange ratio (—dW/dh) is
obtained by dividing Eq. 4-14 by Eq. 4-16 and can be written as

—dW_ cTW
dh TV-DV (4-57)

which represents the fuel flow rate per unit of excess climb power per unit of
aircraft weight. For most-economical climb, we wish to minimize this value, which
can be done by maximizing its reciprocal, dh/ —dW. With our idealized turbojet
assumptions that the thrust is independent of the airspeed and that the specific fuel
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consumption is constant, we obtain the same conditions for most-economical
climb that we did for fastest flight. In other words, with our assumptions and
approximations, fastest climb is the most-economical climb.

When the actual variations in the thrust and specific fuel consumption are
considered along with the compressibility effects of high speed upon the per-
formance of the engine, the airspeed for most-economical climb is lower than that
for fastest climb but is much closer to the fastest-climb airspeed than to the steepest-
climb airspeed. It is so close that most aircraft do not distinguish between the two
programs and fly the fastest-climb program whenever possible. In any event, for
preliminary performance and design analyses, fastest climb is also considered to
be the most-economical climb.

The relationships among the airspeeds for level flight and for the three climb
programs are sketched in Fig. 4-6.

4-6 UNPOWERED FLIGHT

Unpowered flight occurs when a single-engine aircraft has engine failure or runs
out of fuel, when a multiengine aircraft runs out of fuel, and when an aircraft has
no propulsion system (a glider or a sailplane).

The equations of motion for unpowered flight in the vertical plane are obtained
by setting the thrust equal to zero in the set of general equations for quasi-steady
flight, listed in Sec. 3-1. The glide angle (the flight-path angle) is sufficiently small,
but not zero, so that its cosine may be replaced by unity and its sine replaced by the
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economical
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FIGURE 4-6

Relationships among level-flight and climb airspeeds.
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‘angle itself, always expressed in radians. The relevant equations are:

D—Wy=0
L=w
ax_,
dt
dh

R/D=""=V-
/ i

(4-58)
(4-39)

(4-60)

(4-61)

There are two unpowered flight programs of special interest: maximum (best)
range and maximum endurance (minimum rate of descent). The first is of particular
importance to the pilot with engine failure or fuel starvation and in the design of a
military glider. The second is the key to the design of sailplanes for soaring.

The various relationships of interest, as derived from the equations of motion

above, are:
_—b_-b_-!
54 L E
ax_1__
dh v
/ _dh_—V_-Dv
a E w

s

where Eq. 4-63 is the range-altitude exchange ratio or instantaneous range.

(4-62)

4-63)

(4-64)

The maximum (best) range conditions will be determined first. By inspection of
Eq. 4-63, the instantaneous range is maximized by maximizing the lift-to-drag

ratio, so that Eq. 4-63 can be written as
dXo=—E,dh

4-65)

Integrating from the start of the glide to its completion, usually touchdown, yields

the best-range equation

Xor =Ep(hy —hy)

(4-66)

The best range is affected only by the maximum lift-to-drag ratio of the aircraft

and by the altitude. The associated best-range flight conditions are:

1
Yor =——

Ep,

Vo= Vo = 2(W/s) |2 K ”4=Vbr,SL
' ™ PsLO CDO 0'1/2
- Vbr - Vbr,SL
(R/D)y = E. =W

4-67)

(4-68)

(4-69)
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2 _ 2
tbrz_Emj i”—l=———-—Em j. a''? dh
1 Voo WrsL i

4-70)

Using the exponential approximation for the density ratio and a value of 23,800
for B, Eq. 4-70 can be integrated to give

_4T600E, - hyiar.600

tor = e"'1/47.600) (4-71)

I/br.SL

In the equations above, note that the glide angle is constant and represents the
smallest possible glide angle; this glide program is sometimes referred to as
flattest glide, or minimum-angle glide. Note also that pilots must control their true
airspeed in accordance with Eq. 4-68, decreasing it as they lose altitude so as to
maintain a constant lift coefficient. Their task is simplified by the fact that the
calibrated airspeed remains constant throughout the descent. When the glide
ratio of an aircraft is given, it is the maximum lift-to-drag ratio of the aircraft in
the glide configuration.

Assume that our illustrative turbojet transport (W/S =100 Ib/ft?, C, =0.015+
0.06 C#, E,=16.67) has run out of fuel at 40,000 ft over the Atlantic Ocean and
the pilot wants to glide as far as possible before ditching.

Xor =16.67 x 40,000 =6.67 x 10° ft =126.3 mi

-1
= — _006rad=—344de
o = 1667 6ra &

Notice that the glide angle is indeed small.

i/2 1/4
V,,,,SL=<2’<100> <O'O6> ~410 fps =280 mph

PsL 0.015

VorsL 410

Vbr,40K =‘;172“=m1—/2=827 fpS=564 mph = MO0.855

Notice that the initial airspeed is quite high, much higher than one’s intuition

might lead one to expect. The time to ditching is

_ 47,600 x 16.67
T

and the initial and final rates of descent are

(1 —e'4°'°°°/47'5°°) =1,100s=18.3 min

— Vor,a0k _

(R/D)sox =% = —49.6 fps = ~ 2973 fpm

m

(R/D)kst =Z—;'"—'Si= —24.6 fps = — 1,476 fpm
These figures support the warning to the pilot who is striving for maximum
power-off range (to reach the end of the runway, for example) to “Never stretch a
glide.”
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To minimize the rate of descent (and thus maximize the endurance), the derivative
of Eq. 4-64 with respect to the airspeed is set equal to zero, ie.,

d (dh\_d (-DV o

avidi) av\ w ) (4-72)
r dD_——D
© vV @-73)

With the introduction of the parabolic drag polar, Eq. 4-73 can be solved for the
maximum-endurance dynamic pressure and airspeed.

W\( K \'?
Ttmax = <§> <3 CDO> (4-74)

N LN S
fmax PsLO 3Cpo gl (4-75)

Notice that this airspeed is approximately 24 percent slower than that for best
range. The remaining maximum-endurance conditions are

3 1/2
CLJmax=( CDO) =1732C g,

K (4-76)
E’max =0866Em (4_77)
—1.155
= =1.1557y;
V'max Em S Yo (4_78)
X’max =0866Em(h1 - hZ) =0.866 X (4'79)
—I/t SL
R/D) i, =————max2> .
(R/D)nin =52z 2572 . 0.88(R/D}, s0)

41,223E,, —h3/47,600 —hy/47,600
max = ;T D - e =1.14¢t,
I/;max ,SL (e ¢ ) : (4-8 1 )

Let us imagine that the illustrative turbojet transport has again shut down all
its engines, but now the pilot is seeking to remain in the air as long as possible.
The flight conditions and results are:

E=0.866 x 16.67=14.44
X =14.44 x 40,000 =5.76 x 10 ft =109 mi

-1
y—m=—0069rad=—3.97deg
2 x 1002 0.06 \'4
V =] ————— —_— = =
5L <Psx_ ) <3><0.015> 312 fps =212 mph
312
Viok = =629 fps =429 mph

(0.246)172
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~312

nSL = =—21.7fps = — 1,300 fpm
(R/D)mm.SL 144 p p

(R/D)pmin. 40K =_1—j?= —43.7 fps = —2.621 fpm

frax = 1,252 $ =209 min

max

The variations in the flight parameters for these two unpowered flight programs
are sketched in Fig. 4-7. The differences between these two maximi:.ed flight
programs are not extreme, being of the order of 15 percent. However, flight con-
ditions that differ markedly from those of these two programs can have a dramatic
effect upon the unpowered performance. For example, consider a constant-angle
glide from 40,000 ft to sea level with an initial true airspeed of 300 mph (440 fps?.
Bur illustrative aircraft would glide at 6.56 deg and have a range of only 66 mi,
approximately one-half of the maximum range possible.

Best range
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FIGURE 4-7

Flight conditions for maximized unpowered flight.
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Let us expand the expression for the minimum rate of descent (Eq. 4-80) in
terms of the zero-lift drag coefficient and of the aspect ratio, so that

W 1:2
(R/D)min =248 <£> (Ir(JCwDO)l N
PsLO (4-82a)
12 14
ind (R/Ds = 1.05 (W/S) [ Chpo 3}
PsLO (ARe) (4-82b)

A sailplane is designed for a minimum rate of descent (the goal is an impossible
no-wind zero sinking speed) in accordance with this equation. A 10 percent de-
crease in the wing loading decreases the rate of descent by 5 percent, a 10 percent
decrease in Cpo produces a 2.5 percent decrease, and a 10 percent increase in
either the aspect ratio or the Oswald span efficiency yields a 7 percent decrease. A
well-designed sailplane should be characterized by long narrow wings with a
large area, a low gross weight, and a clean, sleek configuration.

One single-sea high-performance sailplane has the following characteristics:

Wing area, S 151 ft2

Wing span, b 49.7 ft

Aspect ratio, AR 16

Drag polar, Cp 0.01+0.0216C2
E, 34

Gross weight, W 800 Ib

Empty weight, OEW 5501b

At sea level, such a sailplane will have a minimum rate of deécent of 125 fpm with a
glide angle of 1.95 deg and an airspeed of 42 mph. At 30,000 ft, the glide angle is
still 1.95 deg, but the minimum rate of descent has increased to 205 fpm and the
corresponding airspeed is now 68 mph. With no thermals (vertical updrafts) the
gliding time from 30,000 ft would be 177.6 minutes, almost 3 hours, and the range
would be 167 mi. With good thermals, a sailplane like this one can stay up almost
indefinitely; the endurance of the pilot becomes the limiting factor.

PROBLEMS

Major characteristics of Aircraft A, Aircraft B, and Aircraft C, used in many of

5

these problems, are listed at the beginning of the problems in Chap. 3.

4-1. a. Using Eq. 4-1, show that maintaining a constant lift coefficient equal
to it/2 K during the ground run prior to rotation minimizes the resistive
forces and thus minimizes the ground run itself.

b.  For a u of 0.02, representing a paved, smooth runway, find the values
- of the ground-run lift and drag coefficients for Aircrafts 4, B, and C.

4-2.

4-3.

4-5.

4-6.
4-7.
4-8.

4-9.

4-10.
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c. Do (b)above for a u of 0.04, representing the rolling friction coefficient
for a hard turf runway.

Assuming that Aircraft 4 maintains a constant lift coefficient during the
take-off ground run until it reaches an airspeed equal to 1.1V, (approx-
imately the rotation airspeed), and then using Eq. 4-1:

a. Find the net acceleration at this “rotation™ airspeed for a lift coefficient
equal to p/2 K with 4 =0.02. Compare this value with the T/W ratio
of the aircraft.

b. Do (a) above, for a u of 0.04.

c. Do (a)above, for a lift coefficient equal to zero.

Do Prob. 4-2 for Aircraft B.

Do Prob. 4-2 for Aircraft C.

Assuming that the value given for the maximum lift coefficient for Aircraft 4

is the maximum attainable on take-off:

a. Find the sea-level, standard-day take-off run distance, lift-off airspeed
(mph), and time to lift-off (seconds).

b. Do (a)above for a standard-day take-off from an airport that is 5,000 ft
above mean sea level.

Do Prob. 4-5 for Aircraft B.

Do Prob. 4-5 for Aircraft C.

A sea-level airport is in a low-pressure area on a hot day. The atmospheric

pressure is 1,975 Ib/ft? and the temperature is 103 deg F.

a. Find the actual density ratio and the equivalent standard-day altitude
of the airport.

b. Find the percentage increase in the standard-day, sea-level take-off
values for the ground run, the elapsed time, and the lift-off airspeed.

c.  What is the additional effect of a 10 percent increase in the gross weight
of the aircraft? ‘

If the T/W ratio of Aircraft B is increased to 0.4 and the maximum lift

coefficient is increased to 3.5 by using new flap and boundary layer control

technology, what will be the effects on the take-off run, time, and lift-off

airspeed?

Aircraft C is on a sea-level, standard-day take-off run and has reached an

airspeed of 125 mph when suddenly one of the four engines fails completely.

a. How far down the runway is the aircraft at the time of engine failure?

b. If the pilot decides to continue the take-off with the remaining three
engines, what will be his additional ground run?

c. If, on the other hand, the pilot dccides to abort the take-off, how much
extra runway will he need to bring the aircraft to a complete stop?
It is raining, the runway is wet, and the deceleration factor is 0.2.

d. Which is the safer decision and why?
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-4-11.

4-12.

4-13.

4-14.

4-15.

4-16.
4-17.
4-18.

a. Plot the sea-level, standard-day take-off run distance in feet as a
function of a take-off parameter that is the wing loading divided by the
product of the maximum lift coefficient for take-off and the maximum
sea-level thrust-to-weight ratio.

b.  On the same plot, do (a) above for a density ratio of 0.85 and for a
density ratio of 0.75.

c. Calculate the value of the take-off parameter for Aircraft 4 and use it
to locate the take-off runs on these plots.

d. Do (c) above for Aircraft B.

e. Do (c)above for Aircraft C.

a. Aircraft 4 has just completed a flight and is landing with a gross weight
of 19,000 Ib at a sea-level airport on a standard day. Find the approach
speed (1.2V;) and the landing run required to bring the aircraft to a
stop with a deceleration factor of 0.4.

b. Do (a) above, but find the ground run necessary to reduce the airspeed
to 20 mph for a rolling turn off the runway onto a taxiway.

c. Do (a)above, at an airfield that is 5,000 ft above mean sea level.
d. If Aircraft 4 has just taken off and is forced to land immediately with a

gross weight of 23,500 1b, what will the approach speed and landing
run be for the conditions of (a) above?

Do Prob. 4-12 for Aircraft B with a gross weight of 110,000 Ib for parts (a)
through (c) and a gross weight of 135,000 Ib for part (d).
Do Prob. 4-12 for Aircraft C with a gross weight of 450,000 Ib for parts (a)
through (c) and a gross weight of 580,000 Ib for pary (d).

a. With no restrictions whatsoever, find the maximum rate of climb
(fpm) for Aircraft A on a standard day along with the climb airspeeds
(true and calibrated in mph) at sea level, 20,000 ft, 30,000 ft, and
40,000 ft.

b. Using values from (a) above, plot the altitude and true airspeed (mph)
as a function of the rate of climb (fpm). Extrapolate to find the absolute

ceiling and ceiling airspeed and compare these values with calculated
values.

¢. Ifamaximum load factor of 2.5 g's is not to be exceeded, redo (a)above.
Do Prob. 4-15 for Aircraft B.
Do Prob. 4-15 for Aircraft C.

With no restrictions whatsoever and using the closed-form approximations
of this chapter, find the time to climb, fuel used, and distance traveled for
Aircraft A with C=0.95 Ib/h/Ib:

a. From sea level to 20,000 ft
b. From sea level to 30,000 ft

4-19.
4-20.
4-21.

4-22.
4-23.

4-24.

4-25.
4-26.
4-27.

4-28.
4-29.
4-30.

4-31.
4-32.
4-33.
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c. From sea level to 40,000 ft

d. From 20,000 to 40,000 ft

Do Prob. 4-18 for Aircraft B with C=0.9 Ib/h/lb.
Do Prob. 4-18 for Aircraft C with C=0.85 Ib/h/Ib.

With no restrictions whatsoever, find the steepest climb angle and associ-
ated airspeed (mph) and rate of climb (fpm) for:

a. Aircraft 4
b. Aircraft B
c. Aircraft C

Do Prob. 4-21 with the restriction of a maximum load factor of 2.5 ¢'s.

Do Prob. 4-21 at an altitude of 10,000 ft. You have flown up a narrow box

canyon and hope to climb out.

a. Plot the sea-level rate of climb (fpm) of Aircraft 4 as a function of the
true airspeed (mph).

b. From this plot, determine the maximum rate of climb and the associ-

ated airspeed and compare them with the values obtained from
Egs. 4-35 and 4-32. :

Do Prob. 4-24 for Aircraft B.

Do Prob. 4-24 for Aircraft C.

Find the climb acceleration factor for Aircraft 4 in climbing, with no

restrictions, from sea level to 30,000 ft.

Do Prob. 4-27 for Aircraft B in a climb from sea level to 35,000 ft.

Do Prob. 4-27 for Aircraft C in a climb from sea level to 40,000 ft.

Aircraft 4 has run out of fuel at 30,000 ft.

a. Find the initial and final values of the best-range airspeed, glide angle,
rate of descent along with the time and distance to touchdown.

b. The pilot decides to establish a glide angle with an initial true airspeed
that is 20 percent higher than the stall speed and then to keep this
glide angle constant to touchdown. Do (a) above for this set of con-
ditions.

Do Prob. 4-30 for Aircraft B from an initial altitude of 35,000 ft.

Do Prob. 4-30 for Aircraft C from an initial altitude of 40,000 ft.

Aircraft C is on a straight-in, power-off final approach to a landing with a

gross weight of 500,000 Ib and an approach airspeed equal to 1.2 times the

stall speed. The aircraft is 3 mi from the end of the runway at 1,000 ft.

a. Find the approach airspeed (mph), the rate of descent, and the time and
distance to touchdown.

b. Will the aircraft reach the end of the runway? If not, how far short will
it be?
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C.

The pilot raises the nose of the aircraft and slows down to 1.1 times the
stall speed. Do (a) above and determine if the pilot has improved or
worsened her chances of reaching the runway.

Instead of raising the nose, the pilot lowers the nose and allows the
airspeed to stabilize at 1.4 times the stall speed. What are her new
descent parameters and will she reach the end of the runway?

4-34. A two-place training sailplane has a gross weight of 1,100 Ib, a wing area of
140 ft?, a wing span of 40 ft, and a zero-lift drag coefficient of 0.012. Assume

an ¢ of 0.95.

a. Determine the design characteristics of the sailplane, for example, AR,
drag polar, maximum lift-to-drag ratio.

b. Find the best-range performance and conditions at sea level and at
30,000 ft.

¢. Find the maximum-endurance performance and conditions at sea

level and at 30,000 ft.

4-35.  Aircraft 4 is scheduled to fly the following mission profile with a tsfc of

0.9 Ib/h/Ib:
Phase 1. Taxi for 15 minutes at 20 percent of the maximum thrust
Phase 2. Take-off at sea level on a standard day
Phase 3. Fastest climb to 30,000 ft at 85 percent of the maximum thrust
Phase 4. Cruise 1,000 mi at a constant altitude with a constant airspeed
Phase 5. Descend to sea level (no range, fuel, or time credits) \
Phase 6. Loiter at sea level for 1 hour
a. Find the minimum fuel required for each phase and the total amount
of fuel required for the mission.
b. Find the time for each phase along with the total time from leaving the
blocks on the ramp to the end of the loiter period.
c¢. Tabulate the airspeeds (mph) for each phase along with the respective
values of the wing loading,
d.

If Phase 4 is flown as a cruise-climb program at the drag-rise Mach

number, what will be the effects on the fuel consumption and on the
flight time?

4-36. Aircraft B is scheduled to fly the mission profile of Prob. 4-35 with the
changes that the cruise altitude is to be 35,000 ft and the range is to be
2,000 mi. Use a tsfc of 0.85 Ib/h/Ib. Do Prob. 4-35.

4-37. Aircraft C is scheduled to fly the mission profile of Prob. 4-35 with the
changes that the cruise altitude is to be 35,000 mi, the range is to be 3,000 mi,
and the tsfc is to be 0.8 Ib/h/lb. Do Prob. 4-35.

Chapter Five

Turning Flight in the
Horizontal Plane: Turbojets

5-1 COORDINATE SYSTEMS
AND GOVERNING EQUATIONS

Even though an aircraft may spend most of a mission in straight flight in the
vertical plane, there are times when it must change direction, i.e., turn. For all
aircraft there are turns associated with changes in flight headings, collision avoid-
ance, holding patterns, and instrument approaches and landings. In addition,
combat aircraft must have a greater degree of maneuverability than transports in
order to survive and carry out their assigned operational missions. The maneuver-
ing capability of an aircraft along with the associated design and flight parameters
can be determined, to a first approximation, by limiting turning flight to the
horizontal plane (with constant altitude), assuming the weight to be constant, and
examining the conditions for the maximum bank angle, the maximum turning
rate, and the minimum radius of turn.

We shall continue our assumption of quasi-steady-state flight by neglecting any
tangential accelerations, but we must consider the acceleration normal to the
curved flight path (the centripetal acceleration). We shall also continue to assume
coordinated flight (zero sideslip angle) and to neglect the thrust angle of attack.
The former assumption means that the velocity vector, lift, and drag all lie in the
plane of symmetry (for a symmetrical aircraft), and the latter assumption means
that the velocity and thrust vectors are coincident.

Rather than the conventional wind axes used for vertical-plane flight, it is more
convenient to use what is known as the principal trihedral, a right-handed cartesian
system composed of the three ortogonal unit vectors, t, n, and b. With the origin at
the center of gravity of the aircraft as before, the tangent t is in the plane of sym-
metry along the velocity vector (and thus along the x-wind axis), the normal n is
perpendicular to the plane of symmetry along the radius of curvature and positive
toward the center of curvature, and the binormal b is perpendicular to both tand n.
For curvilinear flight in the horizontal plane, the flight-path angle is zero, n is in
the horizontal plane, and b is in the vertical plane. The trihedral and the quasi-
steady-state forces are shown in Fig. 5-1. Resolving the forces along the trihedral
and along the ground axes, X and Y, yields the following dynamic and kinematic
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FIGURE 5-1

The principal trihedral coordinate system: (a) looking at the front of the
aircraft; (b) looking down on the aircraft.
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equations for turning flight of a turbojet in the horizontal plane:

T—-D=0 (5-1)

L sin ¢p— gVi=0 (5-2)
Lcosp—W =0 {5-3)
(;—/[Y=Vcosx (5-4)
%:Vsinx (5-5)

ideW=—-cT (5-6)

where y is the yaw angle, 7 is the turning (yaw) rate, and ¢ is the bank angle; y is
always expressed in radians per second (rad/s). Equation 5-6, the fuel consumption
equation for a turbojet, is included for completeness but will not be used in these
analyses because the times involved in turning flight will not be sufficiently long to
change the weight of the aircraft appreciably. The kinematic equations, Egs. 5-4
and 5-5, will not be used either as the emphasis is on the maneuverability rather
than on the distance traveled.

The three dynamic equations, Egs. 5-1, 5-2, and 5-3, show that the drag is
balanced by the thrust, the centrifugal force is balanced by the horizontal com-
ponent of the lift, and the weight of the aircraft is balanced by the vertical com-
ponent of the lift.

5-2 TURNING FLIGHT IN GENERAL

In level (nonturning) flight, the lift is equal to the weight. For horizontal flight,
however, Eq. 5-3 shows that

w
L= cos ¢ (5-7)

so that, as the bank angle ¢ increases, the lift must also be increased if the altitude
is to be maintained. The lift-to-weight ratio (L/W) has previously been defined
as the load factor and given the symbol n. It has the dimensions of g's (as does the
thrust-to-weight ratio) and is called the load factor because it is a measure of the
forces, or loading, impressed upon the structure. For example, when r is equal to
unity, we speak of one-g flight and the lift is equal to the weight. When r is equal to
2, the lift is equal to twice the weight of the aircraft and the wing span, for example,
must now accept a load equal to twice the total weight of the aircraft without un-
acceptable deflections or damage. Similarly, a person in the aircraft will be sub-
jected to an additional force equal to his or her weight. If the load factor exceeds



98 Turning Flight in the Horizontal Plane: Turbojets

the tolerances of the structures or of the occupants, temporary or permanent
damage can take place. The concepts of the maximum possible load factor and the
maximum allowable load factor will be discussed in the next section.

With the definition of the load factor, Eq. 5-7 can be written as

L 1 /T E
n_W_cosd) \w (5-8)
which shows a direct coupling between the bank angle and the load factor and

between the product of the thrust-to-weight and the lift-to-drag ratios. For any
value of the load factor, the bank angle can be found from Eq. 5-8, rewritten as

1
¢ =arc cos - (5:9)
When 7 is unity, the lift is equal to the weight and the bank angle is zero. When the
bank angle is zero, Eq. 5-2 shows that the turning rate must also be zero, indicating
that there can be no steady-state coordinated turn without a finite bank angle.
When the bank angle is 90 deg, the load factor becomes infinite, which means that
an aircraft cannot maintain a steady-state turn with a 90 deg bank angle and
still hold a constant altitude. Turns with a bank angle of 90 deg can be executed
but only by skidding or by losing or gaining altitude, the latter requiring a T/W
ratio greater than one.
An expression for § can be found by dividing Eq. 5-2 by Eq. 5-3 and rearranging
to obtain |

,_gtand _gn*—1)'"2
YT Ty \ o 610)
where ¥ is expressed in radians per second, V in feet per second, and g is taken to

be equal to 32.2ft/s®. The expression to the right of the second equality sign
results from the trigonometric relationship that

1
tan? p=——— —1=pn%—1
¢ cos’ ¢ " (5-11)
The airspeed V is a tangential velocity and therefore equal to 7r. Solving for
the turning radius r and using Eq. 5-10 yields the expressions:

y2 y?
glang gini—1)172 (5-12)

4
We can develop relationships among n (and ¢), the flight conditions, and the
aircraft characteristics from Eq. 5-1. With a parabolic drag polar, with the drag
written as
KI?

D=¢SCpo+ =
PCoots (5-13)
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the substitution of L equal to nW results in the horizontal-flight drag function

Kn*W?

D=¢SCpo+ 7S (5-14)

Substituting Eq. 5-14 into Eq. 5-1 and rearranging yields the quadratic equation
S?*Cpog® — TSq+ Kn*W?=0

which can be solved for the dynamic pressure to give

T/S 4KvD0n2 1/2
g=s i1t 1 - =20
2Cpo (T/W) (5-15)
Consequently, the expression for the airspeed in a turn can be written as
2 1/2 1/2
|- ! )
ps0Cpo LER(T/W)] (5-16)

These expressions for the dynamic pressure and airspeed in a turn have several
points of interest. When the lift is equal to the weight, the load factor is unity, and
the turning values become those for level flight in the vertical plane, as might be
expected. When the load factor is greater than unity, as in a turn, the airspeed is
less than that for level flight with the same thrust and throttle setting. Consequently,
the pilot must increase the thrust when entering a turn if both the airspeed and
the altitude are to remain unchanged. It should also be noted that specifying the
bank angle (and thus the load factor) and the thrust-to-weight ratio determines the
airspeed for a given aircraft at a given altitude and the there may be two possible
airspeed values for each bank angle-thrust combination.

Not only does the airspeed drop off in a turn if the thrust is not increased but also
the stall speed increases as the square root of the load factor. Using Eq. 5-8,

L=nW=%ps aV2SC, (5-17)

Since stall occurs at the maximum lift coefficient, the stall speed in a turn can be

written as
o[ 2awis) 1T awys)
YL PsL0C ] LPSLOC Ly COS & (5-18)
Vi
V - l/ZV — s,
or S os )12 (5-19)

where V;,, is the wings-level stall speed. For example, a bank angle of 30 deg
(n=1.155) increases the wings-level stall speed by 7.5 percent. By the same token,
the calculated lift coefficient for turning flight might very well exceed that available
since

n(W/s) WS

Ci= g  gcosd (5-20)
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It is wise, therefore, to check turning-flight calculations for airspeeds below stall
speeds and for lift coefficients that might exceed the maximum lift coefficient.

Equation 5-18 can also be used to demonstrate the “high-speed stall,” which can
occur at any airspeed no matter how high the airspeed might be. If an aircraft is
in equilibrium at any airspeed and at any load factor (even with n< 1, as in a climb
or level flight) and the pilot makes an abrupt control deflection so as to instan-
taneously increase the load factor, the stall speed immediately increases and may
well exceed the actual airspeed.

Returning to Eq. 5-15, and this time solving for # results in the expressions:

_ ] (T/S)q_Cooqz]”z_ 9 [L(T/S_ . )“2
"=Wwis| Tk K “wis|k\q ~ P (5-21)

which can be used to find the bank angle (and load factor) required for a steady
turn at a given altitude, thrust-to-weight ratio, and airspeed.

Our illustrative jet transport has a W/S of 100 Ib/ft?> a maximum T/W of 0.25,
Cp=0.015+0.06C;% E, =16.67, and a maximum C of 1.8, without flaps. Let us
suppose that we wish to turn with a bank angle of 30 deg and a T/Wof 0.1. From
Eq.5-8,n=1/cos 30 deg = 1.155 g’s. We shall now use Eq. 5-15 to find the dynamic
pressure, using a value of 10 Ib/ft* (0.1 x 100) for the T/S; therefore,

__to (T, 1155 2|~
9=3%0015) * 0.1 <1667
@ =5T41b/it* g, =926 Ib/it®

From Eq. 5-20, C., is equal to 0.2 and Cy, is equal to 1.25. Since both values are
less than the maximum value, flight is possible at both lift coefficients. At this point,
an altitude must be specified. Let us choose sea level first, examine the turning
performance there, and then go up to 30,000 ft.

At sea level, the two airspeeds corresponding to the values of the dynamic
ratio found above are 695 fps (474 mph) and 279 fps (190 mph). From Eq. 5-10, }
(the turning rate) is found to be 0.0267 rad/s (1.53 deg/s) for the high-speed solution
and 0.067 rad/s (3.82 deg/s) for the low-speed solution. The corresponding values
for the turning radius, as obtained from Eq. 5-12, are 26,029 and 4,227 ft, respec-
tively. This example shows that the lower airspeed gives the better turning per-
Jormance in terms of a higher turning rate and a smaller turning radius.

At 30,000 ft, the higher airspeed is 1,136 fps, which is in excess of A 1.0 and is not
a valid flight condition. The lower airspeed is 456 fps (311 mph), and the corre-
sponding turning rate and radius are 0.041 rad/s (2.33 deg/s) and 11,122 ft. These
values, when compared with those for sea level, indicate that turning performance
becomes worse with increasing altitude. Conversely, maneuverability improves as
the altitude is lowered.

Let us consider one more situation in this section, starting with the premise that
our illustrative turbojet is in a racetrack holding pattern at 20,000 ft (¢ =0.533) at
an airspeed of 250 mph (367 fps). The altitude and airspeed are to be held constant
during the 180 deg turns at each end of the holding pattern. The standard-rate

<
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turn for a jet aircraft is 1.5 deg/s or 0.0262 rad/s. Equation 3-10 is used to find that
the required bank angle is 16.63 deg and that the associated load factor is 1.044 ¢'s.
The turning radius, from Eq. 5-12, is 14,007 ft or 2.65 mi: a 180 deg turn will place
the aircraft 5.3 mi from its original track. With g equal to 85.3 Ib/ft?, Eq. 5-16 can
be used to obtain the required T/S, which is 8.95 1b/ft?, so that the T/W required
for the turn is 0.0895. In practice, the throttle setting is adjusted to give the desired
airspeed.

5-3 MAXIMUM LOAD FACTOR
AND MAXIMUM BANK ANGLE

Since the bank angle and the load factor are directly coupled by Eq. 5-8, the flight
and design conditions for the maximum possible load factor n,, are those for the
maximum bank angle ¢,, because

1
¢,, =arc cos . (5-22)
To find the airspeed for n,, take the first derivative of the load factor, as given by
Eq. 5-21, with respect to the airspeed and set it equal to zero. Since dn/dV =
pV dn/dq, we can set dn/dg =0 and obtain the same results. Differentiating Eq. 5-21
with respect to g, setting the result to zero, and solving for the dynamic pressure
produces the expressions:

TS
qnm“’EZ;;; (5-23)

and v _< T/s )‘”_[(T/W)(W/S)]”Z
- psL0Cpo B Ps.6Cpo (5_24)

where the subscript nm denotes the maximum load factor conditions. You may
recognize Eq. 5-24 as the ceiling (and minimum-drag) airspeed.

Since the thrust must equal the drag in a steady-state turn, Eq. 5-23 can be
rewritten as

Dnm =2qnmSCwD0 (5'25)
but, from the definition of the total-drag coefficient,
Cp.nm=2Cpo=Cpo+ KC,* (5-26)
B CDO 1/2
or Croom _<7> (5-27)

Either recognizing that Eq. 5-27 is the lift coefficient for the maximum lift-to-
drag coefficient or by substituting into the definition of £, we can show that the
maximum load factor and maximum bank angle occur when flying at the maximum
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lifi-to-drag ratio. Substitution of Eq. 5-23 into Eq. 5-21 produces the relationships:

__nw _<I> £
I K Cy) 2w ) B (5-28)
and #m=arc cos {W} (5-29)

These expressions represent the maximum possible values of the load factor
and of the associated bank angle, for a given T/W ratio, and are directly propor-
tional to the product of the flight thrust-to-weight ratio and the maximum lift-to-
drag ratio. Incidentally, we could have easily maximized the load factor by in-
spection of Eq. 5-8. The far right-hand expression shows that for a given T/W ratio,
the maximum load factor occurs when the lift-to-drag ratio is at a maximum. We also
see that the largest value of the maximum possible load factor (and bank angle) occurs
when both the thrust-to-weight ratio and the lift-to-drag ratio are at their maxima.

Because of structural limitations or passenger comfort, an aircraft, particularly a
noncombat aircraft, is limited to flight conditions that will not exceed a maximum
allowable load factor. A typical value of the maximum allowable factor for a
transport is of the order of 2.5 ¢’s and for a fighter aircraft of the order of 8 gs.
Our illustrative transport with a maximum T/W of 0.25 (at sea level) and an E,
of 16.67 has a maximum possible load factor of 4.17 g’s. If the aircraft is to be limited
by the maximum allowable value of 2.5 g’s, then the T/W ratio must be kept below
0.15 in accordance with the following equation:

‘ T
w

< Nm, allowable

E, \ (5-30)

Returning to Eq. 5-28, we know that at the absolute ceiling for a given throttle
setting the T/W ratio is equal to the reciprocal of the maximum lift-to-drag ratio.
Therefore, at the absolute ceiling, the maximum load factor is unity and the maxi-
mum bank angle is zero degrees, leading to the conclusion that an aircraft cannot
make a steady turn at the absolute ceiling without losing altitude.

Without considering the limitations of a maximum allowable load factor, let us
look at the maximum possible load factor performance of our illustrative transport,
operating at the maximum thrust-to-weight ratio, first at sea level and then at
30,000 ft. Since the lift coefficient for 1, is equal to 0.5 and constant (from Eq. 5-27),
it is both independent of the altitude and much less than 1.8, the value of the
maximum lift coefficient of the aircraft. Do not confuse the lift coefficient for A
with the lift coefficient for stall in a turn.

At sea level, the maximum load factor is equal to 4.17 ¢'s (0.25 x 16.67), the
corresponding bank angle is 76.1 deg, the dynamic pressure is 833 1b/ft2, and the
airspeed is 837 fps (571 mph or M 0.75). With the airspeed and the bank angle
known, the turning rate and radius are found to be equal to 0.155 rad/s (8.88 deg/s)
and 5,402 ft (1.02 mi), respectively.

At 30,000 ft, the maximum load factor will decrease since the T/W decreases with
altitude. Consequently, the maximum load factor at 30,000 {t has decreased to
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1.56 ¢'s (4.17 x 0.347), and the bank angle is 50. deg. With a constant throttle
setting, the dynamic pressure decreases to 311.7 Ib/ft?, but the airspeed remains
constant at 837.4 fps, as can be seen from Eq. 5-24. The turning rate and radius at
30,000 ft are equal to 0.046 rad/s (2.6 deg/s) and 18,204 ft (3.45 mi), respectively.
As we saw in the preceding section, the turning performance deteriorates with
altitude.

Let us introduce a second illustrative aircraft, a fighter with a W/S of 50 Ib/ft?, a
maximum sea-level T/W of 0.6 (without afterburner), a subsonic drag polar of
Cp=0.011+0.2 C (an AR of 2 and an E,, of 10.67), a no-flaps maximum lift
coefficient of 1.2 (a bit high), and an allowable maximum load factor of 8 g’s. The
lift coefficient for the maximum possible load factor is constant and only 0.234.
At sea level, the maximum possible load factor is equal to 6.4 g’s and the maximum
bank angle is 81 deg. The corresponding airspeed is 1,071 fps (730 mph and M 0.96)
and the turning rate and radius are 0.19 rad/s (10.9 deg/s) and 5,637 ft (1.07 miles).
At 30,000 ft, the maximum load factor is 2.4 g's, the maximum bank angle is 65.3
deg, the airspeed is still 1,071 fps (but the Mach number is 1.08), and the turning
rate and radius are 0.0656 rad/s (3.76 deg/s) and 16,327 ft (3.09 mi). It should be
noted that the airspeed for the maximum possible load factor is too high for our
subsonic drag polar. Ignoring that fact and looking at the turning performance, we
find that reducing the wing loading and increasing the thrust-to-weight ratio did
not have much of an effect on the turning performance at the maximum load factor,
particularly at 30,000 ft. If we limit the maximum load factor for the transport to
2.5 g’s, then the sea-level performance would approach that at the higher altitudes.

We conclude this section with the statement that the maximum load factor is
not of interest as a desirable or sought after flight condition but rather is an upper
limit that imposes structural limitations upon the designer or flight limitations
upon the pilot, or both. Equation 5-16 can be used to construct lines of constant
load factor as a function of both the airspeed and the altitude for a given aircraft,
resulting in what is referred to as a V-n diagram. We shall look at V-n diagrams in
more detail in Sec. §-5.

5-4 MAXIMUM TURNING RATE

Maximum turning rate {fastest turn) and minimum turning radius are the true
measures of the maneuverability of an aircraft. To find the flight conditions and
design characteristics that maximize the turning rate, set the derivative of the
turning rate with respect to the airspeed equal to zero. Using Eq. 5-10, the con-
dition for fastest turn can be written as

5 dn

f—1l—nV—=0

" " (5-31)

But dn/dV is equal to pV dn/dg, and dn/dg can be obtained by differentiating
Eq. 5-21. Substituting into Eq. 5-31 and solving for the dynamic pressure for the
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fastest turn produces the expressions:

WAl K |72
grr= <§> [E{J (5-32)
B 2(W/S 1/2 K 1:4
and e "[ﬂ [C_J (5-33)

where the subscript FT denotes the fastest-turn conditions. Notice that the fastest-
turn airspeed is equal to the level-flight minimum-drag airspeed.
From Eq. 5-32 and the fact that L =nW, we find that

C 1/2
Do
Corr=ner | —| =nrtCrLppn

K (5-34)
Using Eq. 5-34, it can be shown that
2n
v (2
e (1 +ngq (5-35)
so that the flight lift-to-drag ratio is less than E,. The remaining conditions for
fastest turn are:
T 1/2
nFT=[2<W>Em—1;I =[2nm—1]1/2 (5 36)
t 2 —1 1/2
and jer <9200 _g(mer —1]
. Vet Ver (5-37)

In order to show the parameters affecting the turning rate Eq 5-37 can be
expanded by appropriate substitutions to obtain

.| PsLO Cpo 1z 1z
=g [W/S (T) (m— 1)] (5-38)
d . pSLa- T/W C‘D_O 1/2 1/2
“ frr= g{W/S[ K K (5-39)

These two equations show that a high turning rate calls for a large T/W ratio, a
low W/S, a small K (which implies a large AR and Oswald span efficiency), and a
low Cpo. We see most of these characteristics in a modern fighter designed for
maneuvering combat (dog-fighting with guns) except for the large AR. Aspect
ratios are kept small on fighter aircraft (of the order of 2) because of the structural,
weight, and aerodynamic considerations involved in high g and supersonic flight.
Furthermore, as the wing area is increased in order to decrease the wing loading,
the wing span will increase, since 5 =(AR x §)!/?, thus creating additional structural
problems associated with a large wing span if the AR is high. Consequently,
modern fighter aircraft rely on lower W/Ss and Cpo’s and on higher T/W's for
good maneuverability and accept the penalties of lower ARs and lower maximum
lift-to-drag ratios.
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The various equations for the fastest turning rate, particularly Eqs. 5-37 and
5-33, also show that the maximum turning rate is achieved at low airspeed and at
sea level. As a consequence, air-to-air combat may start at M 2.0 to M 3.0 and at
50,000 to 60,000 ft but, if continued, will slow down and descend until the low
speed-low altitude combat arena is reached or until one of the aircraft is destroyed.
The lower limit to the combat altitude is the minimum altitude required for pull-up
from an evasive maneuver.

The fastest-turn performance and flight conditions for our two illustrative
aircraft are shown in Table 5-1.

TABLE 5-1
Maximum Turning Rate Flight (Fastest Turn)

h C. n 1] q vV Temax r

(ft) (9’s)  (deg) (b/ft>) (fps) (deg/s) (ft)
Transport : SL 1.35 2.71 68.3 200 410 113 2,079

30,000 0.73 1.46 46.6 200 671 29 13,215
Fighter: SL 0.806 3435 731 213 423 14.3 1,693

30,000 0457 195 59.1 213 692 4.5 8,892

5-5 MINIMUM TURNING RADIUS

The minimum turning radius is found by first expressing the radius as
VvV V?
1 g’ =17 (5-40)

and then setting dr/dV =0, which with the fact that dn/dV is equal to pV dn/dg
yields the tightest turn condition that

r=

dn
2—1—gn=—=0
S > (5-41)
With the substitution of dn/dg from Eq. 5-21, the various tightest-turn conditions
can be developed and are written below, with the subscript TT denoting tightest
turn:

_2K(W/S)
=TT (5-42)
T KwWIs)
Vir=2 Lma(T/WJ (5-43)
C nTT(T/W)
LITT="5% (5-44)



1{)6 Turning Flight in the Horizontal Plane: Turbojets

1 1.2
= 2 —_——
T < nm2> (5-45)

_gtangrr  glare’—1)'7?

T Vrr (5-46)

Vi e

T e g =) (5-47)

1T

A more detailed expression for the minimum turning radius that shows the effects
of some of the flight and design parameters is

o 4K(W/S)

T psLog(T/W)(1 = 1/nn?)'? (5-48)

We see from Eq. 5-48 that a small turning radius calls for a large T/W, a small K
(alarge eAR), a low Cp, (to yield a large E,,), and a low altitude (large o). Equation
5-47 shows that we also want a low airspeed. These are the same design charac-
teristics and flight conditions called for in the preceding section for high turning
rates. Minimum-turning radius (tightest-turn) flight does differ from fastest-turn
flight in several ways, however. The first is in the magnitude of the associated load
factors. The fastest-turn load factor is proportional to the square root of the
maximum possible load factor of the aircraft and has no other theoretical upper
limit (see Eq. 5-36). The tightest-turn load factor, on the other hand, can never be
larger than the square root of 2 or 1.414 ¢’s (see Eq. 5-45). The second difference is
that the tightest-turn airspeeds are even lower than those for fastest turn, so that
the theoretical lift coeflicients are much higher.

These tightest-turn expressions are very neat and very useful in giving insight
into the factors influencing this important aspect of maneuverability. Unfortu-
nately, for most current aircraft, the theoretical airspeed required is almost in-
variably much less than the corresponding stall speed, which is another way of
saying that the required lift coefficients exceed the actual maximum lift coefficients.
Equation 5-44 shows that the largest value of the required lift coefficient occurs at
sea level, where the thrust is at a maximum.

Without any regard at this time for the size of the lift coefficient required, the
minimum turning radius (tightest-turn) performance of our illustrative transport
and fighter is shown in Table 5-2. Notice, however, that the lift coefficients at sea
level do indeed exceed the respective maximum lift coefficients of 1.8 and 1.2 for
both aircraft and that the airspeeds called for are low.

Since flight at airspeeds below the stall speed is not possible, there are four
possible solutions. The first of these is to increase the value of the maximum lift
coefficient at these low airspeeds by the use of flaps and slats. The second is to
reduce the T/W ratio in accordance with Eq. 5-44 until the required lift coefficient
is equal to the maximum lift coefficient. The third solution is to maintain maximum
thrust and to fly the turn at a lift coefficient equal to the maximum lift coefficient.
Although the second and third solutions appear at first glance to be identical,
we shall see in subsequent paragraphs that they are not. The fourth solution,
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TABLE 5-2
Minimum Turning Radius Flight (Tightest Turn)

h Co n ] q |4 Ve Fmin
(v @s) (deg) (b/ft’) (fps) (deg/sec) (ft)
Transport : SL 29 139 441 48 201 89 1,292
30,000  0.89 126 375 128 537 26 11,682
Fighter: SL 2.11 140 446 333 167 10.9 882
30,000 0758 135 423 89.1 448 372 6,850

Alternative 1: Reduce T/ W; C,r7r=C.

max

Transport : SL 18 136 427 755 252 41 2,140
T/W=0.16
Fighter: SL 12 139 766 578 220 8 1,570
T/W=0346

Alternative 2: Maintain T,/ W; increase n; CL=Cy

Transport : SL 18 215 623 119 317 111 1,640
T/ W=025
Fighter: SL 12 24 654 100 291 138 1,197
Topae/ W=0.6

which is not a truly responsive solution, is simply to increase the turning altitude
until the required lift coefficient becomes equal to the maximum value available.

Let us look at the second solution (reduce the thrust) and call it Alternative 1.
Although it keeps the load factor low (below 1.414 g’s) and is a straightforward
application of the tightest-turn equations, it requires a larger turning radius than
does the third solution, which will be discussed in the paragraphs following this
one. Using Alternative 1, reducing the sea-level T/W ratio of the transport to
0.159 results in a turning radius of 2,140 ft, compared with the original value of
1,640 ft. For the fighter at sea level, reducing the T/W ratio to 0.346 results in a
turning radius of 1,570 ft, compared with 1,197 ft.

We shall call the third solution (maintain the thrust and increase the load factor)
Alternative 2. Before we can use this approach, we need expressions for the stall
speed in a turn along with the associated load factor. Equation 5-18 can be solved
for the load factor at stall in a turn, yielding the expression

2
_ PsLoViCroay

= TTW)S) (5-49)

If the right-hand side of Eq. 5-49 is set equal to the right-hand side of Eq. 5-21, with
the appropriate expression for the stall dynamic pressure, we can solve for the
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corresponding stall speed, i.e.,
_ 2AT/S) i
" LpsLo(Coo+ KCiopay) (5-50)

where (Cpo + KC,EmM) is the drag coefficient at stall. Substitution of Eq. 5-50 back
into Eq. 5-49 gives a simpler expression for the stall load factor in a turn,

_ (T/W)Crax
Cpo+ KCE,,,, (5-51)

ns,l

Equations 5-50 and 5-5! are general equations that can be used to find the load
factor and airspeed at stall in any turn. Then Eqs. 5-10 and 5-12 can be used to
find the turning rate and the turning radius at the stall point. Applying these
equations to our fighter at sea level, maintaining the maximum T/W ratio of 0.6,

2 x30 1/2
Vo= =290.6 fps =19
! {pu[o.muo.zu.z)l]} 0.6 fps =198 mph
06x1.2 .
M5t ="5299 =24gs

1
¢, =arc cos 57 =654deg

© 32241 —1]12
As,t = —“‘—29—6—6——‘— =0.243 rad/s =139 deg/s
e
290.6
Is,t =0—24§ = 1,197 ft

The procedure for the transport is identical. The results for both aircraft for
each of the alternatives are also shown in Table 5-2. Comparison of the results for
Alternative 2 with those for sea-level fastest turn, as shown in Table 5-1, shows
similar turning performance but at different airspeeds and load factors.

This chapter concludes with the observations that a large value of the maximum
lift coefficient is a very important parameter in determining the maneuverability of
an aircraft and that the fastest and tightest turns are achieved by using maximum
thrust, usually flying on the edge of a stall in the case of fighter aircraft. If you
ever have the opportunity to observe an air-to-air combat simulator in action,
such as those at NASA-Langley and NASA-Ames, you will quickly realize that
the combat arena is on the deck and you will be aware of a horn blowing at fre-
quent intervals. Every time the horn blows, it signifies that one of the aircraft has
stalled out.

The qualitative relationships among the various airspeed for turning flight
and for level flight are sketched in Fig, 5-2.
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FIGURE 5-2
Relationships among wings-level and turning flight airspeeds.

PROBLEMS

Major characteristics of Aircraft 4, Aircraft B, and Aircraft C, used in many of
these problems, are listed at the beginning of the problems in Chap. 3.

5-1.  Aircraft A4 is in a steady-state turn at sea level with a bank angle of 20 deg
and is using maximum thrust.

a. Find the load factor.

b. Find the two possible turning airspeeds (fps and mph) and the associ-
ated lift coefficients and lift-to-drag ratios.

c. Are both of these airspeeds physically attainable? Justify your answer.

For each physically attainable airspeed, find the turning rate (deg/s)
and the turning radius (ft).

e. What would happen to the turning performance if the thrust were
reduced by 50 percent?

5-2.  Aircraft 4 is in a standard-rate turn of 1.5 deg/s at sea level at a bank angle

of 15 deg.
a. Find the load factor, turning airspeed, lift coefficient, and lift-to-drag
ratio.

b. Find the stall speed in this turn.
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54.
5-S.
5-6.
5-7.
58.

5-10.

5-11.

5-12

5-13.

5-14.

5-15.
5-16.
5-17.
5-18.
5-19.

c. Find the turning rate (deg/s) and the turning radius (ft).

d. Find the T/W ratio and the actual thrust required to maintain this turn.
Do Prob. 5-2 for Aircraft 4 at 30,000 ft.

Do Prob. 5-1 for Aircraft B.

Do Prob. 5-2 for Aircraft B.

Do Prob. 5-3 for Aircraft B.

Do Prob. 5-1 for Aircraft C.

Do Prob. 5-2 for Aircraft C.

Do Prob. 5-3 for Aircraft C.

Aircraft C is in a holding pattern at 35,000 ft. The turning rate is 2.5 deg/s
and the turning radius is 10,000 ft.

a. Find the true airspeed (fps and mph), the bank angle, and the load
factor associated with the maintenance of this steady turn.

b. Find the turning stall speed in fps and in mph. What is the level-flight
stall speed?

c. If the load factor is suddenly increased to 1.5 g’s what will the instan-
taneous stall speed be? Will the aircraft stall?

Aircraft 4 is turning at 20,000 ft at half-throttle and an airspeed of 300 mph.

a. Find the bank angle and load factor.

b. Find the turning rate (deg/s) and the turning radius (ft).

c.  What is the lift coefficient in this turn? -

d. What is the stall speed in this turn?

e. Is this turn possible?

Do Prob. 5-11 for Aircraft B at 30,000 ft with full throttle and an airspeed of
375 mph.

Do Prob. 5-11 for AircraftC at 35,000 ft with full throttle and an airspeed of
500 mph.

For Aircraft 4 at sea level,

a. Find the maximum steady-state load factor and bank angle.

b. Find the values of the associated airspeed and lift coefficient.

c. Find the associated stall speed and compare it with the actual airspeed.
Do Prob. 5-14 for Aircraft B at sea level.

Do Prob. 5-14 for Aircraft C at sea level.

Do Prob. 5-14 for Aircraft 4 at 20,000 ft.

Do Prob. 5-14 for Aircraft B at 30,000 ft.

Do Prob. 5-14 for Aircraft C at 40,000 ft.

5-20.

5-21.

5-22.

5-23.
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An interceptor aircraft has a W/S of 94 1b/ft?, a drag polar of Cp =0.013+
0.18C%, an unaugmented 7/W ratio of 0.8, and a maximum lift coefficient
of 0.9. The interceptor launches its missiles at M 2.0 at 50,000 ft and is
attacked by an air-to-air fighter.

a. What is the turning performance of the interceptor at 50,000 ft at
M 2.0 and at its maximum lift coefficient?

b. Still at 50,000 ft but with the other constraints relaxed, find the fastest-
turn performance and conditions.
c. Thistime, find the tightest-turn performance and conditions at 50,000 ft.

d. The interceptor descends to 5,000t and is still engaged in aerial
combat. Remembering the constraint of the maximum lift coefficient,
find the fastest-turn performance and conditions.

e. Redo (d) above to find the tightest-turn conditions.

The air-to-air fighter of Prob. 5-20 has a wing loading of 50 Ib/ft?, a drag

polar of C;,=0.015+0.1C? an augmented T/W ratio of 1.1, and a maxi-

mum lift coefficient of 1.2. Find its turning performance in accordance with

Prob. 5-20.

If you have worked both Prob. 5-20 and Prob. 5-21, which is the better

aircraft for air-to-air combat? Why?

The training sailplane of Prob. 4-34, in the preceding chapter, has a maxi-

mum lift coefficient of 3.0.

a. Find the maximum load factor, the maximum bank angle, and the
associated airspeed at sea level and at 35,000 ft.

b. Find the fastest-turn performance and conditions at sea level and
at 35,000 ft. Be aware of the stall speed and maximum lift coefficient
constraints.

c. Find the tightest-turn performance and conditions at sea level and at
35,000 ft, remaining aware of the stall speed and lift coefficient con-
straints.



Chaprer Six

Level Flight in the
Vertical Plane: Piston-Props

6-1 INTRODUCTION AND
GOVERNING EQUATIONS

We are now ready and prepared to look at the performance of aircraft equipped
with reciprocating engines and propellers (piston-props) rather than pure turbojet
engines. We shall use the techniques of the preceding chapters and shall find that
not only the flight conditions for best performance but also the design parameters
are surprisingly different for the piston-prop than for the turbojet.

These differences arise from the fact that, whereas the turbojet produces thrust
only, the piston-prop produces power only. (Incidentally, these piston-prop
analyses are applicable to any conceivable aircraft propulsion system that delivers
power only.) We shall also discover that the evaluation and determination of the
best-performance conditions for the piston-prop are generally not as straight-
forward nor as simple as for the turbojet. Any difficulties that occur in the piston-
prop analyses have two root causes. The first is that the fuel consumption rate of a
piston-prop engine is proportional to the brake horsepower of the engine. The
second, and more troublesome mathematically, is the fact that it is the thrust
rather than the power that appears explicitly in the dynamic equations.

Considering only the fuel consumption, the weight balance equation of a piston-
prop is the negative of the fuel consumption rate and can be written as

—dw
g —cHP) 1)
where HP is the brake horsepower of the engine and ¢ is the horsepower specific
fuel consumption (hpsfc) expressed as pounds of fuel per hour per horsepower,
Ib/h/hp. Piston-props burn gasoline, which has a weight of approximately 6 /b/gal
and thus has a density about 10 percent lower than that of jet fuel.

It is more convenient to replace the engine horsepower in the governing equa-
tions by the thrust power, which is the power produced by the propeller. It is
given the symbol P and is the product of the thrust delivered by the propelier and
the true airspeed of the aircraft. The thrust power and the engine horsepower are

113
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related by the expressions
P=TV =kn,(HP) (6-2)

In Eq. 6-2, n,, is the propeller efficiency and k is a conversion factor that has a value
of 550 ft-1b/s/hp when V is expressed in fps and a value of 375 mi-lb/h/hp when
V is in mph. The thrust power, accordingly, has the units of ft-1b/s or mi-1b/h.

The propeller efficiency varies with the airspeed. However, with a variable-
pitch constant-speed propeller, 17, can be assumed to be constant over the design
operating speed range. A well-designed propeller will have an efficiency of the order
of 80 to possibly 90 percent. In general, we shall assume and use a constant efficiency
of 85 percent, unless otherwise stated.

With the substitution of Eq. 6-2, Eq. 6-1 becomes

—dwW ¢P TV

at kn, kn, (6-3)

with the fuel consumption rate normally expressed in Ib/h, implying that V is in
mph and that k has a numerical value of 375; T, of course, is in pounds.

In the preceding chapters, we assumed that the thrust of a properly matched
turbojet was essentially independent of the true airspeed. Except for rate-of-climb
calculations, thrust power was of no interest but obviously increased linearly with
the airspeed. For piston-props, we assume that the horsepower delivered by the
engine is independent of the airspeed. The thrust power curve, as sketched in Fig.
6-1a, will also be assumed to be flat except in those regions where the propeller
efficiency dfops off, i.e., at very high and very low airspeeds for a variable pitch
propeller. The thrust, on the other hand, will decrease very rapidly, almost ex-
ponentially, as shown in Fig. 6-1b, as the airspeed increases. Note that the maxi-
mum thrust,which is finite and is called the static thrust, occurs: when the airspeed
is zero, such as at the start of the take-off roll. It is this rapid decline in thrust with
airspeed, combined with the high engine weight per horsepower of piston engines,
that keeps piston-props in the low airspeed region.

The variation of power (either horsepower or thrust power) with altitude for an
unsupercharged (aspirated) piston-prop is essentially that for a turbojet. We shall
use only the simple relationship of Sec. 2-3 that

PP,
Ps. pst (6-4)
If the engine is turbocharged, the power will remain constant up to the critical

altitude, which ranges from 12,000 to approximately 20,000 ft, depending primarily
on whether the aircraft is pressurized or not.* For altitudes above the critical

*Oxygen masks must be worn for flight above 12,000 ft for more than 1 hour in an unpressurized
aircraft.
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FIGURE 6-1

Available power and thrust of a piston-prop with a
constant throttle setting: (a) thrust power; (b) thrust.

altitude, the variation can be represented by

P, o

Psy oq 6-5)
where o, is the density ratio at the critical altitude.

Since only the fuel weight balance equation is changed in going from a turbojet
engine to a piston-prop engine, the remaining equations of Sec. 3-1 are still valid.
The complete set of governing equations for the quasi-steady flight of a piston-
prop aircraft is, therefore,

T—D—Wsiny=0 (6-6)
L—Wcosy=0 (6-7)
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— =V cos;
dt ’ (6-8)
h
—=Vsin
di e (6-9)
—dW _ P
e kn, (6-10)
P =TV =kn,(HP) (6-11)

Do not forget that the V in Egs. 6-6, 6-7, and 6-11 is the true airspeed whereas the
V in Egs. 6-8 and 6-9 is the ground speed. We shall assume, as we did with the
turbojet, a no-wind condition so that the ground speed and airspeed are identical.
The effects of wind will be discussed in Chap. 10.

6-2 LEVEL FLIGHT
AND CEILING CONDITIONS

For level flight in the vertical plane, the flight-path angle is set equal to zero, as
was done with the turbojet, and the equations of interest become:

T=D (6-12)
) L=w (6-13)
ax_,
dt N (6-14)
—dW _ &P TV
dtkn, kn, (6-15)

Since now the thrust, as well as the drag, is strongly dependent upon the airspeed,
Eq. 6-12, as written, is of little use to us. If both sides are multiplied by the airspeed,
this force equation is transformed into the power equation

P=TV =DV (6-16)

The far right-hand side of Eq. 6-16 is the drag power, the power required to over-
come the drag. The left-hand terms represent the thrust power, the power that
must be available to counteract the drag power if the aircraft is to maintain equi-
librium level flight. This available power is a function of the engine and propeller
characteristics, the altitude, and the throttle setting, and, except at the ceiling, can
be larger than the required (drag) power. There may be times in our analyses when
we shall use the symbol P, to denote the available power and Py to denote the
required power, but only when necessary to avoid confusion or to remind ourselves
that they need not necessarily be equal.

If Eq. 6-16 is divided by Eq. 6-13, we can establish the useful thrust power-to-
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weight ratio relationship that
P DV V
W L E (6-17)

where E is the flight lift-to-drag ratio associated with a particular value of the
airspeed. The available thrust power-to-weight ratio (P/W) is analogous to the
thrust-to-weight ratio (T/ W) of the turbojet and has the units of a velocity (fps or
mph). The maximum value of this power-to-weight ratio is obviously related to
the horsepower-to-weight ratio of the aircraft by

P, HP,,

w =k (6-18)

The data provided by the aircraft manufacturers usually includes only the inverse
of this ratio (W/HP,,), which is called the power loading of the aircraft. At the risk
of appearing cynical, perhaps this is done so as to offer a large number because
the smaller the value of the HP/W ratio, the larger the manufacturer’s power
loading.

Returning to Eq. 6-17, substitution of the level-flight drag expression for a
parabolic drag polar yields

WoWw 2AW)S) pV (6-19)

This equation establishes the level-flight relationships between the thrust power
and the airspeed in terms of the aircraft parameters and the altitude. Examination
of the right-hand side of Eq. 6-19 shows that the zero-lift drag power (required
power) increases as the cube of the airspeed, whereas the zero-lift drag (required
thrust) of the turbojet increases as the square of the airspeed. This cubing effect is an
important factor in limiting the maximum airspeed of a piston-prop.

The power required for a typical piston-prop is sketched in Fig. 6-2, along with
the maximum available power. If you care to refer back to the typical thrust and
drag curves for a typical turbojet (Fig. 3-2), you will see that not only are the shapes
of the “required” curves different but also that the relationships between the re-
quired and available curves are different. We also notice in Fig. 6-2 that the mini-
mum power (lowest) point appears to be closer to the stall speed and that the
region of two level-flight airspeeds for a given throttle setting is quite limited.

The minimum value of the drag power-to-weight ratio is an interesting and
important performance parameter. It is given the symbol P;,/W and is found by
setting the first derivatives of Eq. 6-19 with respect to the airspeed equal to zero
and solving for the minimum drag-power airspeed, Vp_,.. The resulting series of

expressions is:
Vo 2(W/S) 1/2 K 1/4= VPmin.SL
S Y 3Coo ol (6-20)
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Airspeed, V

FIGURE 6-2

Available and required power for a given altitude,
wing loading, and throttle setting.

1/2
Cr.Prin =[3CK"°} =1.732CL.g,

(6-21)
Ep,,, =0.866E, (6-22)
_I)mﬁ= VPmin — VPmin-SL

‘ W  0.866E, 0.8660'/2E, (6-23)

Notice that, whereas the lift-to-drag ratio remains constant, the airspeed, and thus
the minimum required power-to-weight ratio, increases gith altitude. Also notice
that the required lift coefficient is 73 percent larger than that for E, (minimum
drag). Consequently, it can be shown that the maximum lift coefficient for the
aircraft must be at least 2.5 times as large as the lift coefficient for the maximum
lift-to-drag ratio (a design characteristic of the aircraft) if the airspeed for minimum
power is to be at least 20 percent larger than the stall speed. This may not always
be the case so that we must always be aware of the possibility that, for reasons of
safety, we may have to fly at airspeeds higher than the minimum-power airspeed
even though the latter may be what we want for best performance.

While we are looking at the minimum required power, let us establish the
conditions for the absolute ceiling, which occurs when the power available for a
given throttle setting is just equal to the minimum required power for that altitude.
The absolute ceiling of a piston-prop aircraft occurs when the available power is
at a maximum, so that

i{ — VPmin-C
W, 0.866E, (6-24)

With the assumption that the aircraft weights at sea level and at the ceiling are
substantially the same, the absolute ceiling condition for an aspirated engine is
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given by
<ﬁ> R
W /sy ¢ 0.8660.'2E, (6-25)
Consequently, the ceiling density ratio for an aspirated engine is given by
. _[1-155mem.sL]“
¢ L(Pu/W)LEn (6-26)

If the engine is turbocharged, the power-altitude relationship of Eq. 6-5 results
in the following relationship for the ceiling density ratio for a turbocharged engine:

. _[1.155VPmi",SLacr]2/3
¢ (Pm/W)SLEm

Equation 6-27 can also be used for an aspirated engine if o is set equal to unity.

The ceiling of a piston-prop is dependent not only on the engine power-to-weight
ratio and the maximum lift-to-drag ratio (as was the case with the turbojet) but
also on the wing loading. As the wing loading increases (to increase the cruise
airspeed), the ceiling lowers whereas the ceiling of a turbojet is independent of
the wing loading.

It is time to look at some numbers by introducing an illustrative piston-prop
with the following characteristics:

(6-27)

v_;/=34 Ib/ft? HP/W =0.1 hp/lb
Cp=0.025+0.051C? ¢=0.5 Ib/h/hp
AR =7.34 e=085
n,=0385 E,=14
Cro =18

These are typical values for a high-performance twin-engine piston-prop executive
aircraft that can carry six to eight passengers.

The first thing to do is to establish the appropriate sea-level values to be used in
the ceiling determination.

<ﬁ> =0.85 x550 x0.1 =46.75 fps
W JsL
2% 34\'2 / 0051 \V4
o —153.6 fps =104.7 mph
VPmin.SL ( . ) <3 » 0025) 53.6fps mp

PoinSL 153.6
W 0.866 x 14

=12.67 fps

At this point, let us check the stall speed against the minimum-power airspeed.
The former is 86 mph and the latter is 104.7 mph, 22 percent higher than the stall
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Speed, a satisfactory relationship. If the engines are aspirated (not turbocharged),
then

1.155 x 153.6\2® 0.419
g.=| —mm— =)
‘ 46.75 x 14

The density ratio of 0.419 corresponds to an absolute ceiling of approximately
27,000 ft. Using Eq. 6-20, the ceiling airspeed is 237 fps, or 162 mph.

If the engines are turbocharged with a critical altitude of 20,000 {t, the density
ratio at that altitude is 0.533, so that the density ratio at the ceiling is 0.275. The
absolute ceiling is approximately 37,500 ft, and the corresponding airspeed is
293 fps, or 200 mph.

Let us return to level flight and Eq. 6-19, which unfortunately does not have a
closed-form solution. The simplest approach is to specify the thrust power-to-
weight ratio of interest and then introduce iterative values of the airspeed into the
right-hand side until the identity is satisfied. In order to find the maximum airspeed
with aspirated engines at several altitudes, substitution of the illustrative aircraft
characteristics into Eq. 6-19 yields

46.756 =8.74 x 10" g V3 4+ @
oV

At sea level, the density ratio is unity, so that

1,4
46.75=8.74 x 107 7V3 +;V2

—

Since we are looking for the maximum airspeed, the induced drag-power term
should be reasonably small. A good starting value might well be one that is slightly
lower than the airspeed with no induced drag. Starting with 370 fps, it takes two
more interations to obtain a sea-level maximum airspeed of 365 fps, or 249 mph.

Jumping to 20,000 ft, where the density ratio is 0.533, the level-flight equation
becomes

249=4.66x10"7V3 + y;——/

Since the influence of the induced-drag power has increased, we shall start with
the lower value of 355 fps for the first trial value. The maximum airspeed at 20,000 ft
turns out to be 330 fps, or 225 mph.

It might be interesting and worthwhile to check the value at the ceiling where
the maximum airspeed and the minimum-power airspeeds should be identical.
At the ceiling, we found the density ratio to be 0.419; therefore,

19.58 =3.66 x 10‘7V3+$
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Iteration yields a ceiling airspeed of 237 fps, or 162 mph, which is the ceiling airspeed
found earlier.

The flight envelope for the illustrative piston-prop with aspirated engines is
sketched in Fig. 6-3. Up to approximately 26,000 ft, the maximum airspeed forms
the high-speed boundary, and the stall speed the low-speed boundary. In the
narrow region between 26,000 ft and the ceiling, the aircraft cannot slow down to
the stall speed without losing altitude. In addition, there are two level-flight air-
speeds in this region, but the lower one is statically unstable with respect to the
airspeed.

With turbocharged engines, our piston-prop will have a constant power output
up to the critical altitude of 20,000 ft, so that the airspeed calculations require two
equations. The first, for the region from sea level to 20,000 ft, is

46.75=8.74 x 10" "o V3 + Lf15_9
oV
At sea level, with the density ratio equal to unity, the equation is identical to that
for the aspirated engines, so that the sea-level maximum airspeeds are also identical,
i.e., 249 mph.

40 —

Turbocharged
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FIGURE 6-3

Level-flight envelope for illustrative piston-prop with aspirated and
turbocharged engines.
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‘At 10,000 ft, with the density ratio equal to 0.738, the equation is

1,9
46.75:6.45><10‘7V3+’—V7—7

and iteration yields a maximum airspeed of approximately 400 fps, or 273 mph
which is greater than the sea-level value.

From 20,000 {t to the absolute ceiling, the equation will be, with a critical
altitude density ratio of 0.533,

s

1,459
8776 =8.74 x 10" "o ¥V34+ 12
oV

At 20,000 ft, the equation simplifies to

46.75=4.658 x 10773 +2’—Z/3—7

and the maximum airspeed is approximately 440 fps, or 300 mph. At the ceiling,
with a density ratio of 0.275, the equation becomes

24.1=24x 10_7V3-4-§’—3V0—0

which is satisfied by the previously calculated ceiling airspeed of 293 fps, or
200 mph.

The flight envelope for the turbocharged piston-prop is also sketched in Fig. 6-3
and clearly displays the improved performance due to turbocharging. A turbo-
charger will increase the cost, complexity, and weight of an engine somewhat but
not significantly. Therefore, the use of turbocharged engines in aircraft used for
transportation (rather than for pleasure only) is rapidly increasing.

A maximum sea-level airspeed of 249 mph seems excessively slow in these days
of M 0.85 transports and SSTs. Let us double the maximum sea-level airspeed of
this aircraft to 498 mph (730 fps) or M 0.65 and use Eq. 6-19 to calculate the new
maximum power-to-weight ratio. It is 342 fps rather than 46.75 fps, so that the
maximum HP/W ratio is now 0.731 hp/Ib rather than 0.1 hp/Ib; this is an increase
by a factor of 7.31. If the gross weight of the aircraft is 7,500 Ib, 2 maximum HP/W
ratio of 0.1 can be satisfied by two engines of 375 hp each for a total of 750 hp for a
maximum sea-level airspeed of 249 mph. To double this airspeed to 498 mph, we
shall need a total of 5,482 hp, or 15 engines of 375 hp each. If the engine horsepower-
to-weight ratio is 0.5 hp/Ib, then the engine weight of the low-speed twin-engine
version is 1,500 1b, whereas for the high-speed multiengine version, the engine
weight would be 10,964 Ib, which would drastically increase the gross weight of
the aircraft, which in turn would increase the horsepower required, and so on.
If we doubled the wing loading, the required increase in power would be cut almost
in half. However, the increased wing loading introduces other problems, such as an
increase in the take-off run and a lowering of the ceiling.
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6-3 BEST RANGE

The expression for the instantaneous (point) range, as obtained by dividing Eq. 6-14
by Eq. 6-15, is
dx _kn,V
—dW (P (6-28)

which, with the introduction of Eq. 6-17, can be written as

dX  kn,E
—dW W (6-29)

We notice that this piston-prop mileage is explicitly independent of the airspeed
although we must not forget that the value of the lift-to-drag ratio is coupled to
the airspeed. For good mileage, the propeller efficiency and lift-to-drag ratio
should be as large as possible and the aircraft weight and specific fuel consumption
should be minimized.

With the assumptions of constant propeller efficiency and specific fuel con-
sumption, a partial integration of Eq. 6-29 for cruise yields

—kn, (* E
x= ¢ L de (6-30)

If the lift-to-drag ratio is kept constant by flying at a constant lift coefficient, Eq. 6-30
can be easily integrated to give the range equation

E 1
XcL=k"EpE1nMR=kn£ ln<m>

Equation 6-31 is the piston-prop version of the Breguet range equation, and it is
valid for both constant-altitude and cruise-climb flight. If the altitude is held
constant, then the airspeed must be reduced along the flight path in order to main-
tain a constant lift coefficient (to keep E constant) as fuel is consumed. If, on the
other hand, the airspeed is held constant, then the aircraft must enter the cruise-
climb mode. For the piston-prop, there is no improvement in range with cruise-
climb, only a reduction in the flight time.

The other flight program of interest is the constant altitude-constant airspeed
flight program. Before final integration, the E/ W term is replaced by its equivalent
(1/D), and Eq. 6-30 becomes

(6-31)

X=

oy (* dW
c v D (6-32)

Introducing the parabolic drag polar and integrating (see Appendix B) produces
the following range equation:

2kr’pEm CEl
Xpy= z arc{an[ZEm(l——KCLlE@)

(6-33)
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" These range equations, Egs. 6-31 and 6-33, are similar in form to those for the
turbojet with the important difference that the airspeed does not appear in either
of them. Furthermore, only two equations are required to describe the three flight
programs of interest.

The best-range conditions for constant lift coefficient flight can be determined
by setting the first derivative of either the instantaneous range or of the range with
respect to the airspeed to zero or simply by inspection of Egs. 6-31 and 6-33. With
1, and ¢ assumed constant, the best-range condition is to fly at the maximum
lift-to-drag ratio of the aircraft, i.e., at the minimum-drag airspeed. Consequently,
the best-range equation for constant lift coefficient flight is

3750 ,En 1
%ﬂ}4&4¢-7
¢ 1=¢ (6-34)

where k has been replaced by 375 since ¢ is expressed in Ib/h/hp and X will have the
units of statute miles. The best-range equation for constant altitude-constant air-
speed flight can be closely approximated by starting cruise at the best-range con-
ditions for constant lift coefficient cruise. Then Eq. 6-33 becomes

7501 ,E., 4
Xorinv =2TMeZm arc tan <—é _
2 2-¢ (6-35)
At this point, we shall examine the differences in best range for the two flight
programs. The relative best range is expressed as
, Xorsep _ I [1/(1=0)]
Xor;ny 2 arctan [{/(2-10)] (6-36)

1.08 —

1.07 —

1.06 —

1.06 —

1.04 —

1.03

Relative best range

1.02 —

10 1 1 1 1
0 0.1 0.2 0.3 04 0.5

Cruise - fuel weight fraction, {

FIGURE 64

Piston-prop relative best range as a function of range, i.e., {.
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and is plotted as a function of the cruise-fuel weight fractionin Fig. 6-4. The increase
in range by flying cruise-climb (or constant lift coefficient and altitude) is very
small, being less than 1 percent for a cruise-fuel weight fraction of 0.2, which
represents a long flight for the average general aviation piston-prop. Therefore,
there is no real advantage or need for a piston-prop to fly cruise-climb, even when
permitted by air traffic control.

Since there is such a small difference between the performance shown by the
two equations, we shall follow the customary practice of considering only constant
altitude-constant airspeed cruise and of using only the Breguet range equation tc
describe such cruise.

Returning to the best-range Breguet range equation and conditions, they are:

3751, E,, 1
Xy, =2 ek <—~>

c 1-¢ (6-37a)
Z(W/S):|l,2( K )1/4
Vr = V = —
e [ psLO Coo (6-37b)
Py VoV
W E, En (6-37¢)

We see that we cruise at the maximum lift-to-drag ratio and, therefore, at the
ceiling for our particular throttle setting. It is important to remember that the
best range is independent of both the airspeed and the altitude but that the aircraft
must fly at the best-range (minimum-drag) airspeed as specified by Eq. 6-37b.
Increasing the best-range airspeed by increasing the altitude and/or the wing
loading will not increase the range, but it will certainly reduce the flight time and
increase the power required.

The illustrative piston-prop of the preceding section has the following charac-
teristics:

W/S =34 1b/ft? HP/W =0.1 hp/lb
Cp=0.025+0.051C} E,=14
1,=0.85 P/W =46.75 fps

¢=0.51b/h/hp CrLopa =18

Let it be turbocharged with a critical altitude of 20,000 ft and a gross weight of
7,500 1b. If the cruise-fuel fraction is 0.2 (which is quite large for an aircraft of this
size and type, if it is to have a reasonable payload), the maximum range without

reserves will be
375 x0.85 x 14 1
= =1,991 mi
Xor 0.5 ln<1—0.2> -7
With our assumptions, this is the maximum range at any altitude. In actuality,

however, the range will be slightly larger at altitude since the specific fuel con-
sumption decreases slightly with altitude.
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‘Although the range is unaffected by increasing the altitude, the power required
and the airspeed will increase and the flight time will decrease.

2 x34\'2 70.055\'+ 202 137.8
Vbr=< ) ( > =ﬁfPS= mph

PsLO 0.025 ol?
Py, 202 14.43

W 140672 gtz PP

At sea level, the best-range airspeed will be 137.8 mph, and it will take 14.45 hours
to fly the 1,991 mi. The required power-to-weight ratio of 14.43 fps represents
30 percent of the maximum power available.

At 20,000 ft, the best-range airspeed will increase to 188.6 mph with an accom-
panying reduction in the flight time to 10.55 hours, a 27 percent reduction. The
power-to-weight ratio increases to 19.76 fps, which represents 42 percent of the
maximum power available. Incidentally, if the engines were aspirated (not turbo-
charged), the range and the airspeed would be the same but the required power
would be 79 percent of the maximum power available.

For piston-prop aircraft, such as this one, that are characterized by low gross
weights and moderate or low wing loadings, the best-range airspeed is considerably
lower than the maximum airspeed. Furthermore, the distances normally flown
are generally of the order of 1,000 miles or less, so that the design cruise-fuel
weight fraction is low. Consequently, it is customary to cruise at 75 percent of the
maximum power available because time of flight is more important than any fuel
savings. Operating data issued by the manufacturers include the airspeeds and
ranges for both economical (best-range) cruise and for a 75 percent power setting,
usually referred to as max cruise.

Let us plan a no-wind flight of 1,200 mi at 20,000 ft, first at the best-range con-
ditions and then at 75 percent max power. For best-range flight, the best-range
airspeed, which is the minimum-drag airspeed, is 276.6 fps, or 188.6 mph, and the
corresponding flight time is 6.36 hours. This airspeed is 63 percent of the maximum
airspeed for this altitude and the power required is only 42 percent of the maximum
power available. The fuel consumption is found by solving the range equation for
the cruise-fuel weight fraction, i.e.,

375x0.85x 14 1
1,200 =
’ 0.5 <1 —C)
so that {=0.1258
and AW, =(W =0.1258 x 7,500 =943.5 1b=157.2 gal

For 75 percent power (max-cruise) flight at 20,000 ft, the available power must
be found first. Since 20,000 ft is the critical altitude, the maximum available power
has not yet been affected by the altitude; therefore, the max-cruise power is

% =0.75 x 46.75 =35.0 fps

The max-cruise airspeed is found from Eq. 6-19, which with the appropriate
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substitutions is

7
350=4.65x10"7y3 +2’~7§-

The max-cruise airspeed is found, by iteration, to be 392 fps or 267 mph: the
corresponding flight time is 4.5 hours. The cruise speed is now 89 percent of the
maximum airspeed for this altitude. It is now necessary to find the flight lift-to-drag
ratio belore solving the general range equation for the cruise-fuel weight fraction.
There are two ways of obtaining E. The first and simpler method is to use the
relationship of Eq. 6-17 that the thrust power-to-weight ratio is equal to the air-
speed divided by the lift-to-drag ratio to find a value of 11.2 for E. The second
method is to find the lift coefficient and then use the drag polar to find the drag
coefficient, leading to a value for E. Using this method,

oo 2x34
L™ oeL x0.533 x (392)2

Cp=0.025+0.051(0.3493)? =0.0312

0.3493
7 0.0312

Introducing the value of 11.2 for E into Eq. 6-31 results in the range equation:
375x0.85x11.2 < 1 >
In

=0.3493

=112

1,200= 03 ¢
This equation can be solved to obtain a value of 0.1547 for the cruise-fuel weight
fraction, which translates into a fuel consumption of 1,160 Ib or 193 gal.

Comparison of the two sets of data shows that flying at 75 percent of the maxi-
mum power reduces the flight time by 1.86 hours (29 percent) at the price of an
increase in the fuel consumption of 35.8 gal (23 percent). Since the operating (flying)
time of an aircraft is the basic unit for most of the costs, such as rental fees, crew
salaries, scheduled inspections, and overhauls and since time is of value for the
passengers, the savings associated with the reduced flight time will probably out-
weigh the increased cost of the additional fuel, assuming that the fuel is available
and not rationed.

This section, up to this point, can be summarized as follows:

1. The best range of a piston-prop is independent of the airspeed, and thus of the
altitude and wing loading. Increasing the best-range airspeed only reduces the
flight time.

2. The best range is a function of the propeller efficiency, the maximum lift-to-
drag ratio, the specific fuel consumption, and the amount of fuel available for
cruise.

3. There is no significant advantage to flying in the cruise-climb mode and,
therefore, no significant penalty for flying at a constant aititude and a constant
airspeed and for using the Breguet range equation.
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The differences between the best-range performance of piston-prop and turbojet
aircraft can be seen by comparing the respective Breguet range equations. An
interesting and significant observation is that the 3755, term in the piston-prop
equation is an equivalent best-range airspeed that is independent of the actual
airspeed at which the aircraft is flying. This means that if two piston-props have
identical maximum lift-to-drag ratios and specific fuel consumptions, the 100 mph
aircraft will fly just as far as a 600 mph aircraft if the cruise-fuel weight fractions
are also identical. The faster aircraft, obviously, will require considerably less
flight time, one-sixth the time in this case. This equivalent best-range airspeed also
means that a pure turbojet with its higher specific fuel consumption is not com-
petitive with the piston-prop at the lower airspeeds.

This last statement can be verified by comparing the best range of our illustrative
turbojet to that of a hypothetical turbojet that has the same wing loading and drag
polar. This comparison is shown in Fig. 6-5 for three altitudes, using two values
for the specific fuel consumption of the turbojet because the value of 0.5 is un-
realistic. If the altitude were to be further increased without limit, the turbojet and
piston-prop curves would eventually intersect.

The best-range equations, and Fig. 6-5, also show that, for comparable aircraft,
the best-range airspeed of the turbojet will be 31 percent higher than that of the
piston-prop. The best range, however, will always be less than that of the com-
parable piston-prop (with the same cruise-fuel weight fraction) until the best-
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FIGURE 6-5

Comparative best ranges and airspeeds as a function of altitude
for a piston-prop and turbojet with identical wing loadings and
drag polars and with {=0.2.
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range airspeed satisfies the condition that

If the piston-prop has a propeller efficiency of 85 percent and a specific fuel
consumption of 0.5 Ib/h/hp and the comparable turbojet has a specific fuel con-
sumption of 0.8 lb/h/lb, then the turbojet must have a wing loading-altitude
combination such that the best-range airspeed is at least 588 mph. If the maximum
lift-to-drag ratios are not identical (the turbojet usually has the higher value), this
airspeed will be changed. For example, with an E,, of 14 for the piston-prop and
18 for the turbojet, the competitive airspeed is reduced from 388 to 457 mph.

6-4 MAXIMUM ENDURANCE

The instantaneous endurance, or flight time per pound of fuel, is easily obtained by
inverting Eq. 6-15, so that

dt 375,
—dW ~ CP (6-38)

where the thrust power P must be expressed in mph. This equation shows that
reducing the power increases the endurance. In fact, with a constant propeller
efficiency and a constant specific fuel consumption, the instantaneous endurance
will be at a maximum when the power is at a minimum, when P =P;,. Using the
relationship that P/W is equal to V/E, this equation can be written as

dt 3751,
—dW VW (6-39)

which clearly shows the importance of the individual parameters and charac-
teristics. For good endurance, we want a high propeller efficiency, a large lift-to-
drag ratio, a small specific fuel consumption, a low airspeed, and a low gross weight.

The simplest flight program would be one in which we maintained constant
power throughout the flight. Integration of Eq. 6-38 with constant power yields
the deceptively simple endurance equation:

[ 375n,¢
TP W) (6-40)

where P, and W, are the values at the start of cruise and ¢, as in all of the equations
to follow, is expressed in hours. The constant thrust power-to-weight ratio (P,/W))
represents the power available. As the weight of the aircraft decreases, decreasing
the power required, the airspeed must be increased along the flight path in order
to maintain equilibrium with a constant power setting. With this program, the
instantaneous endurance remains constant along the flight path whereas it in-
creases with the other flight programs as the required power decreases. Conse-
quently, this flight will not be considered further.
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" If the lift coefficient is to be kept constant, there will be two flight programs to be
considered. The first is cruise-climb, which, since the airspeed remains constant,
can be obtained by merely dividing the range equation by the airspeed to obtain

L _3nE, (]
Ty 1—¢ (6-41)

The second flight program is at a constant altitude. Since the airspeed is con-
tinually decreasing as the aircraft weight decreases, the integration is more com-
plicated. A partial integration of Eq. 6-39 results in

375n,E r daw

fewn==7" ) vw (6-42a)
2( W/S) 1/2
V =
Where [pSLacL] (6-42b)

A similar, though not identical, integration is shown in Appendix B. Carrying
out the integration yields the somewhat awkward expression

750an|:1 - —5)1/2]

t =—x
o L a-gm

where V] is the airspeed at the start of cruise.

The last, and most realistic, flight program to be considered is one with both a
constant altitude and a constant airspeed. Dividing the range equation, Eq. 6-33,
by the airspeed results in

t _ 150, En arctan 82
17 2E.(1— KC. ,(E,)

(6-43)

(6-44)

With these equations, the endurance, or flight time, for a given set of flight
conditions can easily be found by substitution and solution. As mentioned earlier
in this section, inspection of Eq. 6-38 shows that the maximum instantaneous
endurance occurs when the required power is minimized, i.e., when P=P,;,. If the
entire flight is flown so as to maintain this condition, then the aircraft will achieve its
maximum endurance.

Using the previously determined expressions for the conditions associatedwith
the minimum required power, the flight conditions for maximum endurance are:

Eippax = Eppin =0.866E,, (6-45q)
W 1/2 1/4
Vlmax = VPmin = ( /S) K
PsLO 3CD0 (6-45b)
meax _Pmin . Vlmax
W W 0866E, (6-45¢)

The two constant lift coefficient equations for maximum endurance are:
324.75n,E,, 1
ToZm 1 ( )

Imax;CL.Vz AV I_C

Tmax

(6-46)
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649.50,Em [ 1 —(1=)112
3% (1=0)7?

Imax
The appropriate maximum-endurance equation for constant altitude-constant
airspeed flight is

and lmax:Cp.h =

(6-47)

0.433¢
7500 ,E., i > (6-48)

r,,m;,,vy=,\—V—-- arctan 1-0.75¢
tmax

Let us substitute numbers for the illustrative piston-prop to see what the maxi-
mum endurance might be with a cruise-fuel fraction of 0.2. For this aircraft, £,
is 14, ¢ is 0.5 Ib/h/hp, and 7, is 0.85. All that is needed is the airspeed, which is

yo 234\ 0051\ 1536 1047
max =\ e g Ix0025) gz PST Tz P

The sea-level maximum-endurance airspeed is 104.7mph and the respective
flight times are:

fmaxiCLY = 05 104.7 =02

[ _ 649.5x0.85x 14 [1—(1-0.2)"2
mas Ol 0 5% 104.7 (1-02)'7

t _750x085x14 [ 0433x02
max;h ¥ = TG 1047 A T21075%02)

As a matter of interest, the flight time with constant power is only 14.76 hours.

As the altitude increases, so does the maximum-endurance airspeed, so that the
flight times are reduced. Remember that with maximum endurance, we are seeking
the largest flight times possible. For all the maximum-endurance flight programs,
the maximum endurance at any altitude is equal to the sea-level endurance multi-
plied by the square root of the density ratio. At 20,000 ft, where ¢ =0.533, the air-
speed increases from 104.7 to 143.4 mph, and the corresponding flight times are
all reduced by 27 percent to:

32475 x0.85 x 14 1
x0385 x 1n< >=16.5hours

} =17.4 hours

]:17.3 hours

tmax;cr,v =12.0 hours
tmax;cr,n =12.7 hours

tmaxsh.v = 12.6 hours

For maximum endurance, we want to fly as low and as slowly as possible in an
aircraft with a low wing loading, a large maximum lift-to-drag ratio, a high pro-
peller efficiency, and a low specific fuel consumption. We also see that there is no
advantage to cruise-climb (actually, there is a penalty) and that for moderate values
of the cruise-fuel weight fraction, the endurance of constant altitude-constant
airspeed flight is comparable to that of constant lift coefficient flight at a constant
altitude. Furthermore, it is easier to fly because the airspeed is constant. However,
since the power-available curve is tangent to the power-required curve at the
minimum-power (maximum-endurance) airspeed (see Fig. 6-2), any inadvertent
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and small decrease in the actual airspeed will put the aircraft on the back side of
the power curve and the airspeed will continue to decrease unless the power is
increased. Therefore, the operational maximum-endurance airspeed is normally
somewhat higher than the theoretical value so as to establish the cruise airspeed
at a stable equilibrium point.

PROBLEMS

The two aircraft, whose major characteristics are given below, will be used in many
of the problems of this and subsequent chapters. Each aircraft has the option of
being equipped with either aspirated or turbocharged engines. When turbo-
charged, Aircraft D will have a critical altitude of 15,000 ft and Aircraft E will
have a critical altitude of 20,000 ft. Assume the propeller efficiency to be constant
as given unless the problem explicitly states otherwise.

Aircraft D Aircraft E
Single Engine Twin Engine
Gross weight (Ib) 3,000 7,500
Wing area {ft?) 175 215
Wing span (ft) 36 41
Max HP 235 750
Cpo 0.028 0.025
K 0.048 0.045
hpsfc (Ib/h/hp) 045 0.45
N, 0.83 0.85
Ce 1.8 1.9

6-1. Find the wing loading, the aspect ratio, and the maximum lift-to-drag

ratio for:
a. Aircraft D
b. Aircraft E

6-2.  For Aircraft D, flying at sea level on a standard day:

a. Find the values of the minimum-drag and minimum-power airpeeds
(fps and mph) along with the associated lift and drag coefficients and
lift-to-drag ratios.

b. Find the values of the maximum airspeed and of the stall speed along
with the associated lift and drag coefficients and lift-to-drag ratios.

c. Find the fuel consumption (Ib/h and gal/h).

6-3.

6-4.

6-6.

6-7.
6-8.

6-9.

6-10.

6-11.

6-12.

6-13.

6-14.

6-15.
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Do Prob. 6-2 for Aircraft D equipped with an aspirated engine and flying
at 5,000 ft.

Do Prob. 6-2 for Aircraft D equipped with an aspirated engine and flying
at 15,000 ft.

Do Prob. 6-2 for Aircraft D equipped with a turbocharged engine and
flying at 15,000 ft.

Do Prob. 6-2 for Aircraft D equipped with a turbocharged engine and
flying at 25,000 ft.

Do Prob. 6-2 for Aircraft E.

Do Prob. 6-2 for Aircraft E equipped with aspirated engines and flying at
20,000 ft.

Do Prob. 6-2 for Aircraft E equipped with turbocharged engines and
flying at 20,000 ft.

Do Prob. 6-2 for Aircraft E equipped with turbocharged engines and
flying at 30,000 ft.

Aircraft D and Aircraft E are equipped with aspirated engines.

a. For Aircrdft D, find the absolute ceiling density ratio and altitude along
with the associated airspeed (fps and mph).

b. Do (a) for Aircraft E.
Do Prob. 6-11 with both aircraft equipped with turbocharged engines.

b. If the wing loading of each aircraft is doubled, what will be the effects
on the respective ceilings and ceiling airspeeds?

For Aircraft D.

a. Find the best-range airspeed (mph) and best-range mileage (mi/lb
and mi/gal) at sea level.

b. Do (a) above at 15,000 ft with an aspirated engine.

c. Do (a) above at 15,000 ft with a turbocharged engine.

d. Do (a) above at 20,000 ft with a turbocharged engine.

For Aircraft E:

a. Find the best-range airspeed (mph) and best-range mileage (mi/lb
and mi/gal) at sea level.

b. Do (a) above at 20,000 ft with aspirated engines.

c. Do (a)above at 20,000 ft with turbocharged engines.

d. Do (a) above at 30,000 ft with turbocharged engines.

Aircraft D has 370 1b of fuel available for cruise.

a. Find the maximum range and associated flight time at sea level. What
are the corresponding values if the flight is made with 75 percent
available power?

b. With an aspirated engine, do (a) above at 15,000 ft.
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6-16.

6-17.

6-18.
6-19.

6-20.
6-21.

Level Flight in the Vertical Plane: Piston-Props

¢.  With a turbocharged engine, do (a) above at 15,000 ft.

d.  With a turbocharged engine, do (a) above at 20,000 ft.

Aircraft E has 1,000 Ib of fuel available for cruise.

a. Find the maximum range and associated flight time at sea level. What
are the corresponding values if the flight is made using 75 percent
available power?

b. With aspirated engines, do {a) above at 20,000 ft.

c.  With turbocharged engines, do (a) above at 20,000 ft.

d. With turbocharged engines, do (a) above at 30,000 ft.

Aircraft D is scheduled to fly 1,000 mi at 10,000 ft.

a. What is the minimum amount of fuel required (Ib and gal) and what is
the flight time?

b. With an aspirated engine, how much additional fuel is required to fly
at 75 percent available power and what is the savings in flight time?

¢. Do (b) above with a turbocharged engine.

Aircraft E is scheduled to fly 1,500 mi at 25,000 ft. Do Prob. 6-17.

Aircraft D and Aircraft E are both loaded with 500 1b of fuel to be used for a

sea-level search mission with maximum endurance as the objective. Find
and compare the flight times and ranges of the two aircraft.

Do Prob. 6-19 for a search altitude of 10,000 ft.

A mlan—powered aircraft has a gross weight of 207 Ib, a wing area of 1,000 ft2,
and a wing span of 95 ft. It is estimated that a human being can generate a
maximum of 0.5 hp for a period of 7 minutes and 0.33 hp for a reasonably
indefinite period of time. Assume a propeller efficiency of 95 percent.

a. Find the AR, wing loading, and average chord length.

b. Assuming an Oswald span efficiency of 0.95 and a zero-lift drag co-
efficient of 0.02, write the parabolic drag polar and find the maximum
lift-to-drag ratio.

¢. Find the sea-level minimum-power and minimum-drag airspeeds (fps
and mph).

d. Find the maximum sea-level airspeed (fps and mph) for each of the
two available horsepower levels. Do these airspeeds exceed those
found in (c) above? In other words, is there enough available power for
this aircraft to fly at sea level?

€. Find the density ratio, altitude, and airspeed at the absolute ceiling
with the sustained available power. Neglect the increase in the zero-
lift drag coefficient as the aircraft moves out of the ground effect
region.

f.  Find the maximum range using the maximum available power of
0.5 hp for 7 minutes.
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g Find the maximum range that can be flown in 2 hours at the sustained
power level of 0.33 hp.

6-22. A long-range, high-altitude reconnaissance aircraft has a gross weight of

16,000 1b, a wing area of 1,600 ft2, and a wing span of 149.7 ft. It has two
turbocharged engines (critical altitude of 20,000 ft) of 1,040 hp each at sea
level; the propeller efficiency is 90 percent. The zero-lift drag coefficient is
0.018 and the Oswald span efficiency is 0.98.

a. Find the wing loading, aspect ratio, and average wing chord length.
b. Find the parabolic drag polar and the maximum lift-to-drag ratio.

¢.  What is the absolute ceiling and what is the ceiling airspeed (fps and
mph)?

d. If 4,500 1b of fuel is available for cruise, what is the maximum range of
this aircraft with ¢ = 0.4 Ib/h/hp?

e. If the mission is flown at 55,000 ft, what is the flight time?



Chaprer Seven
Other Flight: Piston-Props

7-1 TAKE-OFF AND LANDING

If drag and rolling friction are neglected, the take-off ground run approximation
for a piston-prop is identical to that for the turbojet, namely,

Wdv _WVdv
_Wdv_wvd

Tg d g dX (7-1)
so that dX = v dv
oT/W) (7-2)

Although the thrust is changing throughout the take-off run, it will be assumed
constant so that Eq. 7-2 can be integrated to yield the expression

_ Vo
24(T/W) (1-3)

where Vi, the lift-off airspeed is in fps and d is in feet.

The problem now is to evaluate the thrust-to-weight ratio. Rather than worry
about finding an average value (it is not always easy to obtain data on the thrust
variation during take-off), we shall evaluate the thrust-to-weight ratio at lift-off,
expressing it as

d

T _550n,(HP/W)

w Vio (7-4)
With this substitution, Eq. 7-3 becomes
Vo
" 1,1007,g(HP/W) (7-3)

If the engines are aspirated {not turbocharged), the variation of the horsepower-
to-weight ratio is given by the relationship, HP/W =(HPs. /W), and
Vio

4= 1.100m,go(HP/ Wt (7-6)
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If the engines are turbocharged, then HP/W will be constant and
de Vio
" 1,1001,g(HP/W)s, (7-7)

For take-offs at sea level and on a standard day, the ground run for the two types
of engines will be identical. If either of these two conditions is not met, then the
appropriate equation must be used.

As with the turbojet, the safe lift-off airspeed will be established as 20 percent
higher than the stall speed for the take-off configuration. Since

K=[ 2AW/S) T/Z
o]

pSLGCLmax,T (7'8)
2.88(W/S) ]”2
Vio=12V,=| — =127
then Lo [pSLGCLmax.TO (71-9)

These two equations also remind us that the stall and lift-off airspeeds will vary
with any changes in the atmospheric density resulting from an airfield elevation
other than sea level or from a nonstandard day.

Returning to Egs. 7-6 and 7-7, the last parameter requiring evaluation is the
propeller efficiency. If the variation of 7, with airspeed is known, use the value
given for the lift-off airspeed. Otherwise, the selection of an appropriate value
requires some judgment based on a knowledge of the lift-off airspeed and the
type of aircraft. For a low-performance aircraft with a lift-off airspeed of the order
of 100 fps or less, use a value of 0.65. For a medium-performance aircraft lifting off
at 100 to 200 fps, a value of 0.75 gives reasonably good results. As the lift-off
airspeed increases further, use a value of 0.8 to 0.85. However, for these higher lift-
off airspeeds the magnitude of the take-off run, as predicted by Eqs. 7-6 and 7-7
will tend to be on the high side.

Although Egs. 7-6 and 7-7 would normally be used, since they are reasonably
simple and do not require much calculational effort, they do not show the influence
of the various parameters on the take-off run. With the substitution of Eq. 7-9 into
Eq. 7-6 and with some simplification, the ground-run expression for an aspirated
piston-prop can be written as

e 244 ( w/S )15
© 5501,90%>(HP/W)s \ s Crpa,,TO (7-10)

A similar substitution into Eq. 7-7 yields the following ground-run expression for a
turbocharged piston-prop:

e 2.44 ( w/S )15
5501 ,90 ' S(HP/Wst \ Pst Crax, TO (7-11)

Comparison of these two expressions shows that the take-off run of a turbocharged
aircraft is equal to the product of the aspirated distance and the density ratio.
Further examination of Eqs. 7-10 and 7-11 shows that in both cases a short take-
off run calls for a low wing loading, a high horsepower-to-weight ratio, a high
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propeller efficiency, and a high atmospheric density. These conclusions are similar
to those reached for a turbojet, but the impact of changes in these parameters
upon the ground run is different.

A doubling of the HP/W ratio or of the i, will have the same effect as doubling
the T/W ratio: the ground run will be halved. A doubling of the wing loading will
double the ground run of a turbojet (a 100 percent increase) but will increase that
of the piston-prop by a factor of 2.82 (a 182 percent increase). Doubling the maxi-
mum lift coefficient decreases the ground run of a turbojet by 50 percent and that
of a piston-prop by 65 percent. It must be remembered that increasing the take-off
lift coefficient by mechanical devices will also increase the drag and decrease the
acceleration. Finally, a 10 percent decrease in the atmospheric density (an above
sea-level airfield and/or a hot day) will increase the ground run of the turbojet
by 23 percent, that of the aspirated piston-prop by 30 percent, and that of the
turbocharged piston-prop by only 17 percent. Figure 7-1 is a sketch of the take-off
ground run as a function of these parameters for two values of the density ratio.

The time to lift-off, in seconds, can be approximated as before by assuming a
constant acceleration (and a constant T/W) and by making use of the relationship

8,000 —
0=09

g 6,000 — Aspirated
c
2
el
€ c=10
3]
> 4,000
- Turbocharged
g
L-]
fhiad

2,000

| ] |
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213
[mp (HP/WIZ x CL e, 10

FIGURE 7-1

Take-off ground run as a function of aircraft parameters and
density ratio.
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that
5 g(T/W)*  550m,g(HP/W)i?
d=7ar = =
2 2Vio (7-12)
2Viod 12
s0 that = |:55011pg(H P/W)j| (7-13)
If the engines are aspirated, then
_ 2VLOd 12 _ VIZ.O
| 550n,90(HP/W)s | 550n,g0(HP/ W), (7-14)
If the engines are turbocharged, then
l—[ 2Wod :lm _ Vio
~ [[550m,g(HP/W)st 5501,g(HP/W)s, (7-15)

As with the ground roll, the time to lift-off with turbocharged engines is the product
of the aspirated time and the density ratio.

Let us look at some numbers for our illustrative piston-prop, which has the
following take-off characteristics at sea level:

W/S =34 1b/ft? HP/W =0.1 hp/Ib
CLpax, To=1.8 Design n,=0.85
Assuming a standard day and a sea-level take-off, the first calculation is the lift-off
airspeed. From Eq. 7-9, \
2.88 x 34\!/?
= ——— =151 fps =103 mph
L (pSLx1.8> 151 fps =103 mp

The next step is to pick a value of 0.75 for the propeller efficiency, based on this
lift-off airspeed. Since this is a sea-level take-off on a standard day, the ground run
and time to lift-off are independent of the type of engine and we have a choice of
equations. Choosing Eqgs. 7-6 and 7-14, we find that

(151)?
= =129
4=TT00x075 321 <01~ 28Tt
2
(51) =172s

1= 350%0.75x322 x0.1
As a check, Eqgs. 7-10 and 7-13 yield

244 34\
4= 330%0.75 x 322 x0.1 <ng X 1.8> =1,301t

[ 2xistxidor N
'=\550%075x322%01,)
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If, however, for one reason or another, the density ratio is 0.9, then the lift-off
airspeed will increase to 159.2 fps (108.5 mph), and a distinction must be made
between aspirated and turbocharged engines. With aspirated engines. Egs. 7-6 and
7-14 yield

(1

d= 92y =1.688 f
T1,100x0.75x32.2x09%x0.1
(159.2)7 =212s

'=550%0.75 x32.2x 0.9 x 0.1

With turbocharged engines, Eqs. 7-7 and 7-15 are appropriate, or the aspirated
values can simply be multiplied by the density ratio. With either approach, the
turbocharged values are 1,519 ft and 19.1 seconds.

With the assumption of a constant deceleration, the landing run of a piston-
prop can be estimated by the same crude expression used for the turbojet, namely,

d=05£V? (7-16)

The determination of the correct value for f; is just as complicated as for the
turbojet, but the value should be lower because of the larger zero-lift drag (further
increased by windmilling propellers) and the greater effectiveness of prop reversal,
if such an option is necessary and available.

If the value of f; is taken to be 0.3 for our piston-prop, which has been on a
0.2 cruise-fuel weight fraction cruise and has a maximum landing lift coefficient
of 2.2, the landing wing loading will be 27.2 1b/ft?, and the sea-level stall speed
will be 102 fps (69.5 mph). The ground run from touchdown will be approximately
1,560 ft, which is of the order of the take-off run.

As the wing loading of piston-props is increased in order to attain higher cruising
speeds, the landing run will also increase; doubling the wing loading will double
the landing run. Decreases in the atmospheric density will also increase the landing
roll.

7-2 CLIMBING FLIGHT

With the assumption of constant weight, the governing equations for the quasi-
steady-state climb of a piston-prop are those used for the turbojet:

T—D—Wsiny =0 (7-17)

L—Wcosy=0 (7-18)
dX— V cosy

dr ! (7-19)

dh
R/C=—=Vsiny
[C=Z =V sin (7-20)

Solving Eq. 7-17 for the sine of the climb angle and expressing the thrust in terms
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of the available power yields
. 550n,(HP/W) D

Vv w (7-21)

The thrust is expressed in terms of the horsepower instead of the thrust power so

that the propeller efficiency will appear explicitly and because the horsepower is a

stated aircraft characteristic. With the substitution of Eq. 7-21, Eq. 7-20 becomes

DV

R/C=V siny=550n,(HP/W)— —

/ siny n,(HP/ W) W (7-22)

With the introduction of the parabolic drag polar and the approximation that

the climb drag is equal to the level-flight drag, the drag-to-weight ratio and the
drag (required) power-to-weight ratio can be written as:

W awis) e (7-23)
_D_V= pVXCno + 2K(W/S)
W 2AW/S) pV (7-24)

The rate of climb for a specified airspeed and throttle setting, at any altitude,
can be found directly from Egs. 7-22 and 7-24 by first calculating the sine of the
climb angle from Eqgs. 7-21 and 7-23 and then multiplying by the airspeed. For
example, for our piston-prop starting its climb at sea level at 140 mph (205.3 fps)
with a maximum power setting and a propeller efficiency of 85 percent,

3
R/C =550 x0.85 x 0.1 — £52053)° X0025  2x0,051 x34

2x34 psL X 205.3
R/C=32.11ps=1,925 fpm
.. _R/C 321
smy —T—-m =0.1563
y=9.0deg

The variations in the climb angle and in the rate of climb as a function of the air-
speed (for two values of the propeller efficiency and with the improper extension of
the parabolic drag polar down to very low airspeeds) are sketched in Fig. 7-2.
Note the shape of the curves and the presence of maximum values.

Steepest climb will obviously occur when the sine of the climb angle is maximized.
Setting the first derivative with respect to the airspeed equal to zero leads to the
conditions that

+ 550n ,(HP/WYW/S)V _ 4 K(W/S)? -0
PsLo Cpo P8L0Cpo (7-25)

which unfortunately does not have an analytic solution. Dropping the fourth-

V4
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FIGURE 7-2

Sea-level climb values for the illustrative piston-prop as
functions of airspeed and 7, with V in fps.

order term, however, does yield the useful approximation that
4K(W/S)
550ps on,(HP/W) (7-26)

where the subscript SC denotes steepest-climb conditions. Making use of this
expression in Egs. 7-23 and 7-21 and simplifying leads to the approximation that

oo o PLo[5S0n,(HE/W)]?
Tmex = TR KWS) (7-27)
For the illustrative piston-prop at sea level,
4 x0.051 x34
Vsc = 550 x psy. x0.85 x0.1
. . PsL(550 x0.85 x 0.1)?
S Tmax = T 0.051 x 34
.Ymax ; 22 deg

Vsc =

=62.4 fps=42.5 mph

=0.374

These values correlate very well with the exact solution shown in Fig. 7-2 but do
lie below the stall speed, which at sea level is 126 fps (86 mph).

This peaking of the climb angle at an airspeed lower than the stall speed is
typical. Furthermore, if we increase the steepest-climb performance of a piston-
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prop by increasing the HP/W ratio, the propeller efficiency, and the aspect ratio
and by decreasing the wing loading, the magnitude of the steepest-climb angle
will increase but the corresponding airspeed will decrease. Since the theoretical
airspeed will be less than the stall speed, we conclude that the actual steepest-climb
airspeed of a piston-prop is in the vicinity of the stall speed and that the larger the
calculated value of the steepest-climb angle, the larger the actual value. For this
reasonably high-performance piston-prop, it is of interest to note that the steepest-
climb angle is only of the order of 10 to 15 deg. Equations 7-26 and 7-27 are useful
in determining the effects of aircraft and flight characteristics upon the steepest-
climb performance. When the calculated steepest-climb airspeed falls below the
stall speed, as is the usual case, the benefits of increasing the maximum lift co-
efficient are obvious.

Fastest climb, in which we have a greater interest, is more amenable to analysis
than is steepest climb. The rate of climb can be maximized by the inspection of
Eq. 7-22, which shows that, for a given power setting, fastest climb occurs when
the drag power is at a minimum, ie., at P, Accordingly, the expression for
fastest climb is

(R/C)mae = 5507 ,(HP/ W) — 0_822;—7/5;7," (7-28)
where Vemin.SL =[2(W/S)]1/2 K |
- psi 3Co0 (7-29)
Expressing the true airspeed for fastest climb as
Vic =V = Kp_mli%s_l_ ~
g (7-30)

shows that even though the true airspeed increases with altitude, the calibrated
airspeed remains constant throughout the climb, making climb-out simple for the
pilot. Notice in Eq. 7-28 that with the assumption of a constant propeller efficiency
the airspeed affects only the drag (required) power and that an increase in the
minimum-power airspeed is accompanied by a decrease in both the rate of climb
and the climb angle. This effect, which is not present with the turbojet, limits the
rate of climb of high wing loading piston-props. The curves of Fig. 7-2 show,
however, that for a given wing loading, the magnitude of the rate of climb is not
very sensitive to deviations from the minimum-power airspeed. In other words,
climbing at a higher airspeed than the minimum-power airspeed does not significantly
penalize the fastest-climb performance.

The fastest-climb (minimum-power) airspeed (as well as the stall speed) is
independent of the type of engine and, for our piston-prop, is 153.6/a'/% fps,
whereas the stall speed is 126/a /2 fps.

With aspirated engines, the fastest-climb expression of Eq. 7-28 becomes

Vo min.SL
R/C)uen = 5507,0(HP/ W)y — ~—tminSL_
(R/Clox =3550m,0 (HP/ Wi =~ e 510, (7-31)
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so that, for this aircraft with n,=0.85,
12.67
(R/Cys =46.750 = —1= 7-32)
At sea level, the maximum rate of climb is 34.08 fps (2,045 [pm) and the airspeed is
153.6 fps (104.7 mph). The easiest way to obtain the climb angle is to divide the
rate of climb by the airspeed: the corresponding climb angle is 12.8 deg.

At 20,000 ft, where the density ratio is 0.533, the climb airspeed increases to
210.4 fps (143.4 mph), the rate of climb decreases to 7.56 fps (453.6 fpm), and the
climb angle decreases to 2 deg. At the ceiling, where the density ratio is 0.419, the
airspeed increases to 237 fps (162 mph), and the other values go to zero. Equation
7-32 can obviously be used to determine the various ceilings (absolute, service,
and cruise) by using the appropriate value for the rate of climb. The variations of
the airspeed, the rate of climb, and the climb angle for fastest climb are sketched
as a function of the altitude in Fig. 7-3.
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FIGURE 7-3
Fastest-climb values for illustrative piston-prop with full
power and r,=0.85.
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"If the engines are turbocharged, two equations are required: one below and one
above the critical altitude. Below the critical altitude,

VF’mimSL

R = HP/ W)L — — 55—
( /C)mdx 550’7[’( P/ )5'- 0.8660.1/'25"" (7_33)

so that, for this aircraft up to and including 20,000 ft,

12.67
(R/C)max =46.75— 6—6

1/2
The only difference between this equation and Eq. 7-32 is the absence of the density
ratio in the power available term, the airspeed and drag remaining the same as for
the aspirated engines. At sea level (on a standard day), the fastest-climb values are
identical to the aspirated values but at 20,000 ft, even though the airspeed is still
210.4 fps (143.4 mph), the maximum rate of climb is 29.4 fps (1,764 fpm) and the
climb angle is 8 deg; these last values are four times as large as the corresponding
aspirated values.
At altitudes above the critical altitude,

¢ \(HP Ve . sL
R/Clan = 5500, =) () — o fminSL
(R/Clrax =530 (ac,)( W )SL 0.8665 °E,, (7-34)

so that for this aircraft,

12.67
(R/C)max = 8770 - _&W

At 30,000 ft, with the aspirated piston-prop left below at its absolute ceiling, the
turbocharged aircraft is still climbing at 12.1 fps (725 fpm) with a climb angle of
2.75deg and an airspeed of 251 fps (725 fpm). The fastest-climb values for this
turbocharged piston-prop are also sketched in Fig. 7-3.

For tabular solutions for fastest climb to altitude, the following expressions
will be used:

At ——————Ah
B (R/C)max,ave (7-35)
AW, S(HP/W)aye At

w 3,600 (7-36)

Vave(COS 7)ave At

AX=
5,280 (7-37)

The average and cumulative values for the turbocharged piston-prop are tabulated
in Table 7-1 and sketched in Fig. 7-4 for a specific fuel consumption of 0.5 1b/h/hp.
To climb to 20,000 ft takes 627.7 seconds (10.5 minutes) with a AW,/ W of 0.00877
(63.5 1b of fuel with an initial gross weight of 7,500 Ib) and with 21 mi traveled in

GROUP I. A SAMPLING

PLATE 1.

The Boeing 747. Manufactured by the Boeing Commercial Airplane Company. A long-
range, wide-body turbofan with a maximum gross weight of 800,000 Ib, a wing area of
5,500 ft2, an AR of 7, and four 50,000-1b thrust turbofans.

PLATE 2.

The Beech Baron 58. Manufactured by the Beech Aircraft Corporation. A six-place aspi-
rated piston-prop (two 285 hp engines) with a gross weight of 5,100 lb, a wing area of 200

ftz., an AR of 7.2, a maximum cruise airspeed of 230 mph, and a maximum range of 1,500
mi,



PLATE 3.
The Mitsubishi Diamond 1. Manufactured by Mitsubishi Aircraft International, Inc. A
nine-place executive transport (two 2,500-1b thrust turbofans) with a gross weight of 14,700
1b, a wing area of 241 ft?, an AR of 7.5, a cruise airspeed of 460 mph (M 0.7), and a range of
1,400 mi.

PLATE 4.

The Dash 7 (DHC-7). Manufactured by de Haviland Aircraft of Canada, Ltd. A 50-
passenger STOL turboprop (four 1120 eshp engines) with a maximum gross weight of
44,000 1b, a wing area of 860 ft?, an AR of 10, a maximum cruise airspeed of 265 mph, and
a maximum range of 1,400 mi.

PLATE 5.

The Concorde. Manufactured jointly by British Aerospace and Aerospatiale. A Mach 2
supersonic commercial transport with four 38,000-ib thrust turbojet engines (with 17
percent afterburning), a maximum gross weight of 408,000 Ib, a wing area of 3,856 ft?, an
AR of 1.8, and a maximum range of 4,000 mi.

PLATE 6.

The Club-35 Sailplane. Manufactured by the Schweizer Aircraft Corporation. A high
performance, one-place sailplane with a maximum gross weight of 660 1b, a wing area of
103.8 ft2, and an AR of 23.3.



GROUP II. ENGINES

PLATE 7.

The JT3 (J57) Turbojet. Manufactured by Pratt & Whitney Aircraft. A 10,000-1b thrust
class engine (18,000 with afterburning) with a dry weight of 3,500 Ib, a diameter of 39 in.
and a length of 137 in. for a length-to-diameter ratio of 3.5.

LN
PLATE 8. PLATE 9. I Electric (USA). A |
The TS10-520. Manufactured by Teledyne Continental Motors. A 6-cylinder, tur- 'tI)‘he F404-.(;‘j:-101? I?;lg(;g;l::)e?h“l.‘:mlfan"Mlin:,::luai? :{O(f;;n:(l;; b e;,c:jri]:n(;eter o'f 35 :)I:V
bocharged engine with fuel injection, 520 cu in displacement, 325 hp at 2700 rpm, direct vpass ratio in the 17,000- rust class wi Y 8 ” ' ‘

propeller drive, and a dry weight of 457 Ib and a length of 158.8 in. for a length-to-diameter ratio of 4.5.



PLATE 10. ’ PLATE 11.

The 0-200 Reciprocating Engine. Manufactured by Teledyne Continental Motors. A 4- The GTSIO-520F Reciprocating Engine. Manuf.'actured by .Tele‘dyne Continentathoto;iiO%
cylinder aspirated engine with a carburetor, 201 cu in displacement, 100 hp at 2750 rpm, 6-cylinder turbocharged engine with fuel injection, 520 cu in displacement, 435 hp at 3,
direct propeller drive, and a dry weight of 220 Ib. rpm, and a dry weight of 600 1b.



PLATE 13.

PLATE 12.

The F100 Turbofan. Manufactured by Pratt & Whitney Aircraft. A low bypass ratio (0.63)
turbofan of the 14,000-1b thrust class (24,000 Ib with afterburning) with a dry weight of
3,000 Ib, a diameter of 48 in. and a length of 191 in. for a length-to-diameter ratio of 4.

The CF6-80A Turbofan. Manufactured by General Electric (USA). A high bypass ratio
(4.7) of the 48,000-1b thrust class with a dry weight of 8,400 Ib, a diameter of 86.4 in. and a
length of 157.4 in. for a length-to-diameter ratio of 1.8.



PLATE 15.

The CT7 Turboprop. Manufactured by General Electric (USA). A turboshaft engine used
as a turboprop in the 1,700 eshp class with a dry weight of 435 Ib without the gearbox and
propeller.

PLATE 14.

The JT9D-7R4 Turbofan. Manufactured by Pratt & Whitney Aircraft. A high bypass ratio
(5) turbofan of the 48,000-1b thrust class with a dry weight of 8,900 Ib, a diameter of 97 in.
and a length of 153.6 in. for a length-to-diameter ratio of 1.6.



PLATE 16.

The F101 Augmented Turbofan. Manufactured by General Electric (USA). A medium
bypass ratio (2) turbofan of the 30,000-1b thrust class with a dry weight of 4,400 Ib, a
diameter of 55 in. and a length of 181 in. for a length-to-diameter ratio of 3.3.




PLATE 17.

~—— \\\ }
# KW
i

\/.

The JT8D-200 Turbofan. Manufactured by Pratt & Whitney Aircraft. A medium bypass
ratio (1.8) turbofan of the 20,000-1b thrust class with a dry weight of 4,400 Ib, a diameter of
49 in. and a length of 154 in. for a length-to-diameter ratio of 3.1.
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3

NOISIAIO DSNIWGDAT |

FERN

PLATE 18.

The ALF 502 R-3 Turbofan. Manufactured by Avco Lycoming. A high bypass ratio (5.7)
turbofan of the 7,000-1b thrust class with a dry weight of 1,245 b, a diameter of 41.7 in. and
a length of 56.8 in. for a length-to-diameter ratio of 1.4.



PLATE Plate 19.

The AL 5512 (T55-1-712) Turboshaft. Manufactured by Avco Lycoming. A turboshaft
engine of the 4,000 shp class with a dry weight of 725 1b. Used primarily for helicopter
propulsion, with a gearbox and propeller could be used as a turboprop.

TABLE 7-1

Average and Cumulative Fastest-Climb Values (Turbocharged Piston-Prop)
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Ah (R/C)e At St P/W)e AW WY W/W Ve B8X Y X
(1,000 ft) (fps)  (sec)  (sec)  (fps) (x10%) (x10%) (fps) (mi)  (mi)
0-3 336 1488 1488 4675 207 207 1595 439 439
5-10 325 1536 3024 46.75 213 420 1721 492 930
0-15 314 159.2 4616 4675 221 641 1862 553 1483
15-20  30.1 1661 6267 46.75 230 871 2020 628 2L1l
20-25 249 2008 8285 43.02 257 1128 21995 831 2942
25-30  16.25 307.7 1,1362 36.04 329 1457 2403 1397 4339
30-35 8.25 606.1 1,7423 300 540 1997 26355 3024  73.63
35375 22 22730 40150 257 17.3 3727 28445 1224 1960
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FIGURE 74

Fastest-climb values for illustrative piston-prop with turbo-
charged engines.
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the horizontal direction. A climb to 30,000 ft takes 18.9 minutes, 109 Ib of fuel,
and 43 mi.

As with the turbojet, it would be nice to have closed-form expressions for finding
order-of-magnitude values for the climb parameters. Unfortunately, the expres-
sions we have developed do not simplify in a logical manner; however, there are
empirical relationships that lead to closed-form expressions that do give reasonable
answers.

For turbocharged aircraft using maximum power, the appropriate approxima-
tions are:

(R/C)max =550, Kc(HP/W)s 0 '/2 (7-38)
to be used below the critical altitude, and
LS
(R/C)max — 550)’],, K(‘(HP/ W)SLO-
O (7-39)

for altitudes above the critical altitude. K¢ has the same value in both expressions
and is found by calculating the maximum rate of climb at sea level and then
dividing this value by the maximum sea-level value of the thrust power-to-weight
ratio, i.e., \

K= (R/C)max‘SL
€7 550 ,(HP/W)s, (7-40)

From the definition of the rate of climb as dh/dt,

' 2 an
I‘L R/C)ome (7-41)

Substitution of the appropriate expression for the rate of climb and using the
atmospheric density ratio approximation,

o =e /30,500 (7-42)
and then integrating with a constant power setting, we obtain two expressions for

determining the time to climb from one altitude to another. The first expression,
for altitudes below the critical altitude, is

61,000

t= h2/61,000 _ /61,000
5507, Ke(HP/ Wiy © ¢ ) (7-43)
The other, for altitudes above the critical altitude, is
[ = __29_’%_ (eh2/20,333 — g her/20.333)
550n, Kc(HP/W)s, (7-44)

It so happens that Eq. 7-43 can be used from sea level to altitudes above the critical
altitude without any appreciable loss in accuracy and without the need for two
integrations.

To determine the fuel consumption during climb, a similar development, for
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climbs below the critical altitude, produces the expression
03¢

0.03¢ )
N h ,000
lnMR=n (ehz,ex.ooo oMol )
p INC

where the MR is still W,/W5. Equation 7-45 can be expanded so that the climb-fuel
weight fraction can be found directly, but it is simpler to solve for the mass ratio
and then use the relationship that

C:<AW,> _MR—1 (746)
FC

(7-45)

MR
The range during climb can be approximated by

MM (¢h2/30:500 _

"1, Ke(HP/ W),

where V is in fps and X is in miles.

Before deciding whether to develop fuel and distance expressions for climb
above the critical altitude, let us use these expressions, along with Eq. 7-43, to
calculate the values for a series of climbs from sea level to altitudes that are 5,000 ft
apart. It is first necessary to calculate Kc. Since the maximum rate of climb at sea
level has already been determined to be 34.08 fps and the value of 5501 ,(HPs /W)
is 46.75 fps, K¢ must be equal to 0.73. The three expressions for fastest climb,
starting at sea level with the illustrative piston-prop with turbocharged engines,
an, of 0.85, and a specific fuel consumption of 0.5 Ib/h/hp, are:

t=1,788(¢"/61:900 1)
In MR =0.024(e"61-09° _ 1) =134 x 10~ 5

AW; MR-1
W MR

X=25.2(e"30:50° 1)

The values obtained from these expressions are listed in Table 7-2 with the
corresponding values obtained from Table 7-1 shown in parentheses alongside.
In general, the agreement is good up to 30,000 ft. Therefore, we will not develop
additional relationships for climb above the critical altitude. These expressions
can also be used for constant power settings other than maximum power. How-
ever, do not use them for final altitudes approaching the absolute ceiling for the
specified power setting.

For the piston-prop with aspirated engines, one empirical approximation is

(R/C)maxzssorlpKC(H p/W)SLO-Z (7'48)

where K is still defined in accordance with Eq. 7-40. The resulting closed-form

expressions for fastest climb are:
15’250 (eh2/15.250

fmin = 5500, Ke(HP/ Wit

ehl/30.500)

(7-47)

_eh1/15.250)

(7-49)
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TABLE 7-2
Closed-Form Climb Values (Turbocharged Piston-Prop)

Ah t W, w X

(ft) (sec) (x10%) (mi)

SL— 5,000 153 (149) 2,05 (2.07) 45 (4.4)
SL— 10,000 319/(302) 427 (4.20) 9.8(9.3)
SL—15000 498 (462) 6.68 (6.41) 160 (14.8)
SL—20,000 694 (628) 923@8.71)  233QLI)

SL—25,000 906 (828) 12.1 (11.28) 320(29.4)
SL—30,000 1,136 (1,136) 15.2 (14.57) 422 (434)
SL—35,000 1,386 (1,742) 18.6 (19.97) 54.2 (73.6)

Note: Numbers in parentheses are the corresponding values
from Table 7-1.

In MRyc = 7.7x107% (eh2/15.250_eh1/15,2\50)
1y Kc (7-50)

_42x 10" Voryin.st (eh2/12:200 __ /12,200y
Ny Kc(HP/W)sL (7-51)

For the illustrative piston-prop with aspirated engines, K¢ will still be equal to
0.73, and the expressions for fastest-climb from sea level with maximum power
become:

FC

£ =446.8(¢"15:250 _ 1)
In MR =6.2 x 107 3(eF2/15:250 _1)=1.39 x 10~ 5;
AW, MR-—1

W~ MR
X=10.57(e"12:200 1)

The climb values obtained from these expressions are listed in Table 7-3 along with
the corresponding values from the tabular method shown in parentheses. Although
the correlation could be better, particularly with respect to the fuel consumption
to the higher altitudes, it appears reasonable enough to warrant using these
expressions rather than attempt to improve the model.

Examination of Eq. 7-28 shows that a high rate of climb for a piston-prop calls
not only for a large power-to-weight ratio and a high E,, as might be expected,
but also for a low minimum-power airspeed (a low wing loading), which might
not be expected. The most important of all of these parameters is the available
power-to-weight ratio. For example, doubling the power of the illustrative piston-
prop increases the rate of climb from 34 to 81 fps (a 138 percent increase), and
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TABLE 7-3
Closed-Form Climb Values (Aspirated Piston-Prop)

Ah t W, W X
(1) (sec) (x10°%) {mi)

SL— 5,000 173 (165) 24(2.13) 3350
SL—10,000 414 (380) 5.7 (452) 13.2(120
SL—15000 748 (681) 10.3 (7.38) 25.2(226

)
( )
SL—20,000 1,212 (1,158) 16.7 (11.22) 43.2 (40.9)
SL—25,000 1,856 (2,200) 25.5(18.32) 70.3 (84.3)

Note: Numbersin parentheses are the corresponding values
from Table 7-1.

halving the power-to-weight ratio reduces the rate of climb to 11 fps (a 67 percent
reduction) with the same fastest-climb airspeed for all three power levels. On the
other hand, doubling the wing loading reduces the airspeed by 30 percent and
increases the rate of climb by only 11 percent.

Increasing the fastest-climb airspeed of a piston-prop (by increasing the wing
loading) decreases the climb angle but leaves the available power unchanged,
thus the decrease in the climb rate. However, increasing the fastest-climb airspeed
of a turbojet (also by increasing the wing loading) increases the rate of climb by
increasing the available power and leaving the climb angle unchanged.

The analyses in this section have been based on a constant propeller efficiency,
and the value used in the calculations has been the design, or best, value. The
propeller efficiency not only may have a lower value but also may vary over the
airspeed range of interest, particularly for aircraft with low wing loadings. As a
consequence, the actual climb rates may be lower than those obtained from the
expressions of this section.

7-3 TURNING FLIGHT

With the assumption of a constant weight, the piston-prop equations for a steady-
state turn are the same as those for the turbojet, namely,

T-D=0 (7-52)
Lsin¢— —VK/V =0
g (7-53)
Lcos¢p—W=0 (7-54)
L 1
n=--—=
W cos¢ (7-55)
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,_ytan b _gln®—1)
% % (7-36)
14 1%
T Ty (7-57)
With a parabolic drag polar. the drag-to-weight ratio in a steady turn can be
writlen as
D _psio ViCpo 2Kn3(W/S)

W 2(W/S) psLV? (7-58)

If Eq. 7-52 is rewritten in terms of the available power, divided by the weight,
and then combined with Eq. 7-58, the expression relating the turning flight con-
ditions and the aircraft characteristics is

P _ 550n,(HP) psi o V3Cpo 2Kn*(W/S)

w w 2(W/S) psLoV (7-59)

Unfortunately, there is no closed-form solution for the turning airspeed in terms
of a specified thrust power-to-weight ratio and load factor (specified bank angle)
although iteration is not difficult. It is possible, however, to solve Eq. 7-59 for the
load factor in terms of the flight and design parameters to obtain

_ 1 550n,ps.0 V(HP/W) péLa*V*Cpo |2
w/S 2K 4K

n
(7-60)

With the load factor known for a given airspeed, Eqgs. 7-55 through 7-57 can now
be used to determine the turning performance of the piston-prop.
The turning lift coefficient, which is given by
Cr = 2a(W[S)  2AW/S)
L psia V2 psaVicos ¢ (7-61)

must not exceed the maximum lift coefficient of the aircraft in its turning con-
figuration. Otherwise the calculated airspeed will be less than the stall speed,

which is given by
2 1/2
VS,IZI: n(W/S) jl =n'2Y,
pSLGCLmnx ' (7_62)

where V;; is the wings-level stall speed.
For a given aircraft, the stall speed in a turn can be determined without a prior
knowledge of n by rearranging Eq. 7-62 so that

2
_PsLo Vi Clmax

=T WS) (7-63)

and then setting the right-hand side equal to the right-hand side of Eq. 7-60 to
obtain

5,1

B [1,10(»;,,(}{ P/W) W/S)}‘ 3

| psLo(Coo + KCE,y,) (7-64)
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In Eq. 7-64, the term Cpo + KCF,,,. is the drag coeflicient at stall, with the assum-
ption that the parabolic drag polar is valid down to the stall speed, which it is not.
Since substitution of Eq. 7-64 into Eq. 7-63 results in an awkward and unwieldly
expression for n,,, we shall instead calculate the stall speed in the turn and sub-
stitute the numerical value obtained into Eq. 7-63 to obtain a numerical value for
the corresponding load factor.

Let us now look at the sea-level turning performance of our illustrative piston-
prop. To refresh our memories, it has the following characteristics: a W/S of
341b/ft2, a HP/W of 0.1 hp/lb, a Cp=0.025+0.051 Ci, and a maximum lift
coefficient of 1.8. The level-flight stall speed is 126/ /2 fps (86/¢'/* mph). With
full power and a propeller efficiency of 0.85, the turning values at the stall and at
sea level are:

st

1,100 x0.85 x0.1 x 34

ps1[0.025 +0.51(1.8)*]

_ PsL X(1916)2 x 1.8
st = 3 %34

The generalized expression (Eq. 7-60) for the turning load factor at any airspeed
can be written, for this aircraft at sea level, as

n=0.0294(37V —6.92 x 10 7V*)'12 (7-65)

1/3
} =191.6 fps =130.6 mph

=231g¢g's

In order to demonstrate the procedure, let us determine the turning performance
at stall and then at another airspeed. At stall,

1
s, =arc cos 37~ 64.3 deg

32.2[(2.31)2 -1}

Asa= =0. =2

Ls.t 916 0.35 rad/s =20 deg/s
191.6

Tt =535 =547.5 1t

If the other airspeed is to be 250 fps (170 mph), then
n=0.0294[37 x 250 —6.92 x 10~ 7(250)*]'* =2.38 ¢'s

1
= —— =65.
¢ =arccos 338 1 deg

=0.278 rad/s =15.9 deg/s

. _ytan65.1 _g[(2.38)2_ 1772
1=""55 = 350
250

= = 9
r 0278 899 ft

A’s a check to be sure that turning flight at 250 fps is possible, we shall calculate the
lift coefficient to be sure that it is less than the maximum lift coefficient. Using
Eq. 7-61, wefind the lift coefficient to be 1.09, which is indeed less than the maximum
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value of 1.8. As a second, but not independent check, let us calculate the stall
speed in this turn to be sure that it is less than the prescribed airspeed of 250 fps.
Using the far right-hand term of Eq. 7-62, we find that the stall speed for this turn
is 194.4 fps, which is less than the actual airspeed of 250 fps.

The sea-level turning values for maximum power and a propeller efficiency of
0.85 are listed in Table 7-4 and sketched in Fig. 7-5 (with a relative scale only)asa
function of the true airspeed. If we take the effort to examine the figure rather
carefully and refer to the table for values, we can make several interesting observa-
tions. There are two independent conditions that must be met if constant-altitude
turning flight is to be possible. The first is that the airspeed be greater than the
corresponding stall speed (Cy, be less than C;__ ) and the second is that the flight
load factor be greater than unity. In this case, the first condition requires the
airspeed to be greater than 191.6 {ps, as has already been established, and the
second requires that the airspeed be greater than approximately 35 fps. Since the
stall speed is the larger of the two, it takes precedence and is the minimum possible
airspeed. This may not always be the case, particularly at the higher airspeeds
where the requirement for a load factor greater than unity may be the determining
limitation.

All three turning-performance parameters have maximum values, but for this
aircraft (and for most aircraft) only the maximum load factor occurs at an airspeed
higher than the stall speed. The fastest-turn and tightest-turn airspeeds both lie
considerably below the stall speed. Consequently, for this aircraft, fastest turn and
tightest turn will both occur in the vicinity of the stall speed. An increase in the
maximum Jift coefficient will obviously raise these airspeeds and increase the
maneuverability of the aircraft. It will be shown that increasing the available
thrust power will also improve the turning performance and that maneuverability
will decrease with an increase in altitude.

Let us now see if we can determine the flight and design conditions for turn at
the maximum load factor and for the fastest and the tightest turns. With the
assumption of a constant propeller efficiency, setting the first derivative of the
load factor, as given by Eq. 7-60, with respect to the airspeed equal to zero yields
the maximum load factor condition that

Vv _[550'7,J(HP/W)(W/S)}”3
" 2ps0Cpo

(7-66)

Substitution of Eq. 7-66 back into Eq. 7-60 produces, after some reduction, the
following expression for the maximum possible load factor for a piston-prop aircraft:

psLo[550n,(HP/W)]E, | '3
KWw/S) (7-67)

Whereas the maximum possible load factor of a turbojet was a simple function
of the T/W ratio and the maximum lift-to-drag ratio (their product), that of the
piston-prop is not only more complicated but also involves the wing loading.
Obviously at the ceiling, the maximum load factor is unity.

Hmax =0.687 {
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These last two equations will now be used to calculate the sea-level maximum
load factor conditions for our piston-prop.

3 (550 x0.85 x0.1 x 34

1/3
) =327 fps =223 mph

2[)51_)(0.025
5L X (550 x0.85 x0.1)* x 14 '/ .
nm=o.687[”“x‘ ST ) } =23874's
Drnax = ! =65.2de
ma,—arccoszjg,]— . g

2
7=910052 (204 radjs=16.8 deg/s

237

237
7 0.294

Vi, =126(2.387)1/2 =195 fps < Vjn,

2x2387x34
Y psLx (237
These values are consistent with those given in Table 7-4 and with the sketch of
Fig. 7-5.
Let us now look at the conditions for fastest turn, i.e.,, maximum turning rate.
Setting the first derivative of the turning rate with respect to the airspeed equal to
zero produces the general condition (that also holds for the turbojet) that

V dn®
2 —_— ] — ,————
wol-g =0 (7-68)

With the introduction of the parabolic drag polar expression of Eq. 7-60, the
equation that defines the fastest-turn airspeed is
+ 550n,(HP/S)V 4K(W/S)2_0

psLoCpo P3L6Cpo (7-69)

r =805 ft

=1.22<Cy,,,

V4

Although this equation does not have an analytic solution, a reasonable and useful
approximation can be obtained by dropping the fourth-order term. Therefore,

4 K(W/S)
550n,psLa(HP/W) (7-70)

Vet

where the subscript FT denotes the fastest-turn conditions. With the substitution
of Eq. 7-70, Eq. 7-60 becomes

3 2_[ 4 K(W/S) 22
IV | psio EnLS50n,(HP/W)T? (7-71)
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Since the second term in the brackets is several orders of magnitude less than 2, TABLE 7-4 . .
the fastest-turn load factor can be approximated by Sea-Level Turning Flight Values
(n,=0.85)
npr (2)VF =1.414 (7-72)
1 Vv n v, b ¥
so that $pr =arc cos —— =45 deg (fps) @’s)  (fps) (radfs)  (ft)
(2) (7-73)
10 0.56 94.3 — —
LT = Y 20ps1091,(HE/W) 30 098 1246  — —
Ver 4K(W/S) (7-74) 35 106 1296 0317 110
Vit Vir? 40 1.13 1340 0.424 94.3
rpr=o—— = 416 LIS 1353 0444 938
it ¢ (7-75) 45 120 1380 0473 95.2
. . . . 50 1.26 141.6 0.497 100.6
For the illustrative piston-prop with full power, the sea-level values are: 60 138 148.0 0.512 117.0
70 1.49 154.0 0.509 137.5
FY = 4x0051 x 34 =62.4 fps =42.6 mph 30 1.59 159.0 0.498 160.5
550ps.. % 0.85 x0.1 100 177 1670 0471 2120
27172 150 2.12 1834 0.401 3738
Rpp = [2 - [ 4x0031 x 34 2} ] =(2-0.009)V*=1411=1414 180 226 1900 0363 495.0
ps. x 14(550 x0.85 x0.1) ~ 190 230 1911 0351 5409
200 2.33 1920 0.339 589.0
fpr = —2— =0.516 rad/s =29.5 deg/s 237 239 1946 0294 805.0
624 250 2.38 194.3 0.278 899.0
)2 300 2.18 186.0 0.208 1,4430
ree =g =121

These values correlate very well with Table 7-4 and Fig. 7-5.
For tightest turn (minimum turning radius), the general condition is that

2
n?—1— Kdi:o

4dv (7-76)

which, for a parabolic drag polar, yields the specific conditions that:

i
|
8K(W/S) !
TT=
3 x550n,psLo(HP/ W) (7-77) :
1
, _(g _{ L78 K(W/S) 2\12 }
T\3 T \psLo B [5500,(HP/W)J? (7-78) A ! 1 |
VAR I [
for 2 (42 =1.154 (7-79) 0 rT 100 Jzoo J 300 400
1 min st max
$yr =arc cos W =30deg (7-80) v tfes)
’ FIGURE 7-5
B 0.577¢g _ 697 x550ps an,(HP/ W) Sea-level turning rates for illustrative piston-prop with

far Vot K(W/S) (7-81) 7, = 0.85 and maximum power.
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Vir 173%#_12.3[ K(W/S) ]3

r- —
T g g | 550psion,(HP/W)

(7-82)

The corresponding sea-level values for our piston-prop are:

8 x0.051 x 34
Vit = =41.6 fps=284
T = 3 e0 X 550 X0.85 X 0.1 fps =284 mph
rr=1.154
0577
vt = e =046 rad/s =25.6 deg/s
1.73(41.6)
rer = 9301

These valugs also correlate well with those in Table 7-4 and Fig. 7-5.

If we examine the expressions for fastest turn (Eq. 7-74) and tightest turn (Eq.
7-82), we see that both are functions of the same set of parameters. For a high
degree of maneuverability, we want a high HP/W ratio and propeller efficiency, a
large aspect ratio and Oswald span efficiency, a low wing loading, and a low alti-
tude. These are also the features that lead to a high.maximum load factor. It is
interesting to note that the zero-lift drag coefficient does not appear in any of these
expressions and thus does not directly affect the best turning performance of a
piston-prop. In fact, a large drag coefficient actually improves the turning per-
formance by reducing the stall speed, as can be seen in Eq. 7-64. Although the
turning performance implied in these expressions can seldom be achieved because
it calls for airspeeds that usually fall considerably below the turning stall speed
for the specified configuration, the higher these theoretical values are, the better
the actual turning performance will be. This can be seen by considering Fig. 7-5
and visualizing the turning rate and turning radius curves being appropriately
shifted. This figure also emphasizes the importance of a large maximum lift co-
efficient. As the lift coefficient is increased, the stall speed shifts to the left and the
actual turning performance obviously improves.

Since the theoretical fastest-turn and tightest-turn airspeeds for our illustrative
piston-prop are both less than the turning stall speed, then the actual fastest
turn and the actual tightest turn both occur at the stall speed, as can easily be seen
in Fig. 7-5. At sea-level, using Eqgs. 7-64 and 7-63,

y _f 1100x085x0.1 x34
17 psc[0.025 +0.051(1.8)]

pse x(191.6)* x 1.8

1/3
} =191.6 fps =130.6 mph

= =2309¢g
Ny 7734 309 ¢g’s
. g[(2.309)* - 1]'/2 ,
As=——————=0.34 =20. y
Ls.t TIN? 0.348 rad/s =20.0 deg/s
191.6
rs,t 0348 _548f
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At altitude, we must consider the type of engines being used. At 30,000 ft with

turbocharged engines, the HP/W ratio is 0.07 hp/Ib [(0.374/0.533) x0.1] and

3 1,100 x 0.85 x 0.07 x 34
 |LpsL x0.374 x [0.02540.051(1.8

s x0.374(236) x 1.8

1/3
)2]] =236 fps=161 mph

My = 3 %34 =1.31¢4's
. gl(1.31)2—1]"2 _
s = 236 =0.116 rad/s =6.6 deg/s
236
3
Fse=571T6 =2,038 ft

We see that, as expected, the turning performance has deteriorated with the in-
crease in altitude.

If we had assumed aspirated engines and had forgotten that the ceiling is of the
order of 27,000 ft, we would have taken the HP/W ratio to be 0.0374 hp/1b (0.374 x
0.1) at 30,000 ft, so that

_{ 1,100x0.85x0.0374 x 34
=7 | pst x0.374[0.025+ 0.051(1.8)7]

pse x0.374(191.6)* x 1.8
2x34

The fact that the load factor is less than unity should alert us to the fact that the
aircraft is above its ceiling and cannot maintain level flight, much less turn. We
should also be aware that it is possible, under certain circumstances, to calculate a
load factor that is greater than the maximum possible load factor. This obviously
is another case of an invalid flight condition.

Let us improve the maneuverability of our piston-prop by doubling the HP/W
ratio, halving the wing loading, and increasing the maximum lift coefficient to
2.2. At sea level,

1/3
} =191.6 fps =130.6 mph

=0.863 g's

Nt =

Vim =237 fps and Nenax =477 ¢’s
Ver=15.6fps and Fmax =2.06 rad/s
Vit =104 fps and Fonin=2.8 ft

V.. =170 fps and ng,=445¢g's

Since only the airspeed for the maximum load factor is greater than the stall speed,
fastest turn and tightest turn will occur at the stall speed and have the following
values:

_yl@ds5y—17'"

{50 = 70 =0.821 rad/s =47 deg/s
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Comparing this performance with our basic piston-prop, we see that these changes
have increased the turning rate by 135 percent and decreased the turning radius by
62 percent.

We shall conclude this chapter on take-off, climbing, and turning performance
of a piston-prop with several observations. The first of these is that the expressions
describing this performance were more difficult to obtain, required more approxi-
mations and assumptions, and were more unwieldly and awkward to use than
those for the turbojet. The theoretical best climbing and turning performance of a
piston-prop is characterized by very low airspeeds so that the best actual per-
formance is at the stall speed. Flying at the stall speed, however, is not a good
practice except in combat when one’s survival is at stake. Consequently, the best
airspeeds for climbing and turning are usually of the order of 20 percent higher
than the corresponding stall speed. It should be noted that our assumption of a
constant propeller efficiency is not valid at the low airspeeds we have been using;
in fact, in that speed regime the propeiler efficiency is quite sensitive to changes in
the airspeed. However, since we cannot fly at the airspeeds we found using a
constant propeller efficiency, the extra effort involved in using a variable efficiency
does not appear to be warranted.

~

PROBLEMS

Major characteristics of Aircraft D and Aircraft F, which are used in these problems,
are listed in Chapter 6 at the beginning of the problems. Assume that the value
given for the maximum lift coefficient applies to all situations calling for a maxi-
mum value.

7-1.  For Aircraft D:

a. On a sea-level, standard-day take-off, find the lift-off airspeed (fps and
mph), the ground run (ft), and the time to lift-off. What value did you
use for the propeller efficiency?

b. Do (a) above for a density ratio of 0.88 with an aspirated engine.

c. Do (b) above with a turbocharged engine.
7-2. Do Prob. 7-1 for Aircraft E.
7-3. Do Prob. 7-1 with Aircraft D 10 percent heavier than its listed gross weight.
7-4. Do Prob. 7-2 with Aircraft E 10 percent heavier than its listed gross weight.

7-5.  Aircraft E is on a sea-level, standard-day take-off and is 500 ft down the
runway when one engine fails.

a.  What is the airspeed at the time of engine failure?

Can the take-off be completed with the remaining engine? If yes, how
much remaining runway is required?

7-7.

7-8.

7-9.

7-10.
7-11.
7-12.
7-13.
7-14.

7-18.
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c. If the pilot decides to abort the take-off, how much runway will be
required to bring the aircraft to a stop with a deceleration factor of 0.37

a. Immediately after take-off, Aircraft D is required to return and land.
With the aircraft at its listed gross weight, what is the approach airspeed
and landing roll with a deceleration factor of 0.3?

b. If the aircraft circles the field until 400 Ib of fuel is consumed, what will
the approach speed and landing roll be?

Do Prob. 7-6 for Aircraft E with the amount of fuel to be consumed in (b)

to be 1,000 Ib.

In evaluating the climbing performance of these piston-props, use a pro-
peller efficiency based on the climbing airspeed in conformance with the
take-off rule of thumb given in the text of this chapter. For Aircraft D at
sea level:

a. Find the maximum rate of climb (fpm) and the associated climb angle
(deg) and airspeed (fpm). Is this airspeed greater or less than the stall
speed? If greater, how much greater is it?

b. Find the steepest climb angle and the associated airspeed. Is this air-
speed greater or less than the stall speed? If greater, how much greater
is it?

c. Setting the climb speed equal to 1.2 times the stall speed, find the climb
angle and rate of climb and compare these values with those obtained
in (a) and (b).

Do Prob. 7-8a for Aircraft D at 20,000 ft with an aspirated engine.

Do Prob. 7-8a for Aircraft D at 20,000 ft with a turbocharged engine.

Do Prob. 7-8 for Aircraft E at sea level.

Do Prob. 7-8a for Aircraft E at 25,000 ft with aspirated engines.

Do Prob. 7-8a for Aircraft E at 25,000 ft with turbocharged engines.

For Aircraft D, use the closed-form expressions of this chapter to determine

the minimum time to climb (min) from sea level to 20,000 ft along with the

fuel required (Ib and gal) and the distance traveled (mi) with:

a. An aspirated engine

b. A turbocharged engine

For Aircraft D with a turbocharged engine and a climb airspeed equal to

1.2 times the minimum-drag airspeed:

a. Find the maximum rate of climb at sea level and at 20,000 ft. Use
the average rate of climb to determine the time to climb.

b. Use this time to climb in conjunction with an average value for the
climb horsepower to determine the fuel used.

¢.  Use this time to climb in conjunction with an average airspeed and an
average climb angle to determine the distance traveled.
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d. If you have solved this problem previously, using the closed-form
expressions, compare results.

7-16. Do Prob. 7-14 for Aircraft E in a climb from sea level to 25,000 ft with
turbocharged engines.

7-17. Do Prob. 7-15 for Aircraft E in a climb from sea level to 25,000 {t with
turbocharged engines.

7-18. For Aircraflt D in a steady-state turn at sea level:

a. Find the theoretical maximum load factor and the associated flight
conditions. Is such a turn possible?

b. Find the theoretical fastest-turn rate (deg/s) and the associated flight
conditions. Is such a turn possible?

c. Find the theoretical tightest-turn radius (ft) and the associated flight
conditions. Is such a turn possible?

d. For any of the above turns that is not possible, determine the best
turning performance.

7-19. Do Prob. 7-18 forAircraft E at sea level.
7-20. For Aircraft D, find the stall-speed turning performance and flight con-
ditions:
a. Atsea level
b. At 30,000 ftwith an aspirated engine
c. At 30,000 ftwith a turbocharged engine
7-21. Do Prob. 7-20 forAircraft E.

Chaprer Eighr

Turboprops,
Turbofans, and Other Things

8-1 INTRODUCTION

This chapter has two objectives. The first is to extend the analyses of the preceding
chapters to the turboprop and turbofan by relating their performance to that of the
piston-prop and the turbojet rather than by separate mathematical developments.
The second is to treat several subjects that are not necessarily interrelated but that
could either affect the performance and design of a particular aircraft or possibly
increase the usefulness and application of the techniques already developed.

Even though there were places in the preceding chapters where these additional
subjects might have been introduced, discussion was deferred so as to avoid any
possible distraction or confusion. The subjects to be covered are Mach number
representation of certain of the performance equations, flight and maneuvering
envelopes, and the energy-state approximation.

8-2 THE PISTON-PROP
AND TURBOJET REVISITED

Let us return to the Breguet range equations for another look at the differences in
the range performance of the piston-prop and of the turbojet. For the piston-prop,

375n,E L (1
== ‘“(1—c> (8-1)

VE 1
X="rln <T-T> (8-2)

In each of these equations, the grouping preceding the logarithmic term is the
product of the aerodynamic and propulsive efficiencies. This product is sometimes
referred to as the range factor. Since in both equations the aerodynamic efficiency
is simply the lift-to-drag ratio, the propulsive efficiency for the piston-prop is
375n,/¢, and for the turbojet V/e.

The aerodynamic efficiency of both types of aircraft is a function of the lift
coefficient, and thus for a given configuration and altitude is a function of the
airspeed. A typical variation of the lift-to-drag ratio with the lift coefficient and
airspeed is shown in Fig. 2-11.

and for the turbojet,

163



164 Turboprops, Turbofans, and Other Things

Examining the propulsive efficiency of the piston-prop, we see that it is ex-
plicitly independent of the airspeed and is constant if 1, and ¢ are constant. Al-
though the propeller efficiency drops off at low and high speeds, it, and the pro-
pulsive efficiency, can be considered constant in the design cruising range of the
aircraft. The propulsive efficiency of the turbojet, on the other hand, is directly
proportional to the airspeed and, although low at low airspeeds, increases linearly
and rapidly as the airspeed increases. ’

In order to establish a frame of reference for comparing the piston-prop and the
turbojet and for discussing the turboprop and the turbofan, let us express the level-
flight true airspeed of any aircraft, no matter what type of a propulsion system it
might have, in terms of the minimum-drag (maximum lift-to-drag ratio) airspeed as

V=|:2(_W_/§_)]UZ (mK)”“ =m'* Vg

psLo Cno (8-3)
where m, the airspeed parameter, can be written as
()
m=|—
de> (8-3(1)
Using Eq. 8-3, the lift coefficient can be written as
Cr = Cpo \'/? CLip
L=\ =375
mK m'/? (8-4)
and the ﬂight lift-to-drag ratio as
2m!?
= Em
m+1 8-5)

Applying these relationships to the Breguet range equations (application to
any of the other range equations gives similar results and conclusions) leads to

1/2
o 2X375xm n,,Emln< 1 )

(m+1)¢ 1-¢ (8-6)
for the piston-prop and to
3/a
o 2 Vi n ( 1 )
(m+1)c 1-¢ (8-7)

for the turbojet.
If we either set the derivative of each of these range equations with respect to m

equal to zero and solve for my, or recall the conditions for the best-range airspeed
for each type of aircraft, we note that for the piston-prop

Vor = Vg (that is, np, =1) (8-8)
and for the turbojet

Vor =3V4 1y (that is, niy, =3) (8-9)
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Consequently, the value of n, can be used to indicate the tvpe of propulsion system
for a particular aircraft. This idea of categorizing aircraft by the magnitude of the
best-range airspeed parameter will be developed further in the next section.

The expressions of Egs. 8-6 and 8-7 are in a convenient form for showing the
variations in range as a function of the airspeed parameter (and thus of the air-
speed) and for comparing the relative ranges of piston-props and turbojets with
the same values of the maximum lift-to-drag ratio and of the cruise-fuel weight
fraction. The baseline range is that of a piston-prop with a value of 2 for the ratio
ny/¢ (for example, 7,=09 and ¢=0.45) and this baseline range is sketched in
Fig. 8-1. Since it is unlikely that the ratio of the propeller efficiency to the specific
fuel consumption will take on much larger values and since the range of a piston-
prop with a constant propetler efficiency is indifferent to the magnitude of the
minimum-drag airspeed, this one curve can also serve as the approximate upper
limit to the range of a piston-prop.

The range of a turbojet, on the other hand, is strongly dependent on the magni-
tude of the minimum-drag airspeed. Consequently, the relative range of a turbojet
is sketched for several values of V4/c in Fig. 8-1. Since c is of the order of 1.0 ib/hr/Ib,
the magnitude of the ratio, Vu/c, is essentially the minimum-drag airspeed and as

0.8
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D
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Airspeed parameter, m
FIGURE 8-1

Relative ranges of a piston-prop and turbojet with the same E,,,, and
¢ as a function of the airspeed.
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such combines the aerodynamic characteristics of the aircraft with the altitude at
which the aircraft is flying.

In Fig. 8-1, we see that the turbojet curves are quite flat in the vicinity of the
best-range airspeed because the increase in the propulsive efficiency with in-
creasing airspeed compensates for the decrease in the aerodynamic efficiency,
whereas the curve for the piston-prop is pronouncedly peaked, indicating a much
greater sensitivity of the range to departures from the best-range airspeed. If the
decrease in propeller efficiency with high airspeeds were introduced, the peaking
would be even greater. The most striking features of this figure are the built-in
range superiority of the piston-prop (this range is independent of both the altitude
and the magnitude of the airspeed), the lower best-range airspeed of the piston-
prop, and the fact that the turbojet requires high airspeeds (and altitudes) in
order to be competitive with respect to range.

Although the piston-prop has a range superiority, it is at a disadvantage with
respect to airspeed and flight times since it is inherently slower than the turbojet.
For example, with identical wing loadings and drag polars, the best-range airspeed
of the piston-prop will be 24 percent lower than that of the turbojet. This relation-
ship (which also holds for many of the other special flight conditions) is implied in
Fig. 8-1 but can be better visualized in Fig. 8-2, where the best-range airspeed is
sketched as a function of certain aircraft characteristics. If the piston-prop is to
fly at the same best-range airspeed as does a specified turbojet, then the wing
loading must be significantly larger (particularly since the zero-lift drag coefficient
is generally larger than that of a turbojet), which in turn calls for a larger aspect
ratio if the maximum lift-to-drag ratio is to be the same. Furthermore, any increase
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FIGURE 8-2

The best-range airspeeds of piston-props and turbojets as a function of
the wing loading and drag polar parameters.
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in the maximum airspeed of a piston-prop is accompanied (as was seen in Sec. 2-6)
by a disproportionate increase in the required horsepower and engine weight.

In spite of a greater propulsive efficiency, as manifested by the range superiority,
the lower airspeeds limit the applicability and desirability of the piston-prop. In
addition to the normal desire to go faster and spend less time en route as well as the
need to match the competition, higher airspeeds are often mandated by opera-
tional requirements or economic considerations. With respect to the latter, turbo-
jets replaced the piston-props in the commercial aviation fleet, not merely through
public acceptance of the higher airspeeds but because the reduced flight times in-
creased the aircraft utilization rate, greatly lowering the cost per passenger-mile.
Airspeed, therefore, is one of the many nontechnical factors that influence the
design and operation of aircraft but that, unfortunately, are beyond the scope of
this book.

Comparing performance other than range is much less straightforward and
satisfying because it is difficult to establish a true basis of comparability. Perhaps
the best that we can do is to specify identical wing loadings and drag polars (al-
though identical Cpo’s are very unlikely) and modify or augment our analytical
comparisons with observations and comments on the pertinent characteristics
of the two types of propulsion systems.

With our definition of comparable aircraft, the one with the larger thrust-to-
weight ratio should have the shorter take-off ground run. Evaluating the respective
T/W ratios is not simple, particularly since the HP/W ratio and not the T/W
ratio is the propulsion characteristic of the piston-prop. Typical values for trans-
port aircraft are 0.25 for the T/W ratio of a turbojet and 0.1 for the HP/W ratio
of a piston-prop. If the rule-of-thumb relationship that 1 hp produces approxi-
mately 2.5 1b of static thrust is applied to the piston-prop, the two T/W ratios will
be the same and so, therefore, should be the take-off ground runs. However, since
the thrust of a turbojet falls off at low airspeeds, its actual take-off T/W ratio will
be lower. If it is 80 percent of the nominal T/W ratio, then the take-off run of the
piston-prop will be of the order of 80 percent of that for a turbojet.

There are further complications to be considered, however. The first of these is
the fact that as the wing loading of the piston-prop is increased, in order to obtain
higher cruise speeds, the lift-off airspeed will increase, thus reducing the effective
T/ W ratio of the piston-prop. Another, and probably more important, considera-
tion is that the T/W ratio of the turbojet can be increased with a significantly
lower increase in weight than that associated with increasing the HP/W ratio of
the piston-prop. After all of this discussion, the only conclusion that can be reached
is that it is not possible to make a flat statement as to the take-off superiority of
either type of aircraft.

With respect to the maximum rate of climb, the turbojet has a decided superiority
at higher wing loadings (of the order of 50 1b/ft? or more) and has higher climb
airspeeds. At lower wing loadings or at the lower climb speeds imposed by air
traffic control, the climb rates of the two aircraft are much closer together. In
addition, the turbocharged piston-prop has the definite superiority of minimizing
the effects of an increasing altitude on the climb rate.
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Whereas the absolute ceiling of a turbojet is independent of the wing loading
(as long as the corresponding ceiling airspeed does not exceed the drag-rise Mach
number), that of the piston-prop decreases with an increase in the wing loading.
For both types of aircraft, increases in the maximum lift-to-drag ratio and in the
T/W or HP/W ratios raise the ceiling, with somewhat larger proportionate in-
creases for the piston-prop. In general, the turbojet has a ceiling that is considerably
higher than that of the aspirated piston-prop, but the ceiling of the turbocharged
piston-prop is much more competitive. In fact, with a low wing loading, the
turbocharged ceiling might even be higher than that of a comparable turbojet.

Turning performance is described in terms of the maximum load factor, the
fastest turn, and the tightest turn. Since the aircraft characteristics that determine
the ceiling also determine the maximum load factor, the maximum load factor of
the turbojet will generally be much higher than that of the piston-prop. Turbo-
charging, however, will not increase the n,,, of a piston-prop; it will merely retard
the decrease with altitude. Looking at fastest and tightest turns for comparable
aircraft without regard for whether the aircraft is below the stalil speed, the piston-
prop seems to have a slight edge over the turbojet that diminishes with increased
wing loading. The maximum achievable lift coefficient is always a key factor in
determining maneuverability, regardless of the type of propulsion system.

Looking back over this section, we see that it is quite difficult to compare these
two classes of aircraft because of the fundamental differences in their character-
istics and behavior. The piston-prop has better mileage than the turbojet but is
restricted to the low speed regime by the excessive weight of the large engines
required for the higher airspeeds. (To see how restrictive the engine weight can be,
do a feasibility analysis of a M 0.8 piston-prop transport using the current horse-
power-to-engine-weight ratio of 0.5 hp/lb.) Furthermore, the complexity and main-
tenance problems and costs associated with large internal combustion engines
are very high and, finally, the increase in the wing loading required for the higher
airspeeds adversely affects other aspects of performance.

Although the piston-prop does not care about such things as airspeed and alti-
tude, the faster (and thus the higher) the turbojet flies, the farther it can fly with a
given fuel load. The upper limit to the cruise airspeed is the drag-rise Mach number,
at which point the lift-to-drag ratio begins to fall off. The primary disadvantage of
the turbojet is its large specific fuel consumption and a secondary disadvantage is
low thrust at low airspeeds.

8-3 TURBOPROPS AND
TURBOFANS

Turboprops and turbofans are gas turbine engines, as is the turbojet, and are
designed to minimize the disadvantages and exploit the advantages inherent in
piston-prop and turbojet engines. The fundamental difference among these three
turbine engines is in how they produce thrust. The turbojet does it by expansion of
hot gases through a nozzle, the turboprop uses a propeller, and the turbofan uses a
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multibladed fan, which is related in many ways to the propeller. The basic element
of a gas turbine engine is the gas generator (sometimes called the core), which
comprises the compressor(s), the burners (the combustion chambers), and the
turbine(s) that drive the compressor. The mixture of air and fuel that passes through
the gas generator is usually referred to as the primary flow. Since the gas generator
and the primary flow are common to all gas turbine engines, they can be used as a
baseline for a comparative description and evaluation of the characteristics and
performance of such engines. In a turbojet, the exhaust gases from the gas generator
are expanded through a nozzle (the tailpipe), and thrust is the only output. Since
the only flow through a turbojet is the primary flow, it is classified as a single-flow
engine. The distinguishing characteristics of the turbojet are its light weight, small
frontal area, a propulsive efficiency that increases with airspeed, a high specific
fuel consumption (the highest of the three), and low thrust at low airspeeds.

In a turboprop, the exhaust gases from the gas generator are partially expanded
through an additional turbine(s), that drives a propeller through a speed-reduction
gearbox, before final expansion through the tailpipe. (In a turboshaft engine all of
the expansion takes place in the drive turbine(s), which is used to power helicopters,
boats, pumps, and generators.) The thrust developed by the nozzle is called the
jet thrust and is typically of the order of 10 to 15 percent of the total static thrust at
sea level on a standard day. The airflow through the propeller is called the secondary
flow, is considerably larger than the primary flow, and is at ambient temperature.
Sometimes it is called the cold gas, and the primary flow is called the hot gas.
Since there are two flows, a turboprop can be classified as a multifiow engine.

A turboprop is primarily a power producer and is described in similar terms as
the piston-prop, using equivalent shaft horsepower (ESHP) instead of brake horse-
power, where the equivalent shaft horsepower is the sum of the shaft power
delivered to the propeller plus the horsepower equivalent of the jet thrust power
(T;V). The following expressions are relevant to the turboprop:

V
ESHP =<SHP+ L >

3751, (8-10)

aw A
& = CESHP) (8-11)
where V is in mph, and ¢* is an equivalent horsepower specific fuel consumption.
The turboprop is primarily a replacement for the piston-prop since it is capable
of higher airspeeds and greater range for a given aircraft weight because of its
much lighter engine weight and lower zero-lift drag coefficient. Although heavier
than a turbojet or a turbofan, because of the propeller and gearbox, it is of the
order of four times lighter than a piston-prop engine of the same horsepower.
Furthermore, although the frontal area is somewhat larger than that of a turbojet,
it is less than that of a piston-prop, and when the engine is operating, the zero-lift
drag coefficient is of the order of that of a turbojet, i.e., less than that of a piston-
prop, which means higher lift-to-drag ratios. The presence of the jet thrust, which
though relatively small is essentially constant, tends to flatten the thrust curves at
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the higher airspeeds and to reduce the rate of decrease of the propulsive efficiency.
The turboprop has a low specific fuel consumption, of the order of but somewhat
higher than that of the piston-prop, with advancements in the technology showing
promise of even lower values.

The high-power-to-engine-weight ratio of the turboprop (due to the light
weight of the gas generator) is being exploited to make a turboprop behave as
though it were turbocharged by a technique known as derating. This is done by
using a propeller that cannot use all of the shaft power developed by the engine.
For example, if a 670 eshp turboprop is derated to 400 eshp, it means that the
maximum shp that can be absorbed by the propeller plus the jet-thrust power is
400 eshp even though the engine is capable of producing 670 eshp at sea level. As
the altitude increases, the maximum power output of the propeller-jet combination
will remain constant at 400 eshp until the maximum engine output, which is
decreasing with altitude, drops below the value needed to maintain 400 eshp; this
drop will start in the vicinity of 20,000 ft or less. As a consequence, the derared
turboprop has the characteristics of a turbocharged piston-prop with a critical
value of the order of 20,000 ft. One other major advantage of the turboprop over
the piston-prop is its much lower maintenance costs. Although its initial cost is
higher, it is a simpler engine with a greater reliability, especially with the recent
improvements in the gearbox.

A turbofan is a multiflow engine similar in many respects to a turboprop except
that the additional turbines directly drive a fan that resembles an axial flow com-
pressor. The ratio of the secondary (cold) airflow through the fan to the primary
(hot) airflow’through the gas generator and the tailpipe is called the bypass ratio.
The more power that is extracted from the exhaust gases to drive the fan, the higher
the bypass ratio is and the smaller the jet thrust. Even though with very high
bypass ratios the turbofan may produce more power than thrust and perform
more like a turboprop than a turbojet, it is customary to describe the turbofan
as though it were a turbojet, with the equivalent thrust expressed as

e |:37Sn(SHP) N T,]
vV (8-12)

where 1 represents the conversion efficiency of the fan and SHP is the shaft horse-
power delivered to the fan. The weight balance equation for a turbofan can be
written as

dw .

——=—*T

dt (8-13)
where c* is the equivalent thrust specific fuel consumption.

The turbofan combines the good propulsive efficiency and high thrust at lower
airspeeds of the piston-prop with the constant thrust and increasing efficiency at
the higher airspeeds of the turbojet. Since the complexity and weight of the reduc-
tion gearbox and of the propeller governor system of the turboprop are eliminated,
the turbofan is even simpler and lighter. Furthermore, the airflow through the
ducted fan is not greatly affected by the airspeed so that the decrease in propulsive
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efficiency at high airspeeds is not as significant as the decrease associated with the
propeller efficiency of the turboprop. Consequently, the turbofan can be used at
airspeeds up to and including low supersonic airspeeds. Although the frontal area
is larger than that of the turbojet, the turbofan is considerably shorter and the
overall drag is not necessarily any larger. The specific fuel consumption is much
less than that of the turbojet and although it is more than that of the turboprop,
it is approaching comparable values. The turbofan is also quieter than the turbojet
and much quieter than the turboprop, an advantage in these days of increasing
concern with and regulation of noise pollution.

It should be noted that, since both the turboprop and the turbofan are multifiow
engines, the equivalent specific fuel consumptions are combinations of horsepower
and thrust specific fuel consumptions, and thus will vary with airspeed. Any value
quoted in the manufacturer’s descriptive material is for a specific airspeed, which is
not always given. The variation with airspeed is greater for the turbofan than for
the turboprop.

Since turboprops and turbofans represent different combinations of the piston-
prop and of the turbojet, their performance shouid fall somewhere between that of
the piston-prop and that of the pure turbojet. Returning to Figs. 8-1 and 8-2 and
the concept of a best-range airspeed parameter, we might expect the range and
best-range airspeed curves to fall between those for the piston-prop and for the
turbojet. The value of my, for the turboprop should be of the order of, but somewhat
greater than, that for the piston-prop, which is equal to unity. The m, of a turbofan
with a low bypass ratio will be of the order of, but less than, that for a turbojet,
which is equal to 3. As the bypass ratio is increased, the value of my, will decrease,
approaching that of the turboprop in the limit.

It would be nice to have a mathematical model to demonstrate and determine
the effects of various combinations of thrust and power upon the range of either
a turboprop or a turbofan. With the premise that the total range of a turboprop or
turbofan can be represented by the sum of a contribution from the constant-power
constituent and one from the constant-thrust constituent, the two Breguet range
equations of Egs. 8-1 and 8-2 can be combined to form a generalized Breguet range
equation applicable to all four types of propulsion systems, namely,

_ 3—k\375n,E k—1\VE _l_
X‘[( 2 > z +< 2 >T}“<1—C> (8-14)

where k is a propulsion system designator. When k is set equal to unity, the turbojet
contribution goes to zero and Eq. 8-14 becomes the range equation for a pure
piston-prop. Similarly, when k takes on a value of 3, the propeller contribution
drops out, leaving the range equation for a pure turbojet. Intermediate values
between | and 3 for k denote different turboprop and turbofan contributions.

If we now introduce the airspeed parameter of Sec. 8-2, the generalized Breguet
equation becomes

12 _ _ 1/4
¥ 2m''“E, | (3—k 37?11,, 4 k—1\m"*V In 1
m+1 2 ¢ 2 c 1-¢ (8-15)
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The bracketed term represents the overall prooulsive efficiency of the aircraft, and
the value of k determines the proportionate contribution of the two airflows. For
example, if k = 1.3, then the overall propulsive efficiency is the sum of 85 percent of
the propeller or fan efficiency and 15 percent of the jet efficiency. The grouping in
front of the bracketed term is simply the flight lift-to-drag ratio, as given by Eq. 8-5.

The relative range as a function of the airspeed parameter for various values of
k is shown in Fig. 8-3, using the values of 2 for q,,/E and of 400 for Vya/c. The curves
for k equal to unity (pure propeller) and for k£ equal to 3 (pure jet) establish the
upper and lower limits for our turboprop and turbofan analyses. Starting with the
pure turbojet (k =3), we see that increasing the fan contribution by increasing the
bypass ratio and decreasing k definitely increases the range of the resulting turbo-
fan. As k is decreased, the jet contribution decreases, going to zero as k goes to
unity, reaching the piston-prop as a limit. We also see that as k decreases, the best-
range airspeed, expressed in terms of V4 also decreases. This means not only that
the best-range lift-to-drag ratio and lift coefficient of a turbofan will not be the
same as for a turbojet but also that either the wing loading or the altitude of the
turbofan best-range airspeed is to be maintained. As k decreases, the shape of the
curves changes, becoming less flat in the vicinity of the best-range airspeed param-
eter.

10—
08 Piston-prop
Turboprop
Turbofan
g 0.6 |— Turbojet
§
-
2
5
&
0.4 |- k=3
0.2 |-
0 1 1 ! |
0 1 2 3 4
Airspeed parameter (m)}
FIGURE 8-3

Relative ranges of a piston-prop, turboprop, turbofan, and turbojet
with the same E,,,, and { as a function of the airspeed and k.
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To examine the effects of increasing the jet thrust contribution on the perfor-
mance of a turboprop, we merely have to start with k equal to unity and see what
happens as k is increased. At first glance, there seems to be no advantage to having
any jet thrust in a turboprop. However, withk=1.3, there isa slight increase in the
best-range airspeed and some flattening of the range curve for the higher airspeeds
as a result of the increase in the propulsive efficiency of the jet portion. These
trends become more apparent as k is increased to a value of 2.

Returning to Eq. 8-15, it is possible to develop expressions for determining my,
if k is known, or k if my, is known, by setting the derivative with respect to m equal
to zero. The two expressions are:

@2V/c)k—1)

My =1+

(750r1/2)(3 —k)+(V/c)k—1) (8-16)
k=1 4
= +2+< Ve )(3—%,)
37511/2 My — 1 (8-17)

where 7 is the propeller efficiency for a turboprop and the fan efficiency for a
turbofan. If %, is not known but Vy is, then Eq. 8-16 is still usable with the sub-
stitution of my, */* Vi for V,. The resulting equation is

_ 750m/¢ (3—k (mbr—l 4
Mor =0\ Viafe ) \ke=1)\3=rmer (8-18)

which does not have a closed-form solution and must be solved by iteration.

It is not the practice to use a combined Breguet range equation for turboprops
and turbofans. Instead, it is customary to use the turbojet equation for turbofans
and the piston-prop equation for turboprops. When these simpler expressions are
used, the specific fuel consumption is'a combined or equivalent specific fuel con-
sumption even though the usual symbols for single-flow engines are normally used.
To avoid confusion and to emphasize their combined nature, we are using an
asterisk to denote equivalent specific fuel consumptions, that is, ¢*and c*. Remem-
ber that this is done only in this book and not in practice. With this in mind, the
Breguet range equations for turbofans and turboprops become:

VE 1
X="xln (1’—2) (8-19)

L 3TmE, (1
and T A=t (8-20)

By equating the combined propulsive efficiency from Eq. 8-15 to each of the
individual efficiencies from Egs. 8-19 and 8-20, the following relationships can be
obtained:

(3—k> 375m, , <k—— 1>m”4 Ve V375,
4

2 ¢ 2 ¢ c* c* (8-21)
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where V' =m'*V,q and ¢ and ¢ are the specific fuel consumptions of the propeller
(or fan) power portion and of the jet thrust portion of the engine, respectively.
For lack of detailed information on the power plant, which is the reason for all
of this, it seems reasonable to assume a best piston-prop value for ¢, say 0.4 1b/h/hp,
and a best turbojet value for ¢, say 0.95 1b/h/1b. If we do this, we can now calculate

c* and ¢* for any given airspeed, including the best-range airspeed, for a specified
value of k.

As an example, let us look at a turboprop with a V4 at cruising altitude of
400 mph (a bit high perhaps), a propeller efficiency of 80 percent, an E,, of 16, and a
k of 1.3, and determine its best range with a cruise-fuel fraction of 0.2. We first go to
Eq. 8-18, since V4, is not known, which with numerical substitutions is

- =[2 <375 x0.8/0.4\ (3 =13\ [my, — 1\ ]*
or 400/0.95 13—1)\3—my,
_ 4
or My, = {20.1875 <’"‘" 1)]
3 — Mpr

Notice that we used our “best” values of 0.95 and 0.4 for ¢ and &. After several

iterations with a first trial value of 1.1, my, is found to be approximately 1.097, so
that the best range airspeed, from Eq. 8-3g, is

Vor =(1.097)!/* x 400 =409.4 mph
In order to find ¢*, Eq. 8-21 becomes

’ 375x0.8 0.85x375x08 0.15x409.4
& T 04 095
or ¢*=0.427 Ib/h/eshp
We now need to find E, from Eq. 8-5;

[2 x (1.097)1/2
br = T e

109751 :l x16=15.98

and finally, using Eq. 8-20,

Yo 375 x0.8 x 15.98 n( 1

0.427 1 —0.2> =2,505 mi

The corresponding flight time is 6.1 hours.

We could just as well have used Eq. 8-19 with the appropriate value for ¢*.
We can find ¢* by substituting in the complete expression of Eq. 8-21, but it is
simpler to use the identity

V375,
&

_ V& 409.4 %0427

so that c* = =
3‘7511,, 375 x0.8

=0.583 Ib/h/Ib
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With Eq. 8-19,

pA0Ax1s98 (1 Lo
A=—osss "\ioz) o™

With & and my,, known, Eq. 8-15 can also be used to determine the range of this
aircraft: i.e.,

3
X___15.98|:0.85><,75x0.8 0.15><409.4:l ( 1

04 095 1-02

If we had treated this turboprop (with a jet thrust of the order of 15 percent) as
though it were a piston-prop and had used the latter’s best-range conditions and
Breguet range equation, the best-range airspeed and lift-to-drag ratio would have
been 400 mph and 16, respectively. With a ¢ of 0.45, the range would be 2,380 mi
and the flight time would be 5.95 hours, giving errors of the order of 5 and 3 percent,
respectively.

Do not forget that as the airspeed changes, say with an altitude change, then
¢* and ¢* must be recalculated. In other words, when a value is given for the specific
fuel consumption of a turboprop or of a turbofan, the airspeed and altitude should also
be specified. Typical variations in ¢* and c* as a function of the airspeed parameter
for several values of k are sketched in Fig. 8-4.

Unfortunately, the model being used to demonstrate the fundamental differences
in performance resulting from the use of turboprops and turbofans cannot be
extended to show the variations in thrust as a function of the airspeed. To do so
requires internal analyses of the engines that are way beyond the scope of this book.

Comparing turboprop, turbofan, and turbojet engines of comparable power
(comparable gas generators), the turboprop will deliver the largest amount of
thrust at the lower airspeeds, to include the aircraft standing still at the start of
the take-off run. The thrust, however, will decrease at the most rapid rate of the
three as the airspeed increases and at lift-off will probably be less than that of the
other two at the same point. The turbofan will produce less thrust than the turbo-
prop at the lower speeds but more than the turbojet, which not only improves the
take-off and early climb performance but also allows higher gross weights for
take-off. The thrust decreases with increasing airspeed but at a slower rate than
does that of the turboprop because of the differences between a fan and a propeller
and because of the greater jet thrust component. The turbojet has the lowest
initial thrust of the three, but the thrust essentially remains constant with airspeed.
These differences are shown qualitatively in Fig. 8-5 with the reminder that the
shape of the turbofan curve is a function of the bypass ratio. As the bypass ratio
increases, the performance of the turbofan approaches that of the turboprop at the
lower airspeeds but retains some of the characteristics of the turbojet at the higher
airspeeds.

With respect to the other aspects of performance, the turboprop is sufficiently
similar to the piston-prop so that it is a reasonable approximation to simply use
the piston-prop equations without modification using the appropriate value (if it
is given) of the specific fuel consumption wherever needed. The turbofan, however,

) =2,504 mi
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FIGURE 84
Equivalent specific fuel consumptions as a function of k and the
airspeed.

is not necessarily as simple or as straightforward to handle. If the bypuss ratio is
low, then the turbojet equations may be used without modification.

As the bypass ratio is increased and the ratio of power to thrust inc eases, the
turbofan takes on more of the characteristics of the turboprop and p ,ton-prop,
particularly at the lower airspeeds. It is still possible to use the turbojc . 2quations
with the realization that the actual low-speed values might be somewr .t different
from those obtained from the turbojet equations, e.g., actual take-off r ~s and un-
restricted climb airspeeds and rates will be lower than those for a pure :-:rbojet. At
the higher airspeeds, the nature of the fan performance is such that, - -en with a
high bypass ratio, the turbofan will perform more like a turbojet but wi:* a reduced
specific fuel consumption. The lower the quoted value of the equiv =nt thrust
specific fuel consumption is, the higher the bypass ratio is apt to be, :though it
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FIGURE 8-5

Relative thrust for gas turbine engines with comparable gas
generators as a function of the airspeed.

should be realized that all the improvements in thrust and specific fuel consump-
tion are not necessarily the result of high bypass ratios alone. The internal efficien-
cies of gas turbine engines are continually improving, not only of turbofans but
also of turboprops and turbojets.

If the operating and performance data of the engines and of the aircraft in which
they are installed are available, then it is not difficult to determine the type and
performance of an aircraft. When detailed data are not available, the primary
indicator as to the type of engine is the specific fuel consumption: the lower it is,
the larger the power-producing component of the engine is. There may be times
when the quoted best-range airspeed may be used to determine the value of mu,,
particularly when that airspeed is obviously less than the drag-rise Mach number.
However, with the current trend toward flying a turbofan at or just below the
drag-rise Mach number and then maximizing the range factor by flying as close as
possible to the maximum lift-to-drag ratio (by proper choice of altitude), this
technique does not always work. It is really not necessary to do this with turbo-
props, which generally will have an my, of the order of 1.10.

As an example of how my,, might be determined for a turbofan, let us look at a
turbofan with a manufacturer’s quoted best-range airspeed of M 0.8 at 36,000 ft
with a corresponding ¢* of 0.82 Ib/h/lb. The drag polar is Cp=0.016+0.05C}
(E,, is 17.67); the wing loading is 90.3 1b/ft?; and the drag-rise Mach number is
0.85. For this aircraft, the minimum-drag (maximum lift-to-drag ratio) airspeed
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o 2x90.3 \'2/005\"*
™7\ per x0.297 0.016

=672.5 fps =458.5 mph = M 0.695

at 36,000 ft is

Since M 0.8 at 36,000 ft corresponds to an airspeed of 774 fps (528 mph), from

Eq. 8-34,
ECANN 4—1755
M =\v.) T\e725) T

Using this value of my,, Fig. 8-3 gives an approximate value of 2.3 for k (which is
confirmed by Eq. 8-17) along with a qualitative feel for where the performance of
this aircraft fits with respect to a comparable piston-prop, turboprop, or turbojet.
Equation 8-5 yields a value of 17 for the best-range lift-to-drag ratio, and now
Eq. 8-19 can be used to find the best range once the cruise-fuel fraction is specified.
If the latter is 0.2, the corresponding best range will@e of the order of 2,400 mi,
and for 0.3 it will be of the order of 3,900 mi.

This section can be summarized by several statements. Because of their superi-
ority in their respective speed ranges, the turboprop and turbofan are replacing
the piston-prop and turbojet. The turboprop performance can be reasonably
approximated by the piston-prop equations whereas judgment has to be exercised
in applying the turbojet equations to the turbofan since the latter behaves in
certain ways more like a turboprop than a turbojet. For example, the ceiling,
maximum possible load factor, and maximum rate of climb will all be lower for a
turbofan than for a comparable turbojet. In fact, using the aspirated piston-prop
equations with P/W =(T/W)V will give better values for these three variables.

In conclusion, remember that many of the equations in this section were con-
trived for the purpose of demonstrating and illustrating the performance of turbo-
props and turbofans, using the piston-prop and the turbojet to establish a frame
of reference.

8-4 MACH NUMBER
REPRESENTATION

In the preceding chapters, the range has been consistently expressed in statute
miles, and the airspeed in either feet per second or miles per hour. Operationally,
however, the range is customarily expressed in nautical miles and the airspeed in
knots (nautical miles per hour) or as a Mach number. The use of knots and nautical
miles does not change the form of any of the equations that we have developed and
merely involves the simple conversion relationship that one nautical mile (nmi)
is equal to approximately 1.15 statute miles (mi), so that one knot (kt) is equal to
1.15 miles per hour (mph). The use of the Mach number, on the other hand, does
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change the form and appearance of our equations and replaces the atmospheric
density ratio with the atmospheric pressure ratio.

The Mach number is defined as the ratio of the true airspeed to the acoustic
velocity (speed of sound), i.e.,

M v
T a (8-22)

where V is the true airspeed and a is the acoustic velocity.

With the normal and reasonable assumption that air at atmospheric pressure
may be treated as an ideal gas, whose equation of state is

P=pRO (8-23)
it can be shown that the acousric velocity is given by the expression that
a=(kRO)"? (8-24)

where k is the ratio of specific heats (k =1.4), R is the gas constant for air (see
Appendix A), and O is the absolute temperature of the air in either degrees Rankine
(R) or Kelvin (K). We see from Eq. 8-24 that the acoustic velocity is a function of
the temperature, decreasing with altitude in the troposphere and remaining con-
stant in the isothermal stratosphere.

Defining the sonic ratio as the ratio of the acoustic velocity at any given altitude

to that at sea level, then
1/2
a*:iz( O\ _guin
as. ®SL

where ©* is the temperature ratio. Plotting a* as a function of altitude, as in Fig.
8-6, shows that the variation in the sonic ratio (and the acoustic velocity) is linear
in the troposphere (the slope is proportional to the temperature lapse rate of
approximately —2 deg C or —3.6 deg F per 1,000 ft) and that in the troposphere
a* can be expressed in terms of the altitude or the density ratio as

a*=1-36x10"%=1+0.111lno (8-26)

(8-25)

where 4 is in feet. Above the tropopause, in the stratosphere, a* is constant and
equal to 0.867. We also see from Fig. 8-6 that a constant airspeed of 893 fps (609
mph) represents a sea-level Mach number of 0.8 that increases linearly to M 0.92
at the tropopause and remains constant thereafter in the stratosphere.

Turning to the aerodynamic forces, specifically the lift,

L=3pV*SCL=%pa*M*SC, (8-27)
From Egs. 8-24 and 8-25,
pa* =kp RO =kP (8-28)
and Eq. 8-27 becomes
L=%kPM?*SC, (8-29)
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FIGURE 8-6
The sonic ratio as a function of the altitude.
With the pressure ratio defined as
6= il =cO*
Pse (8-30)
Equation 8-29 becomes, with k =1.4,
L=0.7P5L5MZSCL (8'31)
Similarly,
D=0.7Ps . 6M?*SCp, (8-32)
The dynamic pressure can now be written as
q=1pV*=0.7Ps 6 M> (8-33)

In level flight, the lift must equal the weight and the thrust must equal the drag;
accordingly,

=0.7Ps. M*SC,, (8-34a)

and =0.7Ps. M2SCp

N |

(8-34b)

&-4 Mach Number Representation 181

In level flight, the Mach number-altitude combination for a specified wing
loading and lift coefficient is constant, as can be seen by rewriting Eq. 8-34a as
154
OM?* = —/S B}

0.7Ps.Cy, (8-35)

Consider, for example, an aircraft with a wing loading of 100 ib/ft? to be flown at a
lift coefficient of 0.5: then

_ 100
T0.7x2,116 x0.5

At sea level, the Mach number required would be 0.367 or 243 kt (279 mph): at
20,000 ft, it would be M 0.54 or 332 kt (382 mph): and at 35,000 ft, M =0.76 or
438 kt (504 mph).

Rewriting Eq. 8-34b as

oM? =0.135

T/W _0.7Ps M*Cp
5 W/S (8-36)

we see that the required thrust-to-weight ratio and altitude combination is also
constant for a given wing loading and lift coefficient. Equations 8-35 and 8-36 are
valid for all types of propulsion systems.

The Breguet range equation for a turbojet can be written in terms of the Mach

number as
asLa*(ME) 1
= 1
X e "\t (8-37)
where the Mach number (from Eq. 8-35) is given by
W 1/2
M= —/i—
0-7PSL6CL (8'38)

In the troposphere, a*, the sonic ratio, decreases linearly but is constant in the
stratosphere (see Eq. 8-26 and Fig. 8-6) whereas 0, the pressure ratio, continually
decreases with increasing altitude.

For cruise at a constant Mach number, it is convenient to rewrite Eq. 8-38 as

w/S

L= 07 Ps 0 (8-39)

to show that the lift coefficient required for level flight at the specified Mach number
and weight must be increased if the altitude increases (so that ¢ decreases). As Ci.
increases, so does the lift-to-drag ratio until the maximum lift-to-drag ratio is
reached, at which point an increase in Cy, results in a decrease in E (see Fig. 2-11).
We also see that as the weight decreases along the flight path, the lift coefficient
must also be decreased unless the ratio of the weight to the pressure ratio (W/d)
is kept constant by decreasing 6 appropriately; the latter is the cruise-climb con-
dition.
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Let us consider a long-range, high-subsonic transport with turbojet engines, a
tsfc of 0.8 1b/h/lb, a wing loading of 110 1b/ft, and the parabolic drag polar, Cp=
0.018+0.04C?. Figure 8-7 is a plot of range versus Mach number at various
altitudes with a cruise-fuel fraction of 0.3. The overall observation is that flying
higher and faster yields greater ranges, which we already know to be true for
turbojets.

Looking more closely, we see that for any given altitude, the maximum range
occurs at My, and that increasing the altitude increases both My, and the best range.
The best-range Breguet equation can be written as

X, _0.86605L0*Mb,Em 1n< |
T ¢ 1-¢ (8-40)
W/S \'2 [3K\*
h My, = S

where b (0.7Ps,_5> (CDO> (8-41)

which for our example (with Ps; =2,116 1b/ft?) reduces to

Y _0.438

TN (8-42)

Looking at Eq. 8-40, we see that by flying at a constant lift-to-drag ratio (a constant
C.), the only way to increase the range is to increase My,, which Eq. 8-42 shows
can be done by decreasing the pressure ratio, i.e., by increasing the cruise altitude.
The upper limit to the value of an acceptable cruise Mach number is in the vicinity
of the drag-rise Mach number. If we limit My, to a Mpg of 0.85, then

0.438\?
=(===) =0.2655
O <0.85> 6

which corresponds to a best-range altitude of approximately 32,500 ft (a* =0.881)
and a “best” range of

0.866 x660.8 x0.881 x 18.63 x0.85 ( 1
Xbr = In

03 T _0.3> =3,564 nmi

Notice that a value of 660.8 kt is used for asy, so that the range is in nautical miles.
The units of agy. establish the units for the range.

This “best” range should be the maximum range of this aircraft. However,
Fig. 8-7 shows that for M 0.85 (and for any other specified Mach number for that
matter) the maximum range exceeds the “best” range but at a different altitude,
in this case at a higher altitude. That the altitude need not necessarily be higher
can be seen by looking at M 0.4 in Fig. 8-7. This apparent contradiction between
the best range for a given altitude and the maximum range for a specified Mach
number corroborates the conclusion in Sec. 3-7 that for a specified or restricted
airspeed, fly at the altitude where the lift-to-drag ratio is a maximum.

For a turbojet flying at the maximum lift-to-drag ratio, the Breguet range equa-

tion becomes .
*MuaEn, 1
y =B T By ( )
c 1-¢

(8-43)
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Range versus Mach number as a function of altitude for a { of 0.3.

. v IS\ K\ 0333
where ™ =\ 0.7Ps10 Cpo) 017 (8-44)

The far right-hand term in Eq. 8-44 is the numerical result for our illustrative
turbojet. For cruise at M 0.85 (the assumed drag-rise Mach number), the pressure
ratio takes on a value of 0.1535, corresponding to an altitude of approximately
44,000 ft. The associated range is 4,050 nmi (4,658 mi), which is 12 percent larger
than that achieved by flying at M 0.85 at the best-range altitude of 32,500 ft. From a
practical viewpoint, we must consider the fuel required to climb the additional
12,000 ft as well as whether the thrust required for cruise at the higher altitude is
available. With respect to the latter, let us assume a maximum thrust-to-weight
ratio at sea level of 0.25. Then at 44,000 ft, where o is 0.2044, the maximum available
thrust-to-weight ratio is approximately 0.25x0.2044 or 0.0511. However, the
required cruise T/W ratio is 1/E,, or 0.0537, which is in excess of that available
so that cruise cannot be maintained at 44,000 ft. From another point of view, the
density ratio at the absolute ceiling for a sea-level T/W ratio of 0.25 is 0.215
[1/(0.25 x 18.634)], which corresponds to an altitude of the order of 43,000 ft.
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Assuming tbal we would wish to fly at the absolute ceiling, the corresponding range
for this altitude for this aircraft would be somewhat less than the previously
determined maximum of 4,050 nmi.

Turning to quasi-steady-state climbing flight,

. D
Siny=-— — —
W W (8-45)
dh
and R/C=—=Vsiny
/ P Vsiny

(8-46)
With a parabolic drag polar and using the Mach number in place of the true
airspeed, the drag-to-weight ratio is
220.7P3L5M2CDO K(W/S)cos?y
w w/s 0.7Ps 8 M? (8-47)
With the assumptions of a “small” climb angle and/or a low drag due to lift,

Eq. 8-47 can be replaced, as was done before, by the level-flight drag-to-weight
ratio, namely, h i

D _07PsLoM*Cpo  K(W/S)
w w/s 0.7Ps 6 M? (8-48)
In terms of the Mach number, Eq. 8-46 becomes simply

. dh
R/C=—=qas1a*Msiny
dt (8-49)

where a* in the troposphere is given by Eq. 8-26 and as. and dh/dt are in fps. For
our illustrative turbojet,

D 0.003
—=0.24 2
% 24 6M -0-51‘!2

(8-50)

'Conside.r a constant-Mach number climb at M 0.6 with a sea-level thrust-to-
YVClght ratio of 0.25. (From Eq. 4-32, the sea-level Mach number for fastest climb
is 0.596, and at 30,000 ft it is 0.723.) Equation 8-50 becomes

D 0.008
—=0.087 0 +——
W 5
Therefore,
sin y=0.25¢ ~0.087 6 9—;‘%
and R/C =669.6a* sin y

At sea level, 6=0=a*=1, so that y=8.9 deg, and R/C=103.8 fps =6,227 fpm.
At 30,000 ft, 6 =0.374, § =0.297, and a* =0.891. The climb angle has dropped off
to 2.33 deg, and the R/C is 24.3 fps or 1,457 fpm. It may be of interest to note that
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the airspeed has also decreased, from 397 kt to 354 kt. If the airspeed had been
kept constant (with an increase in the Mach number to 0.67), then 7 would have
been 2.22 deg and the R/C would have been 26 fps, or 1,560 fpm, not much difference
at all.

Using the relationships and examples of this section, any of the other expressions
previously developed can be expressed in terms of the Mach number and used, if
so desired.

8-5 FLIGHT AND
MANEUVERING ENVELOPES

The flight regime of an aircraft comprises all the possible combinations of airspeed,
altitude, and acceleration and is determined by the aerodynamic, propulsion,
and structural characteristics of the aircraft. The boundaries of the flight regime
are called the flight limits; they form the flight and maneuvering envelopes and
are defined by the constraints and limitations on the performance of the aircraft.
The simplest flight envelope is that of Fig. 3-3, where the level-flight (one-g) regime
is defined only by the solution of the level-flight drag equation without considera-
tion of any constraints, such as the stall speed on the low-speed boundary or the
drag-rise Mach number on the high-speed boundary. Figure 6-3 is another such
simple flight envelope but with the stall speed constraint superimposed. In this
section, we shall look more closely at other operational constraints; namely,
buffet limits, V-n diagrams, and gust envelopes.

Let us first consider buffeting, which is an objectionable shaking of some part
of the aircraft (usually part of the wing or horizontal stabilizer) caused by the
turbulence arising from the separation of the airflow from the surface of the
aircraft. At low speeds, buffeting occurs as the stall is approached and the low-
speed buffet limit is essentially established by the value of the maximum lift co-
efficient; decreasing the airspeed aggravates the buffeting. Since buffeting is caused
by the turbulence accompanying airflow separation and since, with the proper
set of conditions, separation can occur at any airspeed, buffeting can occur at high
speeds as well as at low speeds but at lower lift coefficients and angles of attack.
When high-speed buffeting starts, increasing the airspeed aggravates the condition.

The determination of the actual buffet limits is beyond the scope of this book
and generally requires intensive flight testing over the complete airspeed range
of a particular type of aircraft. In these flight tests, at low speeds the aircraft is
accelerated to buffet in a banked turn or pull-up, and at high speeds, if buffet
does not occur in level flight, the aircraft is dived until buffeting starts. The buffet
limits are plotted on a lift coefficient versus Mach number plot, such as the hy-
pothetical and arbitrary one in Fig. 8-8.

The buffet plot is enhanced by superimposing lines of constant (W/S)/6, which
can be calculated from Eq. 8-344, and which is rewritten here for convenience as

w/S

2 2 0.7Ps L MACL=1,481 M7
5 SL{ CL > 81M CL (8-51)



186  Turboprops. Turbofans. and Other Things

Buffet boundary

Lift coefficient C;
[=)
f

08—

0.6 —

0.41— 600

n{W/s)

0.2 400 5

200
0 1 l 1
0 0.2 0.4 0.6 0.8 1.0
Mach number
FIGURE 8-8

Buffet limits diagram of C, versus M as a function of n( W/S)/é.

One obvious use of such a plot is the determination of whether or not a desired
cruise Mach number and altitude combination falls within the acceptable flight
regime. Using the illustrative turbojet of Sec. 8-4 (which has a wing loading of
110 1b/ft? and the parabolic drag polar Cp=0.018+0.04C}), the best-range lift
coefficient is found to be 0.387. If the desired best-range Mach number is to be 0.84,
then (W/S)/$ has a value of .the order of 400 Ib/ft?, and the cruising condition is
shown as point 4 in Fig. 8-8. Point A4 is within the acceptable flight regime but is
in the general vicinity of the buffet boundary. If the altitude is held constant and
the airspeed is increased, the lift coefficient will decrease and the operating point
will move along the 400 Ib/ft* line toward the buffet boundary. Similarly, if the
airspeed is held constant and the altitude is decreased, the operating point will
move up vertically toward the boundary. The effects of turning flight will be
examined in a subsequent paragraph.

Figure 8-8 can also be used to determine and examine other level-flight and
cruise conditions. For example, if the illustrative jet is to cruise at E,,,(Cp=0.67)
and M 0.84, then (W/S)/d will be 700 1b/ft*> and the operating point will be located
at point B, which happens to be on the buffet boundary. Any increase in speed will
induce buffeting. Obviously, point B would not be a desirable flight condition.

As developed in the preceding paragraphs, points A and B represent nonturning,
one-g flight conditions. Introducing the load factor (n=L/W), Eq. 8-51 can be
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written as

%Sz”(—ll:)//E):O.-/PSLMZCL:1,481M2CL (8—52)
so that the superimposed lines in Fig. 8-8 really represent constant values of
n(W/S)/6 rather than simply (W/S)/o. Consequently, plots such as Fig. 8-8 can be
used to determine the maneuverability of an aircraft with respect to buffeting.
For example, assume that an aircraft is cruising at point 4 in one-g flight and
enters a turn with a 30 deg bank, holding airspeed and altitude constant. Since
in the turn is equal to 1.155 g’s (n=1/cos ¢), then, from Eq. 8-52, C_ in the turn
will be 0.447, and the corresponding flight condition will be at point C, still within
the acceptable flight regime but somewhat closer to the bulfet boundary.

Again starting with cruise at point A, the maximum bank angle or maximum
number of g’s that can be sustained without buffeting can be found by locating the
point on the boundary for the same Mach number (point B) and then using an
expression developed from Eq. 8-52, namely,

& — 08CLs
ny 34CLa (8-53)

If the altitude is held constant, then 6 ,=235, and

np CLB

ng Cra (8'54)

But n, is equal to unity in this case so that ng=0.67/0.387 =1.73 g’s, which corre-
sponds to a level-turn bank angle of 54.7 deg. Equations 8-52 and 8-53, in these and
other forms, can also be used to compare and investigate other flight conditions.

In addition to buffet limits and boundaries, each aircraft type has a structural
design speed called the never-exceed airspeed Vag, which is often referred to as the
redline airspeed since the airspeed indicator is marked with a red line at the never-
exceed airspeed. Since it is actually the dynamic pressure that determines the
structural loading, Vae for high-speed aircraft is often specified as a function of
altitude (or as a calibrated rather than a true airspeed) or replaced by a value for
the maximum allowable dynamic pressure, gm.,- High-speed aircraft may also have
a designated design dive speed Vp, which should not be exceeded in the event the
aircraft is inadvertently or intentionally dived. These limiting airspeeds are deter-
mined by structural considerations and are prescribed to preclude failure, in other
words, to keep the aircraft from breaking apart.

A very useful plot is the V-n (or V-g) diagram, sometimes referred to as the man-
euvering envelope. 1t is defined by the stall characteristics and by the prescribed
maximum allowable load factors, which have been mentioned previously in
Secs. 4-4 and 5-3. The limit load factor is the published maximum allowable n
and is not to be exceeded by the pilot. The ultimate loadfactor is generally 50 percent
higher, is not published, and provides a margin of safety for any violation of the
limit load factor.
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A V-n diagram is calculated for a given weight (wing loading) and altitude by
calculating the stall speed for various load factors from the expression for the stall

speed, i.e.,
v _[ 2n(w/s) |3
o PsLoCr .. (8-55)

Figure 8-9 is a simple V-n diagram for our illustrative turbojet with a wing loading
of 110 1b/ft?, a never-exceed airspeed of 550 mph (807 fps), and limit load factors of
+3.5 and — 1.5 g’s. The maximum lift coefficient for positive angles of attack has
been assumed to be 1.8 and for negative angles of attack to be 1.2. If the two maxi-
mum values were equal, then the curves would be symmetrical with respect to
the zero-g line.

The right-hand boundary of the maneuvering envelope is defined by the never-
exceed airspeed or by the design dive speed and the left-hand boundary by the
one-g stall speed. The upper and lower boundaries are defined by the limit load
factors. The remaining curved portions of the boundaries represent the stall
speeds for various load factors. Flight above the positive curved portions and
below the negative curved portions is aerodynamically impossible. Point 4 has
a particular significance in that the corresponding airspeed is called the maneuver
speed, is almost always given the symbol V,, and is defined as

Va=niVs (8-56)

where V, is the wings-level (one-g) stall speed and n,,,, is the positive limit factor.
In this particular case, V4, whether determined from Fig. 8-9 or calculated from
either Eq. 8-55 or Eq. 8-56, is 289.2 mph. If the aircraft is flying at this airspeed, or
slower, and is subjected to a load factor in excess of 3.5 ¢’s, it will stall and the
structure will not be stressed beyond the limit load factor. If, however, the aircraft
is flying in excess of the maneuvering airspeed, say at 325 mph, then 4.5 ¢’s (point B)
could be experienced before the aircraft would stall. At 400 mph, the aerodynamic-
ally possible load factor exceeds the ultimate load factor with the strong prob-
ability of structural failure.

Aircraft normally fly at airspeeds in the vicinity of the design cruise airspeed V,
or of the design normal operating airspeed Vao. Flight and operating manuals
call for slowing the aircraft down to the maneuvering airspeed V, when encounter-
ing or entering areas of severe turbulence. Although flying slower than V, would
reduce the maximum possible load factor, it would affect the control of the aircraft
and degrade the ability to maintain a desired altitude. Equations 8-55 and 8-56
show that the maneuvering airspeed increases as the wing loading (weight) is
increased and also increases with altitude. The rest of the V-n diagram also changes
with changes in weight or altitude. With respect to changes in altitude, expressing
the airspeed in Fig. 8-9 as the calibrated airspeed rather than as the true airspeed
will eliminate the need to redo the V-n diagram for different altitudes.

In addition to satisfying the constraints of the V-n diagram, the structural
design of an aircraft must withstand the load factors within the boundaries of a
gust envelope, which is based on the assumption that the aircraft penetrates a sharp-
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FIGURE 8-9
Von diagram for illustrative turbojet.

edged vertical gust that has a vertical velocity of U fps. If an aircraft in level one-g
flight enters a vertical gust, the angle of attack will suddenly be changed by an
increment Ax before either the wing begins to move or the airspeed begins to
respond to the gust. The change in the angle of attack is equal to

Ao =arc tan E ~£]
x=ar V)=V (8-57)

where V is the true airspeed in fps, so that the resulting change in the lift of the wing
can be written as

U
_1 2
AL=1pV Saw<V> (6-58)

where a,,, which we have encountered before, is the slope of the wing lift curve
expressed per radian. The corresponding instantaneous change in the load factor
due to this gust is

Ane AL P Va, U
"W T 2w)S) (8-59)
and since the aircraft is initially in one-g flight, the total load factor becomes
pVa,U
=1+
T=IEw)sS) (8-60)

where the minus sign refers to negative or downward gusts.
Since a vertical gust is not truly sharp-edged and since it has been found that the
size and wing loading of an aircraft have an effect on the aircraft’s response, the
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gust velocity is multiplied by a modifying factor K, referred to as the gust allevia-
tion factor. Introducing K, and conforming to the standard practice of the Federal
Air Regulations (FAR) of expressing the airspeed V as the equivalent airspeed in
knots while keeping the gust velocity U in fps, Eq. 8-60 becomes
KVa, U
n=14+——
498(W/S) (8-61)
The gust alleviation factor K, has been empirically defined as
088y,
P 534p, (8-62)

where ¢, the aircraft mass ratio, is
_ 2(W/S)
pgca,, (8-63)

where ¢ is the mean aerodynamic chord of the wing.

These equations lead to two interesting observations. The first is that the faster
the aircraft is flying, the larger the gust load factor is and the rougher the ride will
be. On the other hand, the larger the wing loading, the smaller the gust factor will
be and the smoother the ride.

The gust envelope is constructed in accordance with the criteria established
in the FARs, which specify combinations of gust velocities, altitudes, and air-
speeds. A typical gust envelope would be of the general shape and form shown in
Fig. 8-10, where Vj is called the design speed for maximum gust intensity and is
defined as the one-g stall speed multiplied by the square root of the limit load

g
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FIGURE 8-10

A typical gust envelope (not to scale).
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A typical flight envelope with constraints and with
w,> W,.

factor at ¥,. The combination of the gust envelope and the V-n diagram establishes
the acceptable operating regime of an aircraft with respect to its structural integrity.
The gust envelope is often superimposed on the V-n diagram to form a single
composite maneuvering envelope.

Let us now return to the flight envelope, which is a plot of altitude versus either
airspeed or Mach number. If the upper boundary is taken as the more practical
value of the service ceiling (100-fpm climb) rather than that of the absolute ceiling,
a typical flight envelope would have the general shape shown in Fig. 8-11. Note
that increasing the weight (wing loading) reduces the area of the possible flight
regime. This is essentially a one-g flight envelope and must be used in conjunction
with the composite gust and V-n diagram.

There is an additional flight constraint that must be considered for supersonic
and hypersonic flight and that is the temperature or thermal limitations of the
aircraft structure and subsystems arising from the aerodynamic heating of the
aircraft structures.

8-6 THE ENERGY-STATE
APPROXIMATION

The quasi-steady-state approach that we have used in our performance and design
analyses is quite effective for most subsonic aircraft. However, for many supersonic
and high-performance aircraft in accelerated flight, particularly in climbs and
turns, the steady-state approximation is not adequate for determining best or
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optimal performance. For such aircraft, one approach is to obtain numerical,
computer solutions of the complete nonlinear differential equations, applying the
calculus of variations to find the optimal trajectories. A simpler and more satisfying,
albeit less precise, approach is to describe the state of the aircraft in terms of its
total energy and then use a quasi-steady-state approximation that is based on the
energy of the aircraft rather than on its airspeed. This is the energy-state approxi-
mation that will be discussed in this section, but not in great detail.

The basic precepts of the energy-state approximation are to consider the aircraft
to be a point mass, introduce the concepts of energy height and specific excess
power, and to fly so as to maximize the power in changing from one energy state
to another. A few definitions and relationships are in order before applying the
energy-state approximation. The total energy of an aircraft comprises its potential
energy (due to altitude), its kinetic energy (due to airspeed), and its rotational
energy (due to pull-ups, push-overs, and rolls). By considering the aircraft to be a
point mass, we are neglecting the rotational energy, so that the energy state of an
aircraft is now determined solely by its altitude and airspeed. The “approximate”
total energy of the aircraft is given by ~

wy?

E=W
" 29 (8-64)

where E is the total energy (and rot the lift-to-drag ratio), W is the total weight of
the aircraft, 4 is the true altitude above sea level, and V is the true airspeed. The
first term on the right is the potential energy, and the second term is the kinetic
energy. .

The specific energy (energy per pound of aircraft weight) is defined as the energy
height, given the symbol 4., and expressed as

he=gp=h+3, (8-65)
The energy height has the units of feet and is determined by specifying the altitude
and airspeed of the aircraft.

Figure 8-12 is a typical plot of some constant-energy curves as a function of
altitude and airspeed. An aircraft at point 4, at an altitude of 16,118 ft and with an
airspeed of 500 fps, has an energy height of 20,000 ft, which is theoretically the
maximum altitude it could reach by zooming along the energy height curve until
it reached an airspeed of zero. Diving along the constant-energy curve would
result in an airspeed of 1,135 fps at crash, theoretically, of course.

Let us suppose that point 4 represents one point on the climb path of the air-
craft to a cruise Mach number of 0.8 at 35,000 ft, which is point B, which has an
energy height of 44,390 ft. There are obviously many flight paths (trajectories) that
could be followed in changing from 4 to B. One possible trajectory, as shown,
entails a constant-airspeed climb to point C and then a constant-altitude accelera-
tion to M 0.8 at point B. No matter which climb schedule is used, there will be a
net change in the energy height of 24,390 ft.
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FIGURE 8-12
Constant energy height contours as a function of airspeed and altitude.

It is the rate of change of the energy height that determines the climb path and
time to climb. The rate of change of the energy height is called the specific power,
given the symbol P, and is found by differentiating Eq. 8-65 with respect to time
to obtain

dh, dh VdV
Td dr g dt (8-66)
From Eq. 8-66, we see that the specific power is simply the sum of the rate of climb

and the acceleration of the aircraft along the flight path. ‘ ‘
The specific power can be related to the aircraft characteristics and the flight

parameters through the force equation in the direction of flight, which is
W dv

T—D—Wsinyz};z (8-67)

which assumes that the thrust and velocity vectors are coincident.
Rearranging Eq. 8-67 yields the expressions:

St d T W (8-68)
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D, VAV _VT=D)
77 (8-69)

However. V sin 7 is the rate of climb, so that

_dhy__d/1+Kﬂ_ V(T—D)__TV—DV
STdt dt g a w W (8-70)

where the far right-hand term represents the excess specific power of the aircraft
that is available for climb and acceleration. The term specific excess power (ot
excess specific power) is often used in describing P, or dh,/dt, along with the simpler
term, specific power. Note that with the steady-state assumption of a constant
airspeed the excess power is used for climbing only and that Eq. 8-70 reduces to
Eq. 4-16.

The value of the specific power determines the maneuvering capability of an
aircraft at any point in its flight regime. In the event lhgt you may wish to compare
the energy-state approximation with the quasi-steady-state approximation, let
us use the illustrative turbojet of Chap. 4, which has a maximum sea-level T/W
ratio of 0.25, a wing loading of 1001b/ft?, and the parabolic drag polar Cp=
0.015+0.06C2. If it is flying at 30,000 ft at M 0.8 with maximum thrust and with a
load factor of unity, then V =795.5 fps, ¢ =281.3 1b/ft2, CL=0.356, Cp=0.0226, so
that

dh

o p=TE=7955 (o.zs x0.374— w>

100
=23.8 fps

This positive value of the excess specific power can be used to climb or to accelerate
or for an appropriate combination of the two. If, for example, the pilot chooses to
climb at a constant airspeed of M 0.8, his rate of climb leaving 30,000 ft would be
24 fps. If, on the other hand, he levels off at 30,000 ft, with the throttle setting
unchanged, the aircraft would have an instantaneous acceleration of

dv _gP, 322x 24

av _gfs 2oL X7 0,99 fi/s?
@V 176 /s

If the pilot chooses to cruise at 30,000 ft at M 0.8, he would have to throttle back
until P, becomes equal to zero.

When contours of constant P; are plotted on an altitude-airspeed diagram, the
thrust (or T/W), the weight (or W/S), and the load factor must be specified. Figure
8-13 shows the form and shape of such a plot for a typical subsonic aircraft with a
parabolic drag polar and with the assumption that the thrust variation with
altitude is directly proportional to the density ratio. The P, equal to zero contour
is the level-flight (one-g) flight envelope discussed in the first paragraph of Sec. 8-5
and sketched in Fig. 3-3. Note that Fig. 3-3 also shows the effects of a more realistic
thrust variation on the shape of the flight envelope.
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Maximum rate of climb and maximum-energy climb
using excess specific power and energy height contours.

Figure 8-13 can be used to determine a climb schedule (say from sea level to
point B) in terms of the airspeed as a function of the actual altitude 4. The “maxi-
mum rate-of-climb” schedule is determined by maximizing the excess specific
power at each altitude, i.., by flying through the points on the P, curves that are
tangent to the lines of constant altitude. This climb schedule is shown in Fig. 8-12
and is the quasi-steady-state fastest climb schedule of Sec. 4-4.

A somewhat faster “fastest” climb schedule is the maximum-energy climb, which
is found by maximizing the excess specific power as a function of the energy height;
i.e., it is the locus of the points of tangency of the P contours and the curves of
constant energy height. It, too, is shown in Fig. 8-13 and does not differ significantly
from the steady-state climb schedule because the thrust and drag are reasonably
well behaved for such an aircraft.

A supersonic aircraft, however, particularly one whose excess thrust is marginal
when passing through the high-drag transonic region, can have significantly
different climb schedules. It is for such aircraft that the energy-state methods are
useful in determining how to climb to a predetermined cruising altitude and
airspeed. A typical, but skeletonized, energy plot for such an aircraft has the form
shown in Fig. 8-14. Note the notches in the contours, leading to discontinuities in
the contours in the transonic region and to closed contours in the supersonic
region. If supersonic cruise is to start at point 4, the steady-state solution, as
shown in Fig. 8-13, is a steady-state ““fastest” climb to the cruising altitude followed
by a constant-altitude acceleration to the cruising Mach number. The maximum-
energy (minimum-time) climb starts out resembling the steady-state solution
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FIGURE 8-14

Maximum-energy climb of a supersonic aircraft with
marginal excess transonic thrust.

until the transonic region is approached. At an appropriate point, the aircraft
dives along a constant energy height curve to the start of the supersonic climb
schedule, which in this example comprises a climb to the next discontinuity, a
constant 4, dive, and then another climb. Although this climb schedule is much
more difficult to fly, the savings in flight time can be considerable, in some cases
as much as 50 percent.

The basic rule for such a minimum-time climb schedule is to fly at all times
toward the highest-value P; contour without decreasing the energy height. When
an h, contour is reached that is tangent to two equal-valued P contours (at a
discontinuity), the aircraft is put into a constant 4, dive until “normal” climb can
be resumed. A zero-g dive yields the most rapid increase in P, since the drag due
to lift is zero and the total drag of the aircraft is at a minimum. Furthermore, in a
dive, the available thrust increases as the altitude decreases, leading to an increase
in P,. It should be noted that in an actual climb, pull-outs and nose-overs will
decrease the energy height because of the rotational energy required and will
modify the flight path somewhat.

The SR-71, which has a high thrust-to-weight ratio, has only one set of closed
contours in the supersonic region. Consequently, its climb schedule is a sea-level
acceleration to the initial climb Mach number,.a subsonic climb at essentially a
constant Mach number, a zero-g push-over and dive to the initial supersonic climb
Mach number, and then a pull-out followed by an accelerated climb to the cruise
altitude and Mach number. The SR-71 pilots call the push-over, dive, and pull-out
maneuver the “"Dipsy Doodle.”

As the thrust-to-weight ratios of supersonic aircraft are further increased, the
values of P, for a given airspeed and altitude will obviously increase and eventually
the discontinuities in the transonic region and the closed contours in the supersonic
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region will disappear. When this happens, the energy diagrams will resemble those
of a subsonic aircraft and the maximum-energy climb schedule will also take on
the shape of a steady-state climb schedule, as sketched in Fig. 8-15.

The instantaneous rate of climb with acceleration can be found by rearranging
Eg. 8-70 into the form

dh _ P,
dr 1+ (V/g)\dV]dh) (8-71)

Compare Eq. 8-71 with the acceleration correction factor of Eq. 4-56.
The time to move from one energy height to another can be found from

A J\Z dhe B JZ@
= dnga ), P (8-72)

By constructing a plot of 1/P; versus h, for various points along a given climb
schedule, a graphical integration will yield the approximate total climb time (the
time spent along constant &, curves is not accounted for).

The energy-state approximation can also be used to determine the minimum-
fuel climb schedule by establishing the exchange ratio

dh. _ dho/dt _ P
dw, dW/dt T (8-73)

where ¢ is the tsfc and T is the thrust. The techniques are the same as those for
minimum-time climb with the P, contours replaced by constant (P,/cT) contours

Altitude

Airspeed
FIGURE 8-15

Maximum-energy climb of a supersonic aircraft with
sufficient excess transonic thrust.
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and using the expression that
2 dh, 2eT
AW, = =\ —dh,
4 j‘l dho/dW, L P, @ (8-74)

The excess specific power is also a function of the load factor, as can be easily
seen by assuming a parabolic drag polar and by substituting Eq. 5-14 into Eq. 8-70
to obtain

PS:V 1 _ qCDO _ KnZ(W/S)
w  Ww/S q

which reduces back to Eq. 8-70 when the load factor is unity.

The energy and specific power diagrams of the preceding paragraphs were
developed for a 1-¢ flight. Maneuvering flight can be examined by constructing
similar diagrams for other values of n. As the load }actor is increased, the corre-
sponding values of P, will decrease, thus contracting the flight envelope. The
zero-P; contour defines the constant-altitude, constant-airspeed turning per-
formance at that particular load factor and can be related to the steady-state
turning analyses of Chap. 5. The P, equal to zero condition defines the best sus-
tained (steady-state) turning performance at a constant altitude and specified load
factor. However, finite values of P, can result in better turning performance,
either in a dive or a climb, or momentarily if the altitude is held constant.

The energy-power diagrams are very useful in the comparative evaluation of the
maneuvering capabilities of two or more different aircraft, with particular reference
to air-to-air combat. By overlaying the energy-power diagrams for identical load
factors for two aircraft, the regions of superiority and inferiority become readily
apparent. In the final determination of the operating flight regime of any aircraft,
it is also necessary to include any structural and thermal constraints.

(8-75)

PROBLEMS

In many of the problems in this chapter, reference will be made to various aircraft
designated by initials. Aircraft 4, B, and C were originally treated as pure turbojets
and their major characteristics are listed in Chap. 3 at the beginning of the problems
section. Aircraft D and E were originally treated as piston-props, and their major
characteristics are listed in Chap. 6 at the beginning of the problems section.

8-1.  If a turboprop engine has a shaft horsepower output of 800 shp and a jet
thrust of 300 Ib, a design airspeed of 300 mph, and a propeller efficiency
of 85 percent:

a.  What is the equivalent shaft horsepower (eshp)?

b.  What would be the equivalent thrust if we wished to express the engine
output in such a manner?

8-2.
8-3.
8-4.

8-6.

Problems 199

c. If the fuel consumption rate at 300 mph is 541 Ib/h, what is the equiva-
lent shaft horsepower specific fuel consumption (eshp sfc)?

d. Redo (c) to determine the equivalent thrust specific fuel consumption.
Do Prob. 8-1 for a design airspeed of 500 mph.
Do Prob. -1 for a design airspeed of 150 mph.

If a 670 eshp turboprop engine is derated to a sea-level value of 400 eshp.
what is the density ratio and altitude at the critical altitude?

If Aircraft E is reequipped with two turboprop engines with a total of

1,200 eshp derated to 660 eshp, the reduction in the engine weight is reflec-

ted as a reduction of the gross weight of the aircraft. The wing area (and

weight) is reduced to 189 ft* so as to maintain the original wing loading.

With the gross weight at 6,600 1b:

a. Find the critical altitude of the engines.

b. Find the absolute ceiling and the ceiling airspeed with the new engines
and weight.

¢. Find the absolute ceiling and airspeed with the original configuration
and engines and compare results.

A turbofan engine has a sea-level jet thrust output of 20,000 Ib but is

described as having a sea-level thrust of 35,000 Ib and a tsfc of 0.65 1b/h/1b

at M 0.8. Assume a fan efficiency of 85 percent.

a. What is the maximum sea-level shaft power output?

b. Find the equivalent thrust (pounds) and equivalent tsfc at 375 mph.

c. Do (b) above for 150 mph.

Aircraft Cis to cruise at 35,000 ft with 150,000 1b of fuel available for cruise.

Find the best-range airspeed (mph and M), the maximum range, and the

equivalent specific fuel consumption for the engine configurations listed

below. Do not concern yourself with any changes in the gross weight arising

from the engine changes. Assume a fan efficiency of 85 percent.

Pure turbojet engines, that is, k =3,

Medium bypass ratio turbofans with a k of 2.5.

High bypass ratio turbofans with a k of 2.0.

Turboprops with a k of 1.3 and a propeller efficiency of 80 percent.

o a0 o

. Piston-props with a k of 1 and a propeller efficiency of 80 percent.

Aircraft Cis retrofitted with high bypass ratio turbofans, and the specifica-
tions quote a best-range Mach number of M 0.8 at 35,000 ft and a tsfc of
0.65 1b/h/ib.

a. Find the best-range lift-to-drag ratio and the value of k, the engine
descriptor.

b. If the available fuel for cruise is 125,000 Ib, find the range (miles).
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c. As an exercise only, describe these turbofans as though they were
turboprops, finding an eshp sfc and the appropriate value for k. Also
find the range for two values of the “propeller” efficiency namely,
85 and 80 percent.

Find three values for the sonic ratio at each of the following altitudes,
using Table A-1 and Eq. 8-26:

a. 10,000 ft b. 20,000 ft
c. 30,000 ft d. 35,000 ft
For Aircraft B, in straight and level flight, use Mach number descriptions to:

a. Find the lift and drag coefficients and lift-to-drag ratio at 10,000 ft
and M 0.5, 20,000 ft and M 0.6, and 30,000 ft and A 0.7.

b. Find the best-range Mach number at 10,000 ft, 20,000 ft, and 30,000 ft.
c. Find the best-range T/W ratio at 10,000 ft, 20,000 ft, and 30,000 ft.
Aircraft C is to cruise-climb at a best-range Mach number of M 0.82.

a. Find the initial cruise altitude and the best-range lift-to-drag ratio.

b. If the fuel available for cruise is 155,000 1b, find the maximum range
(nmi and mi) and the final altitude.

c. Find the initial and final values of both the required and available
thrust? Is there adequate thrust for this program?

Do Prob. 8-11 with M 0.82 as a minimum-drag (maximum lift-to-drag

ratio) Mach number rather than as a best-range Mach number and compare

the range results.

Aircraft A4 is flying at 30,000 ft at M 0.6 with a gross weight of 22,000 1b.
a. Find the lift and drag coefficients and the lift-to-drag ratio.

b. Find the required and available T/W ratios at the start and end of
cruise.

c. Find the cruise-climb range (nmi), best-range airspeed (kt), and the
final altitude with 3,000 1b of available cruise fuel.

Aircraft B is in a constant-Mach number climb at M 0.55 from sea level to
25,000 ft.

a. Find the rate of climb (fpm) and airspeed (kt and mph) at sea level,
15,000 ft, and 25,000 ft.

b. Using average values, find the time to climb from sea level to 15,000 ft,
from 15,000 ft to 25,000 ft, and from sea level to 25,000 ft.

Aircraft C has a buffet limit boundary which, for tutorial uses only, can be
represented by the expression

CLp =2.0-2.33M3

where Cypp is the buffet limit lift coefficient.
a. For a Mach number of 0.85, what is the buffet limit lift coefficient?

8-17.

8-18.
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b. If the aircraft is in straight and level flight at 35,000 ft, find the lift
coefficient and determine whether this operating point is within the
buffet limit and thus an acceptable flight point.

c. Again for straight and level flight at 35,000 ft, at what Mach number
will the aircraft begin to buffet?

d. How many ¢'s can this aircraft pull in a steady turn at 35,000 {t at a
M 0.85 without buffeting? What is the corresponding bank angle?

e. Ifthe Mach number is held constant at 0.85 and the altitude is increased,
at what altitude will the aircraft begin to buffet?

£ If the altitude is held constant at 35,000 ft and the aircraft is slowed
down, at what Mach number will buffeting start? Is this buffet speed
above or below the stall speed?

The buffet limits for Aircraft B can be represented by the expression
Cp=19-25M>

Do Prob. 8-15 for an altitude of 30,000 ft.

Aircraft E has a never-exceed calibrated airspeed of 350 mph, i.e., a maxi-
mum dynamic pressure of 313 1b/ft?. The limit load factors are +3.8 g’s
and —1.7 ¢'s, respectively, with a maximum lift coefficient for negative
angles of attack of 1.4. Construct a V-n diagram with the ultimate load
factors equal to 1.5 times the limit load factors with V as CAS. What is
the maneuver speed?

Aircraft B is restricted to a maximum dynamic pressure of 200 1b/ft* and
to limit load factors of +3.5 g’s and — 1.5 g’'s. The maximum lift coefficient
for negative angles of attack is 2.0.

a. Construct a simple V-n diagram with the ultimate load factors equal
to 1.5 times the limit load factors and with the airspeed expressed as a
calibrated airspeed.

b. Find the maneuver speed from the V-n diagram and compare it with
the calculated value.

c. What is the maneuver speed if the wing loading is increased by 25 per-
cent?

d. Calculate the gust load factor for a +66 fps gust encountered while
cruising at a Mach number of M 0.75 at 30,000 ft. The wing sweep
angle is 20 deg and e=0.8.

Aircraft A is cruising at 20,000 ft at a constant best-range airspeed.

a. What is the best-range airspeed (fps and mph)? What are the values of
the energy height (ft) and of the specific power (fps)?

b. The available thrust is suddenly increased to its maximum value.
What is the instantaneous value of the excess specific power (fps) prior
to any change in the airspeed or any action by the pilot.
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c. If the pilot decides to use the excess specific power to start climbing
without any change in the airspeed, what will the initial rate of climB
(fpm) be?

d. If the pilot decides to accelerate to a higher cruise airspeed, what will
the initial acceleration (fps?) be?

e. If the pilot decides to dissipate all of the excess specific power in a
steady turn while maintaining the original airspeed, what will the
load factor and the bank angle be? Find the associated turning rate
(deg/s) and the turning radius (ft).

8-20. Aircraft C is cruising at M 0.82 at 35,000 ft. Do Prob. 8-19.

Chaprer Nine

Figures of Merit
for Selection and Design

9-1 INTRODUCTION

The objectives of this chapter are to collect in one place the key relationships that
define “best” performance and then simplify them to yield “figure of merit” (FOM)
expressions that can be used to compare the performance of two or more aircraft
(the selection process) or to determine the effects of a change in one or more of the
physical characteristics of an aircraft upon its performance (the design process).
These FOM expressions will use the basic physical characteristics and dimensions
of an aircraft in an explicit and direct manner rather than in such familiar groupings
as the lift-to-drag ratio and the best-range airspeed.

There will generally be two FOM expressions written for each performance
measure of interest. The first one will use familiar and fundamental relationships,
such as the wing loading, aspect ratio, and thrust-to-weight ratio, whereas the
second will use individual and specific characteristics, such as the weight, wing
area, wing span, and thrust. The differences in the two formats will be obvious when
seen. The first format will probably be more useful for selection and the second
more useful for design. Let us not forget that the word “design” as used in this
book refers only to conceptual or feasibility design.

In comparing or discussing the modification of existing aircraft, the sources
of data include Jane's All the Aircraft of the World: aviation magazines such as
“Flying,” “Aviation Week and Space Technology,” and “Flight International”;
and specifications and operating manuals provided by the manufacturers. Such
sources do not normally give values for the zero-lift drag coefficient Cpo, the
Oswald span efficiency e, the specific fuel consumption ¢, or ¢, or the propeller
efficiency, 77,. Since we need these values, we must either back-calculate them from
given data or estimate them, taking into consideration the type of aircraft being
examined. Since similar type aircraft normally have values of the same order of
magnitude for each of these parameters, estimation is usually adequate. If an
aircraft under consideration is of a radical design or configuration, back-calculation
may be necessary.

The other data that we need are usually available and include:

1. The maximum gross weight W (ib)
2. The wing area S ({t?)
3. The wing span b (ft)

203
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4. The maximum sea-level thrust T (Ib), or horsepower, HP (hp), or equivalent
shaft horsepower, ESHP (eshp)

The operational empty weight, OEW (Ib)

The maximum payload weight Wp (Ib), or the maximum number of pas-
sengers and cargo

7. The maximum fuel weight W, (Ib), or maximum fuel capacity (gal)
8. The stall speed V; (mph), preferably with full flaps and gear down

9. The service ceiling A, (ft); not really needed but, when given, serves as a con-
venient and partial check of certain of the estimated values

The operational empty weight OEW is needed in order to determine the maxi-
mum useful load, which is the difference between the operational empty weight
and the maximum weight of the aircraft. Since the maximum payload weight and
the maximum fuel weight represent the weight of each individually but not col-
lectively, their sum usually exceeds the maximum useful load. In other words,
it is not possible to carry both the maximum payload and the maximum fuel at
the same time without exceeding the maximum allowable gross weight of the
aircraft. There is always a trade-off between payload and fuel in planning an
operational flight, a trade-off to be determined by the requirements of that par-
ticular flight. In the absence of a standardized mission, the generalized selection
(comparison) process will, somewhat arbitrarily, use the maximum fuel weight to
evaluate the maximum range and the maximum payload to evaluate the maximum-
payload range.

The figure of merit expressions will be grouped and developed in the following
order:

1. Level flight

A. Range
1. Best mileage (mi/lb)
2. Maximum range (mi)
3. Maximum-payload range (Ib-mi)
4. Best-range airspeed (mph)

B. Endurance
1. Minimum fuel-flow rate (Ib/h)

2. Maximum endurance (h)

C. Fastest airspeed (mph)

2. Vertical flight
A. Minimum take-off run (ft)
B. Maximum ceiling (ft)
C. Climbing flight
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1. Steepest climb angle (deg)
2. Maximum rate of climb (fpm)
3. Minimum time to altitude (min)
3. Turning flight
A. Maximum load factor (g's)
B. Fastest turning rate (deg/s)
C. Tightest turn (ft)

The FOM expressions will be written in final form without development or
explanation as the origins of the complete expressions have been covered in
preceding chapters. When the density ratio is included in an FOM expression, it
will be primarily for use in the design process. In the selection process, the density
ratio will normally be set equal to unity; the values obtained will represent the
approximate sea-level performance.

Turbojet aircraft will be treated first, and the resultant FOM expressions will be
considered to be applicable to turbofans as well. Then the FOM expressions for
piston-props will be developed and used for turboprops as well.

In the subsequent paragraphs and sections, we will see two new groupings
(aircraft parameters) that have not been seen or used in this book. The first of these
is the ratio of the aircraft weight to the wing span (W/b), with the dimensions of
1b/ft. This ratio is sometimes referred to as the span loading. Reducing its magnitude
usually improves many, but not all, aspects of the performance of an aircraft.
The second new grouping is the product of the wing area and the zero-lift drag
coefficient (SCpo), with the dimensions of ft2. It sometimes is referred to as the
equivalent flat-plate area and given the symbol f. For all types of aircraft and
for all aspects of performance, we want the lowest possible value for SCpy, since
it is a measure of the lowest possible drag.

9-2 TURBOJETS AND TURBOFANS

The best mileage (specific range or range factor) is a good measure of the overall
efficiency of an aircraft. The customary units of statute miles per pound of fuel
(mi/lb) can be converted to the easy-to-visualize units of miles per gallon (mpg) by
multiplying the miles per pound value by 6.75, the approximate weight of 1 gal of
jet fuel. The complete expression, in miles per pound, is

dXye 0866V Ey

—dW W (9-1a)

The corresponding figure of merit (FOM) expressions, also in miles per pound, are

dXy, 25 (W/S\'2[e(AR)|1*
—dW W\ ¢ Cho

(9-1b)
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or d Xy _2_5|: 1 :l”z[ e i
—dW "¢ | Wikl (SCDO)J (9-1¢)

The maximum range can be found from the level-flight approximation of the
cruise-climb Breguet range equation using the best-range conditions, namely,

0.866 V4, E,,
br=——" In MR
c 9-2a)
where the mass ratio (MR) is given by
MR=_ L
1= (W;/W) (9-2b)

The FOM expressions are found by first replacing the In MR by its approximation
the fuel-weight fraction W,/W. With this substitution, the maximum range is’
approximately equal to the product of the best mileage and the fuel weight (in
pounds), so that

der
P, (- < > x W,
—dw 4 (9-2¢)

Equation 9-2c, in conjunction with the FOM values from Eq. 9-1 or Eq. 9-1c,
can be used as the FOM expression or we can use the following detailed FOM
expressions:

X, _25(W;/W) <W/S>1f2 [e(AR):t““
c g Ci’)o (9-24)

or Xbr=25Wf[ L }”2[ ¢ :'1;4
c | (W/b)e (SCpo)? (9-2¢)

where the range is in miles. For the maximum range W; should be the weight
of the maximum useable fuel that the aircraft can carry, remembering that the
cgrresponding maximum payload that can be carried at the same time is the
difference between the useful load and the maximum fuel weight. This maximum
range obviously does not provide any allowances for taxi, take-off, climb, descent
landing, reserves, wind, etc. and is often referred to as the maximum srill-c’zir range?

The maximum-payload range, with the units of pound-miles (Ib-mi), is a measure
of the payload-carrying capability of an aircraft based on the manufacturer’s
dxv.ision of the maximum useful load between fuel and payload. Since the fuel
weight with the maximum payload will not normally be the maximum, the maxi-
mum-payload range will be defined as the product of the best mileage, the maxi-
mum payload weight, and the corresponding fuel weight, i.e., ,

der
XPL max = <—dW> X Wer max X Wr

where Wr=(W—OEW)—Wp_ ., =W

(9-3a)
useful WPL »max (9'3b)
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To illustrate the differences between maximum range, maximum-payload range,
and ordinary payload range, consider an aircraft with a best mileage of 0.4 mi/lb, a
maximum useful load of 10,000 Ib, a maximum usable fuel weight of 9,0001b, and a
maximum payload capability of 3,500 Ib. Obviously, the sum of the maximum
fuel and payload weights exceeds the maximum useful load by 2,500 1b.

For this aircraft, the maximum range will be of the order of 3,600 mi (0.4 x 9,000).
Since the allowable payload weight in this case is 1,000 1b, the corresponding
payload range will be 3.6 x 10° Ib-mi (3,600 x 1,000).

With the maximum payload of 3,500 b, the corresponding fuel weight is 6,500 Ib.
Consequently, the best range with this amount of fuel will be 2,600 mi (0.4 x 6,500)
and the maximum-payload range will be 9.1 x 10% mi.

For any other combination of payloads and fuel weights, whose sum is equal
to the maximum useful load, such as 2,000 Ib of payload and 8,000 Ib, the pro-
cedure is similar. The best range will be 3,200 mi (0.4 x 8,000), and the payload
range will be 6.4 x 106 (3,200 x 2,000). Incidentally, if the sum of the payload and
fuel weights is less than the maximum useful load, the gross weight of the aircraft
will decrease, thus increasing the best mileage.

The familiar expression for the best-range airspeed, expressed here in mph
rather than fps, is

2 1/2 1/4
o 28]

PsLO Cpo (9-4a)
where the 0.68 is the conversion factor from fps to mph. The FOM expressions,
still in mph, are:

1/2 1/4
wo=20( WSV L
o e(AR)CDo (9'4b)
W 1/2 1 1/4
e e ]
4 e(SCpo) (9-4¢)

Although the values obtained from these expressions are obviously not valid
when the calculated V exceeds the actual drag-rise number, they can still be used
as figures of merit for comparison and for design modification.

The minimum fuel-flow rate will use the units of pounds of fuel per hour (Ib/h),
which can be converted to gallons per hour (gph) by dividing by 6.75. The complete

expression is
(dW, W
dt Join  Em (9-5a)
and the FOM expressions are:

aw; Cpo |2
Ty =113
< di >m;n L13cW [e(AR)] (9-5b)

de w SCDO 1z
— =1.1 —
or ( dt )min 3C ( b ) ( e > (9-5(:)
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Two observations are in order. The first is that in this case the lower the value of
the FOM, the better the performance is. The second is that the fuel-flow rate is
completely independent of the airspeed, and thus of the altitude also.

Maximum endurance is associated with the minimum fuel-flow rate. The units
are hours and the complete expression is

En,
tmax=— In MR
¢ (9-6a)

With the approximation of W;/W for the In MR, as before, the FOM expressions
can be written as :

t = E,,, Wf o Wf :
T W (AW /dt) i (9-6b)
or max=0'886(Wf/W) [e(AR):l”Z
¢ Cpo (9-6¢)
or . 08861, ( e >”2
(W/b)e \SCpo (9-6d)

Remember that the maximum endurance of the aircraft is with the maximum
usable fuel weight. With respect to the maximum-endurance airspeed, since it is
approximate_ly 76 percent of the best-range airspeed, the aircraft with the highest
best-range-airspeed also has the highest maximum-endurance airspeed.

The fastest airspeed (in level flight and in mph) can be found from the rather
complicated relationship that

Vinax =0.68 [L/S_ (1 + {1 _ ‘1__ 172\ /2
Ps1.0 Cpo [Em(T/W)JZ 9-7a)

The FOM expressions, still in mph, are much simpler:

Vo =20 [(T/W)(W/S)T/Z
CDO

T 172
or Vinax =20 < ) Jp—
SCpo / 9-7¢)

Even though these values will often exceed the drag-rise Mach number, and may
even be supersonic, they are still valid figures of merit. )
The minimum take-off ground run in feet is approximated by
_ 1.44(W/S)
pSLGg(T/W)CLmax.TO (9'80)

(5-7b)

The FOM expressions are
__20(W/s)
o(T/W)Clpax. 10 (9-8b)
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2007
a GTSCLmax.TO (9-8C)

If neither the maximum lift coefficient for take-off nor the lift-off airspeed is avail-
able {the usualsituation), use 120 percent of the full-flaps stall speed, if it is available,
to calculate the value to be used for the lift coefficient. If only the no-flaps stall
speed is given, use it to calculate the value to be used. As with the fuel-flow rate, the
smaller the value of the FOM, the better the performance is.

One expression for the maximum ceiling in feet is

T
h,=30,500 In [(V_V> E,,,-J 9-9a)

The FOM expressions, still in feet, are:

B T\ e(AR) ]2
hc,_30,5001n{0.886<v—v>[ CDO} } 9-9b)

0.886T [ e \?
=30,500 In |~ (o
or he=30, “[ Wb <SCD0> } (9-9¢)

When the service ceiling is given, as is often the case, these expressions can be used
to verify the given value and to determine how to increase the ceiling, if so desired.
The given value of the ceiling can also be used to back-calculate E,, or to verify the
previously calculated value, using

or

1
7T EATIW) 9-9d)

The steepest climb angle occurs at sea level and, for climb angles of the order
of 30 deg or less, can be found (in degrees) from

Ymax = arC sin T —L
Vmax = W Em (9'100)

where the arc sin is in degrees. The FOM expressions, still in degrees, are:

T Cpo 2
Tmae =60 4{ = )~ 1.13
Trax =60 {(W) [e(AR)] (9-105)
60 W\ (SCpo\12
= | T— 113 =
o o W[T <b>< ¢ ) (9-10¢)

The fastest climb (maximum rate of climb) also occurs at sea level and is probably
most easily determined, in fpm, from

(R/C)max =60V sin ¢ 9-11a)
, [ aysr e
where Vv —[m}
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) ( r) 3

siny=—{l—-—-)—- —

w 6/ 2LE,XT/W)
F:h{l +“3_,:,

12
[EL(T/W)]?
The FOM expressions, in fpm, are
3 12
R/ =00 | TH1S) )]
Cpo (9-11b)
T3 1/2
or (R/C)max =600 [—2*:,
W(SCpo) ~ (9-11¢)

Rerpembe.r that the T/W ratio actually used may be less than the maximum
aval!able in order to lengthen engine life, to avoid the possibility of exceeding a
maximum allowable load factor, or to stay within FAR airspeed limits.

The minimum time to altitude describes the fastest climb with a constant throttle
setting from sea level to a specified altitude. The simplest FOM expression, in
minutes, is ’

18

™ (R/Chrax (9-12)
where 4 is the final altitude in feet and the value to be used for the R/C is obtained
from either Eq. 9-11b or Eq. 9-11c.

The maximum load factor is one measure of the maneuverability of an aircraft,
occurs at sea level, and is given in g’s by

I I—— < T) E
w) (9-13a)
The FOM expressions are:
1/2
e 1)
W)l Cpo (9-13b)
or i = T (*e >1/2
W/b \SCpo) —~ (9-13¢)
The fastest turning rate at constant altitude can be e

xpressed in degrees per

7 -55739["5;" T _ 1Nz
max . 2K(W/S) w E; (9'1461)

The FOM expressions, in deg/s, are:

second as

=100 [e(AR)(T/W)]”Z

w/S
P 100(eT)*'?
max W/b 9-14¢)

(9-14b)

or
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The rightest turn (minimum-radius turn), expressed in feet, is given by

4 K(W/S)
Fmin = 1 12
Wil — ——x—— -
Pyt ){ [E,,,(T/W)]Z} (9-15a)
The FOM expressions, also in feet, are:
. 20(W/S)
Tmin = o(AR)T/W) (9-15b)
_20(W/b)?
or Tmin =0T (9-15¢)

Remember that, for both fastest turns and for tightest turns, the theoretical air-
speeds are generally lower than the corresponding stall speeds. Therefore, the
maximum lift coefficient, which does not appear explicitly, and the actual stall
speeds should be considered in a comparative evaluation.

9-3 A TURBOJET-TURBOFAN
COMPARISON

In this section, two existing and successful twin-engine executive aircraft will be
evaluated and compared using basic data taken from Jane's All the World’s Aircraft.
Both aircraft were originally equipped with turbojet engines, which were sub-
sequently replaced by turbofans; in fact, both aircraft are now using the same
engine. One aircraft will be designated Aircraft 4 and the other will be Aircraft B.

From the data given in Jane's, only the following items were used in calculating
the figures of merit:

Aircraft A Aircraft B

Weight W (lb) 23,500 24,000
Wing area S (ft?) 308.26 380.0
Wing span b ({1) 44.79 50.43
Thrust T (Ib) 7,400 7,400
OEW (Ib) 12,700 14,154
Maximum payload:

No. of passengers 10 (2,000 1b) 8 (1,600 ib)

Baggage (Ib) 1,050 545
Maximum fuel W} (ib) 9,464 8,708
Stall speed V; (mph)

{full flaps and gear down) 114 104
Service ceiling A, (ft) 45,000 45,000
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On the basis of these data, it appears that the aircraft are almost identical and that
there should be no significant differences in their performance. We shall, however
continue with our comparative evaluation.

The three pieces of missing data are, as expected, the zero-lift drag coefficient,
the Oswald span efficiency, and the thrust specific fuel consumption. Since the
aircraft are so similar, let us estimate values and use identical values for both
aircraft. A value of 0.016 for Cp seems reasonable (it may be a bit on the low side)
since the aircraft are of moderate size and range with wings of moderate thickness.
With aspect ratios of the order of 7, an Oswald span efficiency of 0.85 also seems
reasonable. The thrust specific fuel consumption is taken to be 0.85 Ib/h/Ib, lower
than normal for a pure turbojet and a bit high for a high bypass turbofan.

The data we have acquired and estimated can be combined or used to calculate
some familiar and two not so familiar parameters and groupings, namely:

’

Aircraft A Aircraft B
W/S (1b/ft?) 76.2 63.2
T/W(g's) 0.315 0.308
AR 6.5 6.7
K 0.0576 0.0559
E, 16.5 16.7
Useful load (1b) 10,800 9,846
W/b (1b/ft) 524.7 4759
SCpq (1) ‘ 493 6.08
ClLiax, 70 1.60 1.59

At this point, let us use the given service ceiling to check the reasonableness of
the estimated values for e and for Cpy; they are reflected in the calculated values of
E,.. Using the approximation for the density ratio at the ceiling, i.e.,

Tea= 0315 x 165 192
1

T =008 x 16,7 10

the density ratio for Aircraft A4 is 0.192 and for Aircraft B is 0.194, which closely
correspond to ceilings of 45,000 ft, the value given in Jane's for each aircraft.

The values shown for Cp, were determined by using 120 percent of the full-
flaps stall speed in fps and the relationship that

2
=219
psLo V=
For Aircraft 4, 120 percent of the stall speed is 200 fps, and the corresponding lift

coeflicient is 1.6. For Aircraft B, 120 percent of the stall speed is 183 fps, and the
corresponding lift coefficient is 1.59.

9-3 A Turbojet-Turbofan Comparison 213

The figures of merit can now be calculated for each aircraft, using the expressions
of the preceding section; they are shown in Table 9-1. Although the primary
purpose of these figures of merit is either for comparing one or more aircraft with
each other or for evaluating the effects of modifying the characteristics of an
individual aircraft, the values themselves are representative of the sea-level per-
formance of the aircraft.

The FOM calculations are quite straightforward, with the possible exception of
the maximum range and the maximum-payload range. In calculating the FOM for
maximum range, the maximum fuel weights of 9,464 and 8,708 Ib were used for
Aircraft 4 and Aircraft B, respectively. As a matter of interest only, the corre-
sponding payload weights are 1,336 and 1,138 Ib.

TABLE 9-1
Comparative Evaluation of Two Turbojet Aircraft

Figure of Merit Aircraft A Aircraft B Relative Value®
Best mileage (mi/lb) 0.37 033 1.1t
(mpg) 2.51 2.26 L1
Maximum range (mi) 3.520 2.908 1.21
Maximum-payload range (Ib-mi) 8.8 x 10° 5.5x10°¢ 1.59
Best-range airspeed (mph) 320 289 1.11
Minimum fuel flow (Ib/hr)* 1.214 1.221 1.00
(gph)® 180 181 1.00
Maximum endurance (h) 8.8 8.0 1.09
Fastest airspeed (mph) ) 775 698 111
Shortest TO run (ft)* 3.025 2,580 0.85
Ceiling (ft) 49.500 49,980 1.00
Steepest climb angle (deg) 15.2 149 1.02
Fastest climb rate (fpm) 7.320 6.454 1.13
Fastest climb to 30,000 ft (min)* 7.4 8.4 1.14
Maximum load factor (g’s) 5.3 52 1.02
Fastest turn (deg/s) 15.1 16.7 0.90
Tightest turn (ft)* 876 720 0.82

2The smaller the value, the better the performance.
>The relative performance of Aircraft 4 with respect to Aircraft B: Aircraft 8 is the baseline aircraft.

In calculating the maximum-payload range, Aircraft 4 uses the given maximum
payload weight of 3,050 Ib with a corresponding fuel weight of 7,750 Ib. Aircraft B
uses the maximum payload weight of 2,145 Ib and a corresponding fuel weight of
7,701 1b.

Looking down the second and third columns of Table 9-1, we see that Aircraft 4
appears to be better than Aircraft B in most areas of performance. The last column,
entitled “Relative Value,” is a quantitative measure of the relative performance of
Aircraft 4 with respect to Aircraft B, using the performance of B as the baseline.
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In level and climbing flight, the superiority of Aircraft A is quite apparent, par-
ticularly with respect to the maximum range and the maximum-payload range.
Aircraft B, on the other hand, has an 85 percent shorter take-off run, by virtue of
its lower wing loading, and a 10 to 18 percent better turning performance (without
consideration of stall speeds) by virtue of its lower span loading.

Aircraft B's performance is penalized by its 23 percent larger wing area. leading
directly to a 23 percent larger equivalent flat plate area (SCpy), if we assume identi-
cal Cpo’s as we have, and by its 119, larger operational empty weight fraction (0.59
versus 0.54). If the wing span of Aircraft 4 were to be increased to 49.38 ft, then
the span loading would decrease and become equal to that of Aircraft B, as would
the turning performance. Decreasing W/b would also improve the range per-
formance of Aircraft 4 even more, with the exception of the best-range airspeed,
which would decrease by about 5 percent. The best v(lay to decrease the take-off
run of 4 would be to increase the lift coefficient rather than increase either the wing
area or the thrust, which would increase SCp, in the first case and the engine
weight (and thus the gross weight) in the second. The performance of Aircraft B,
with the exception of the take-off run, can be improved by simply reducing its
wing area.

If we could have only one gross figure of merit to use in the evaluation and
comparison of turbojet and turbofan aircraft, it might well be the product of the
span loading (W/b), the equivalent flat-plate area (SCpo), and the operational
empty weight fraction (OEW/W). This product reduces to the product of the
equivalent flat-plate area and the operational empty weight span loading (OEW/b),
a new parameter. The expressions for this single GFOM are

GFOM = (%—V) (SCpo) <OE—W>

w (9-16a)

OEW

or GFOM = =Y
( b )(SC"") (9-16b)

When using the GFOM, the smaller the value is, the better the performance. This is
the opposite of the majority of the FOM’s.
For our two aircraft, 4 and B, the relevant parameters and the GFOM are:

Relative
Aircraft A Aircraft B Value*

W/b (1b/ft) 5247 4759 091
SCpp (ft?) 493 6.08 1.23
OEW/W 0.54 0.59 1.09
OEWY/b (1b/ft) 283.5 280.7 0.99
GFOM 1,397 1,707 1.22

“With Aircraft B as the baseline, the larger the relative value,
the better the relative performance of A.
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Looking at these figures above, we see that the GFOM for Aircraft A4 is of the order
of 20 percent lower than that for Aircraft B, which is reflected in the value of 1.22
for the relative value. If we look at the numbers making up the GFOM, we see
that the larger span loading of Aircraft 4 is compensated for by the smaller OEW/W
fraction, so that the OEW/b ratios of both aircraft are essentially equal. Therefore,
it is the 23 percent larger SCp, (in this case, due to the larger wing area alone) that
leads to the larger GFOM for Aircraft B.

Comparing the GFOM with the Relative Valuies of Table 9-1, we see that the
GFOM is definitely a “gross” (a rough or order of magnitude) figure of merit and
that it is primarily a measure of the relative performance with respect to level flight,
particularly the range. Although it provides no details on comparative perfor-
mance, the GFOM approach is quick and easy to use. Furthermore, it emphasizes
the importance of the new design parameters that have appeared in this chapter,
namely, the span loading (W /b), the equivalent flat-plate area (SCp,), the operational
empty weight fraction (OEW/W), and the operational empty weight span loading
(OEW/b).

9-4 PISTON-PROPS
AND TURBOPROPS

Although the figure of merit (FOM) expressions to be developed in this section for
piston-prop aircraft will be applied to all propeller-driven aircraft, it may be
necessary at times to consider the type of power plant being used. The four types
of propeller power plants in current use are the aspirated piston-prop, the turbo-
charged piston-prop, the straight turboprop, and the derated (or flat-rated) turbo-
prop. The power delivered by the aspirated piston-prop and the straight turboprop
immediately starts to decrease with an increase in altitude (or a decrease in the
atmospheric density), whereas that delivered by the other two propulsion systems
remains constant up to the critical altitude, usually of the order of 20,000 ft or less,
before starting to decrease. When using FOMs, the distinction among power
plants is normally required only when comparing aircraft with different types of
power plants or in considering changes in the design characteristics of an aircraft.

The development of this section will parallel that of the turbojet section. The
propeller efficiency 7, is an additional parameter to be estimated or back-
calculated, along with Cpo, e, and ¢ (the horsepower specific fuel consumption). As
each of the propeller FOM expressions is developed, you may wish to compare it
with the corresponding turbojet expression. It is interesting to see how the various
aircraft characteristics affect the performance of the different classes of aircraft.

The units for the best mileage are statute miles per pound of fuel (mi/lb) and may
be converted to miles per gallon by multiplying by 6 1b/gal for piston-props using
gasoline and by 6.75 1b/gal for turboprops using jet fuel. The complete expression is

dXo _3751,E,
—dW W (9-17a)
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The FOM expressions, in mi/lb, are:
dXe 330n, [e(AR)T“"

—dW W | Cpo 9-17b)
o d Xor =A330'7" ( e )“2
—dW  W/b)\SCpo (9-17¢)

The absence of the density ratio in any of these expressions indicates that the
mileage is independent of the altitude. Remember, however, that the specific fuel
consumption does decrease slightly with altitude within the troposphere.

The maximum range, expressed in statute miles (m1) is given by the Breguet
range equation, namely,

Xy =

375 Em 11 MR
¢

(9-184a)

Approximating the In MR by the fuel weight fraction (W;/W), the FOM expres-
sions, in miles, are

der
Xy = W,
b <—dW> ! (9-18b)
or Xom 330m,,( W,/W)[e(AR)T/2
C CDO (9-186‘)
1/2
or Xb,:M( L)
C(W/b) SCDO (9-18d)

where, for maximum range, the fuel weight is the maximum usable fuel that can be
loaded aboard the aircraft.

The maximum-payload range is simply the best mileage multiplied by the maxi-
mum payload weight and by the corresponding fuel weight, which, in 1b-mi, is

d X,
XPLvmax ( : > WPL rmax X Wf

daw (9-19)

where the best-mileage value is obtained from one-of the Eq. 9-17 relationships
and where

W, =(W—OEW)=Wp,__ =W

max useful

— WeL

The best-range airspeed, in miles per hour, is

172 1/4
1, =0.68 [2(W/ 5)} [ﬁ
PsLO CDO (9-20(1)

The FOM expressions, in mph, are

T
o e(AR)Cpo (9-2056)
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B (Lv/b) 12 1 13
or Vbr—ls[ . j| |:L’(SCDO)] (9'20(’)

These expressions are identical to those for a turbojet with the exception of the
smaller multiplier, which reflects the fact that the propeller-aircraft airspeeds are
approximately 76 percent of the corresponding turbojet airspeeds. Remember that
most of the propeller aircraft, particularly the slower ones, cruise at airspeeds
higher than the best-range airspeeds in order to reduce the flight time.

The minimum fuel-flow rate, in pounds per hour, is given by

de _ CVW
dt Jomin 0.866 x 375 x17,E,, (9-21a)
2W/S) 12/ K \'*
V=Ve =068 =——
Where Pmin [ psLo J 3Cho (9-215)

The units of V are mph.
The FOM expressions, in 1b/h, are

AWy 0042w [(W/S |2 | Cpo |
dt Jomn s o [e(AR)T? 9-21¢)
aw; _0.043 (Wb "2 [SCpo\'/*
o & Jun L o e’ 9-21d)
The maximum endurance, in hours, is simply
w
=——_———InMR
o = AW, i (9-22a)

With the In MR replaced by its approximation, W,/W, the corresponding FOM
expression is

Lonax = i

" (AW dt)min (9-226)

where W} is the maximum fuel weight and the value of (dW;/dt)mr is obtained from
one of the preceding equations.

There is no closed-form solution for the fastest airspeed of a piston-prop. (It
can be found by an iterative solution of Eq. 6-19.) Consequently, there is no analytic
expression that can be used as the complete expression. However, with the not
unreasonable assumption that the drag due to lift at the fastest airspeed is of the
order of 10 percent of the total drag, that is, Cp=1.1Cpo, the approximate fastest
airspeed can be found from the solution of

TV =DV
and 550 ,(HP)=4ps o V3SCp
so that, in mph,

2 x sson,,(HP/S)]”

V...=0.68
|: 1.1psLoCpo
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The corresponding FOM expressions, in mph are

v 5o [n,,(HP/Wx W/S)]”’

0 Cpo (9-23]7)
1/3
or Ve = 50 [ﬁ"(—m)l}
(SCpo) (9-23¢)

With turbocharged piston-props and derated turboprops, the fastest airspeed will
increase with altitude, reaching a maximum at the critical altitude.
A complete expression, in feet, for the minimum take-off ground run is

3 2.44 [ w/S L5
550,90 ' *(HP/W) | PsLCLmax. 10 (9-24q)
The FOM expressions, which are awkward, are
de 1.2 WS \15
1,0 " S(HP/ W)\ Crinar 1o (9-24b)
1.2w2s
or =T s is
Nyo I_XF'(SC‘Lmax,TO) ’ (9’24(')

One complete expression for the approximate maximum ceiling, in feet, is

_2x30500 [325n,,(HP/W)E,,,}

he

3 oV (9-25a)

where HP/W and V are sea-level values and V, in mph, is found from Eq. 9-21b
with o equal to unity, and where o, is the critical altitude density ratio for turbo-
charged engines or derated turboprops. For aspirated engines and straight turbo-
props, set o, equal to unity.

The FOM expressions, in feet, are

he=20,000 In [32'7P(HP/ W) [e(AR)P}”“
oe(W/S)'? | Cpo (9-25b)
or h. =20,000 m{ 321,(HP) ( 23 )uj »
Ucr(W/b)l.S SCDO (9-256‘)

These are not simple expressions, unfortunately, but they do give insight into the
effects of physical characteristics upon the ceiling. If a given service ceiling is to be
used to back-calculate or to verify any of the parameters, use Eq. 6-27, which is
repeated here for convenience.

’ _[1.1550w VJZ“
T L(P/W)E, (9-26)

where V is given by Eq. 9-215.
The steepest climb angle occurs at sea level and its approximate value, in degrees,
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is given by
. . - Jps[550n,(HP/W)]?
Y max = ArC sin
8 K(W/S) (9-27ua)
where the arcsin is in degrees.
The FOM expressions, in degrees, are
¢(AR) R
Ymax = 1:600 HP/W)1*
e[n,(HP)]?
T max = 1’600 TV
or { W(W/b) (9-27c)

Do not forget that the corresponding airspeed may be less than the stall speed.
The fastest climb (maximum rate of climb) also occurs at sea level, and the
complete expression, in fpm, is

(R/C)max =60 [SSOUP(HP/W)— LaTy }

0.866E,, (9-28a)

where V, in mph, is given by Eq. 9-215.

The FOM expressions, in fpm, are:
CDO 1/4
_ _ 1/2
(R/C)max =60 [SSOWP(HP/W) 22(W/S) {[e(AR):P} 9-285)
33,000 L5 [SCpo\'"*

or (R/Chmax ==~ [n,(HP) 0.04(W/b) ( e 9-28¢)

These are not as simple as we would like them to be, but the second term can be
significant.

The minimum time to altitude is obviously related to the fastest climb. An empiri-
cal relationship that uses the fastest climb values or expressions of the preceding

paragraph is, in minutes,
t —_—I-I_- ex 1_1 — 1
" R/ Can L T \H (9-29)

where A is the specified altitude in feet and A is an empirical constant that has two
values, 15,250 for aspirated engines and straight turboprops and 61,000 for turbo-
charged engines and derated turboprops. This expression is valid for constant-
throttle climbs only and should not be used for climbs to altitudes approaching
the ceiling.

The maximum load factor attainable in steady-state level flight occurs at sea level
and is given (in ¢'s) by

pSL[SSOU,,(HP/W)]ZE,,,}‘”

KWw/S)

Hipax =0.687 { 0-300)
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The FOM expressions are:

Rmay =8.5 <['7”(HP/W)]Z {[e(AR)]J}l/2>1/3

w/S Cho (9-30h)

o 8.5 {[ Hp ]2 e} 1/2Y1/3
r Hmax = 5577 n ( ) < ) }
W/b i SCDO (9'30(’)

The fastest turning rate in steady-state level flight occurs at sea level and can
be expressed in degrees per second as

57.3 x550 x pSLO'g(HP/W)
4 K(W/S) (9-31a)

Zmax:

The FOM expressions, in deg/s, are
_ 1,9001,(HP/W)e(AR)

“max

wJS (9-31b)
o , _ 1900n,e(HP)
m T (W b)? (9-31¢)

The tightest turn (minimum-radius turn) for steady-state level flight also occurs
at sea level and can be expressed, in feet, as

12.3[ K(W/S) ]z

Fmin = ——
g L550psLn,(HP/W) (9-32a)
The FOM expressions, in feet, are

2

Fmin =0.023 [J/ih]
e(AR),(HP/W) ' 9-32b)

2 72
or Imin =0.023 l: (W/b) }

n,e(HP) (9-32¢)

A w.ith th.e turbojet, do not forget to check the actual stall speeds against the
theoretical airspeeds for both fastest turn and tightest turn.

9-5 A PISTON-PROP
COMPARISON

In this section, we shall use the FOM’s to compare two single-engine turbocharged

piston-prop aircraft. One will be designated as Aircraft C and the other as Aircraft.
D. The relevant data from Jane's are:
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Aircraft C Aircraft D

Weight W (Ib) 4,000 3,600
Wing area S (ft?) 175 174.5
Wing span b ([t) 36.75 3275
Horsepower, HP 310 300
OEW (Ib) 2,287 2,065
Maximum payload:

No. of passengers 6 (1,200 Ib) 6 (1,200 Ib)

Baggage (Ib) 240 200
Maximum fuel W, (Ib) 540 564
Stall speed (mph) 67 69.5
Critical altitude (ft) 12,000 12,000
Service ceiling (ft) 27,000 N/A

Notice that the critical altitude for the engines is only 12,000 ft, indicating light
turbocharging. However, these aircraft are not pressurized; consequently, all
occupants would have to wear oxygen masks whenever the cruising altitude
remained above 12,000 ft for more than an hour. If the aircraft were pressurized,
we might expect the critical altitude to be higher, as would be the ceiling.

Since the aircraft are similar, the missing data will be estimated and the same
values used for each aircraft. The following values will be given to the missing
data: 0.025 for the zero-lift drag coefficient, 0.85 for the Oswald span efficiency,
0.8 for the propeller efficiency, and 0.5 Ib/h/hp for the horsepower specific fuel
consumption.

The additional groupings and parameters, to include a gross figure of merit
(GFOM), are:

Aircraft C Aircraft D
W/S (1b/ft?) 229 20.6
HP/W (hp/lb) 0.078 0.083
AR 772 6.15
E, 14.36 12.81
Useful load (Ib) 1,713 1,535
W/b (Ib/ft) 108.8 109.9
SCpo (ft?) 4.38 4.36
OEW/W 0.57 0.57
OEW/b (Ib/ft) 62.2 63.0
GFOM 2721 2747
Clmax, TO 1.38 .19
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According to the GFOMs, the range performance of these two aircraft should be
very close to each other. The individual FOMs are shown in Table 9-2, along with a
column showing the relative performance of Aircraft C with respect to Aircraft D.
As we look down the columns, we see that there are no truly significant differences
in performance with the exception of the maximum-payload range, which indicates
that Aircraft C has twice the payload range of D. If we look more closely at the
original data, we see that the manufacturer of Aircraft D is showing a maximum
payload weight (6 passengers and 200 Ib of baggage) that is only 40 Ib lighter than
that of Aircraft C, and yet D has a 178 Ib smaller maximum useful load, in other
words, 138 Ib less fuel. With a maximum payload, Aircraft C has 273 Ib of fuel and a
range of 587 mi, whereas Aircraft D has only 135 Ib of fuel and a range of only
286 mi, half that of Aircraft C. ’

TABLE 9-2
Comparative Evaluation of Two Single-Engine Turbocharged Piston-Prop Aircraft

Relative

Figure of Merit Aircraft C Aircraft D Value®
Best mileage (mi/lb) 2.15 2.12 1.12
(mpg) 129 12.7 1.12
Maximum range (mi) 1,160 1,200 097
Maximum-payload range (Ib-mi) 8.8 x 10° 40x10° 2.11
Best-range airspeed (mph) 113 113 1.00
Minimum fuel flow (1b/h)* 46.4 470 1.01
(gph)?* 7.7 7.8 1.01
Maximum endurance (h) 116 12.0 0.97
Fastest airspeed (mph) 192 190 1.01
Shortest TO run (ft)* 1,295 1,350 1.04
Ceiling (ft) 24,250 23,200 1.05
Steepest climb angle (deg) 17.9 18.0 1.00
Fastest climb rate (fpm) 1,460 1,510 0.96
Fastest climb to 25,000 ft (min)? 21.3 25.7 0.96
Maximum load factor (¢’s) 22 22 1.00
Fastest turn (deg/s) 340 320 . 1.06
Tightest turn (ft)* 717 80.1° 1.12

*The smaller the value, the better the performance.

®The relative performance of Aircraft C with rspect to D: Aircraft D is the baseline aircraft.

9-6 A STRAIGHT
TURBOPROP COMPARISON

In this section, we shall compare two twin-engine aircraft, similar in size and
mission and equipped with straight (not derated or flat-rated) turboprop engines.
One will be designated as Aircraft £ and the other as Aircraft F.
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The retevant data from Jane's are:

Aircraft E Aircraft F

Weight W (Ib) 9.000 10.325
Wing area S (ft?) 229 266
Wing span b (ft) 427 46.7
Total ESHP (eshp) 1,240 1,400
OEW (lb) 4976 6,733
Maximum payload:

No. of passengers 7 (1,400 1b) 7 (1,400 1b)

Baggage 400 600
Maximum fuel (ib) 2,578 2,592
Stall speed V; (mph) 96 94
Service ceiling ({t) 31,600 32,800

The estimated values for the missing data are 0.22 for the zero-lift drag coefficient,
0.85 for the Oswald span efficiency, 0.85 for the propeller efficiency, ‘ax’ld 0.55 for
the equivalent shaft horsepower specific fuel consumption. The remaining group-
ings and parameters of interest are:

Aircraft E Aircraft F

W/S (Ib/ft?) 393 38.8
HP/W (eshp/lb) 0.14 0.14
AR 7.96 8.19
E, 15.55 15.72
Useful load (Ib) 4,024 3,559

W /b (Ib/ft) 210.8 221.2
SCpo (ft2) 5.04 5.85
OEW/W 0.55 0.65
OQOEW/b 116.4 144.2
GFOM 587.2 843.6
CLimax. 10 1.67 1.72

There are differences in some of these parameters, and these differences are reflected
in the GFOMSs. The GFOM of Aircraft E is 40 percent lower than that of Aircraft F,
which should be an indication that the range performance of E might be of the
order of 40 percent better.

The individual FOMs are tabulated in Table 9-3 along with the relative values of
Aircraft E's performance with respect to that of F. We see that the performances
are generally comparable, except that E does have better mileage and ranges.



224 Figures of Merit for Selection and Design

TABLE 9-3
Comparative Evaluation of Two Straight Turboprops

Relative

Figure of Merit Aircraft E Aircraft F Value®
Best mileage (mi/lb) 0.99 0.88 1.13
(mpg) 6.7 59 1.13
Maximum range (mi) 2,560 2,280 1.12
Maximum-payload range (Ib-mi) 3.7x10° 2.7 x 108 1.35
Best-range airspeed (mph) 151 149 1.01
Minimum fuel flow (Ib/h)* 134 150 1.12
(gph)* 19.8 222 1.12
Maximum endurance (h) 19.2 17.3 1.10
Fastest airspeed (mph) 297 294 1.01
Shortest TO run (ft)? 1,170 1,110 0.96
Ceiling (ft) 32,100 32,800 0.99
Steepest climb angle (deg) 38.0 38.0 1.00
Fastest climb rate (fpm) 3,100 3,075 1.00
Fastest climb to 25,000 ft (min)* 20.0 20.6 1.02
Maximum load factor (g’s) 29 3.0 0.97
Fastest turn (deg/s) 38.0 39.0 0.97
Tightest turn (ft)? 56 54 0.96

#The smaller the value, the better the performance.

b . . .
.The relative performance of Aircraft £ with respect to Aircraft F; Aircraft Fis the base-
line aircraft.

Chaprer Ten

Effects of Wind on Performance

PROBLEMS

Rather than solve constructed problems, it is suggested that the person who is
interested in applying the techniques of this chapter to the comparative evaluation
of two or more competitive aircraft or to the examination of possible ways to
improve specific aspects of a particular aircraft actually do so for aircraft that are
of interest to him or to her. As mentioned in the text, sources of needed data
include Janels All the World's Aircraft, which can be found in many libraries,
“Aviation Week & Space Technology” (The Annual Inventory Issue is very good
for comparative data), “Flying” and other such aviation magazines, and manu-
facturers’ specifications and operating data.

A good exercise is to examine the FOMs developed for the aircraft in this chapter
with an eye to improving certain aspects of their performance without degrading
the good performance features. You may wish to develop FOMs for the illustrative
aircraft in the text as well as for Aircraft 4 through E that have been used in the
problems at the end of certain chapters.

10-1 INTRODUCTION

In all our performance analyses we have assumed a no-wind condition, which
means that we have assumed that the ground speed and the airspeed are identically
equal. This is a reasonable assumption in the design of an aircraft and in the
comparative evaluation of the performance of competing designs. Operationally,
however, the no-wind assumption is unrealistic. Not only is there usually a wind,
but its presence can strongly affect the performance of an aircraft. It affects take-off
and landing distances, climb speeds and climb rates, and cruising performance.

With respect to the latter, wind does not affect the endurance of either turbojets
or piston-props (and accordingly of turbofans and turboprops) because neither
the wind speed nor the ground speed appears, either explicitly or implicitly, in any
of the endurance equations. This means that the no-wind and with-wind maximum
endurance airspeeds are identical. It does not mean that the ground speeds and
airspeeds are identical, as can be seen from Eq. 2-7, which is repeated here, re-
arranged, and renumbered for convenience.

VW
V"_ViV‘“”V<1i V> (10-1)
In Eq. 10-1, V is the true airspeed, V,, is the x component of the wind velocity, and
the plus and minus signs denote a tailwind and a headwind, respectively. Since
the ground speed changes, the actual range will be affected but there is nothing
that can be done operationally to minimize the effects of wind other than by a
judicious choice of cruise altitudes. There will be no further discussion in this
chapter of maximum-endurance cruise.

Best-range cruise performance in the presence of a wind is another story, how-
ever, and most of this chapter will be devoted to its examination with special
emphasis on fuel consumption. We will develop analytic expressions that are
relatively simple and are based on the no-wind best-range airspeed of a particular
aircraft or class of aircraft. In the interests of simplicity, a parabolic drag polar is
assumed, cross-wind components are neglected, and only cruise-climb flight is
considered. Expressions for the best-range airspeed and relative range in the
presence of a constant headwind or tailwind component are derived individually,
first for turbojets and then for piston-props. These expressions are then used to
obtain common relationships for the relative flight time, the relative fuel con-
sumption, and the actual fuel savings. There will be a certain amount of repetition
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in the development of the equations in this chapter to avoid the need for frequent
back-referencing and to make the chapter relatively self-contained.

The chapter will close with a discussion of the effects of wind on other flight,
namely, take-off, landing, and climb.

10-2 CRUISE PERFORMANCE

10-2-1 Best-Range Conditions

For a turbojet aircraft, the governing equations for quasi-steady flight with a small
or zero climb angle are
ax _ 7

T=D, L=W, -—=V,

dt (10-2)

Since the fuel flow rate of a turbojet engine is proportional to the thrust, the weight
balance equation of the aircraft can be written as

—aw
=cT
a ¢ (10-3)

where ¢, the thrust specific fuel consumption, is assumed to be constant. If the
expression for the instantaneous range is obtained from Eqgs. 10-2 and 10-3, and
then integrated from start to end of cruise with both the lift coefficient and the
airspeed held constant, the resulting Breguet range equation is

V.E 1
X="1n{——
c “<1—c>

where E is the flight lift-to-drag ratio and {, the cruise-fuel weight fraction, is the
ratio of the fuel used during cruise to the gross weight of the aircraft at the start of
cruise.
At this point we will define a relative airspeed parameter n as
14

n=——

Vo o (10-5)

(10-4)

where W, the no-wind best-range airspeed, is given by

2W/S) |2 (3K
Vb,:[( /)] <K> =31y

PsLo C_Do

(10-6)

where V4 is the minimum-drag airspeed of the aircraft.
Using the relative airspeed parameter n, the lift-to-drag ratio can be expressed as

—_— n2
E=23{—
v <3n“+1>E"' (10-7)
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and the ground speed as

Iz
7 I M=
Vy=Vor <”i | ) Vol WF) (10-8)

br
where WF, the wind fraction, is the ratio of the wind speed to the no-wind best-
range airspeed.
Consequently, a generalized version of the turbojet Breguet range equation that
acknowledges the presence of a wind can be written as

v 23V, En(n+ WF) ( " | ( |
=3 X — — e
¢ U A (10-9)

Maximizing the range with respect to the true airspeed, by setting the first
derivative of Eq. 10-9 with respect to n equal to zero, yields the best-range con-

dition that
<nb, i%WF>‘
Hor =\ — =g o

Ay £ 2WF (10-10)

where the subscript br denotes the best-range conditions. When the wind fraction
is set equal 1o zero (the no-wind condition), i, becomes unity and the no-wind
best-range airspeed is that defined in Eq. 10-6, and the true airspeed and the ground
speed are equal. When the WF is not equal to zero, ny, is the ratio of the best-range
airspeed in the presence of a wind to the no-wind best-range airspeed. This ratio, or
relative best-range airspeed, is shown in Fig. 10-1 for various values of the wind
fraction. It can be seen that the increase in airspeed required for a headwind is not
only disproportionately larger than the decrease for a tailwind but also increases at
a rapid rate, whereas the airspeed for a tailwind levels off, approaching in the limit
the value of the minimum-drag airspeed.

If n is set equal to unity in Eq. 10-9, we can define X\, as the uncorrected best
range with a wind, where

3V E, 1
Hoow =" 1 WD) <1—c) (10-11)

When 7 is other than unity, Eq. 10-9 can be thought of as the range corrected
for wind and given the symbol Xy.. Obviously, when » takes on the appropriate
value of ny, for a given WF, X, becomes Xy... Defining the relative range R as
the ratio of Xy to Xy, for a given fuel weight, R can be expressed as

Re Xue _4 n? n+WF
T Xoww  \322+ 1)\ +WF (10-12)
When n=ny,, R represents the best relative range for a given fuel weight, that is,
the maximum improvement in range that can be obtained by correcting the no-

wind best-range airspeed. Figure 10-1 shows that the improvement in range with a
tailwind is slight, being less than 2 percent for a WF of 0.5 and calls for a 10 percent
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FIGURE 10-1

Relative best-range airspeed and best relative range for a turbojet

reduction in airspeed with an accompanying increase in the flight time. The
improvement in range with a headwind is appreciably larger but does not become
significant until the wind fraction becomes of the order of —0.3 or larger. For
example, with a WF of —0.4, a 6.4 percent increase in range can be obtained by
increasing the no-wind best-range airspeed by 22 percent.

It may not be possible or desirable to fly at the appropriate value of ny,. Figure
10-2 is a plot of the relative range as a function of the relative airspeed for various
values of the wind fraction, with emphasis on headwinds. Examination of the
headwind curves shows that (1) the relative range is relatively insensitive to the
value of » in the vicinity of ny,: (2) for larger values of the headwind fraction,
significant improvements in range can be attained for values of n less than ny, : and
(3) flying at values of less than unity introduces range penalties that increase
rapidly as the wind fraction increases. Looking at the single tailwind curve, we
see that decreasing the airspeed beyond the best-range point, say, to maintain a
block time, results in a rapidly increasing range penalty.

It must not be forgotten that the baseline for the relative range is the uncorrected
best range in the presence of a wind and not the no-wind best range. In order to
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FIGURE 10-2

Relative range as a function of the relative airspeed and wind
fraction for a turbojet.

compare the effect of the wind on the no-wind best range, multiply the relative
range by 1+ WF. Thus, a relative range of 1.25 for a headwind fraction of —0.6
indicates a corrected best range of 0.5 of the no-wind best range. If there were no
airspeed correction for the headwind, the relative range would be unity and the
actual range would be 0.4 of the no-wind best range.

Before examining the effects of an airspeed correction upon the flight time and
fuel consumption for a given range, a more practical operational situation, the
best-range conditions for piston-props will be developed. The relationships of
Eq. 10-2 are still valid, but the weight balance equation is

—dw _ P
. kn, (10-13)

where P, the thrust power, is the product of the thrust and the true airspeed, 1,
is the propeller efficiency, k is a horsepower conversion factor, and ¢ is the horse-
power specific fuel consumption, assumed to be constant. Combining equations
and integrating yields the Breguet range equation in the form

kn,E(1 £ WF) ( 1 >
== e

1=

X (10-14)

The definition of the relative airspeed parameter remains unchanged: however,
the no-wind best-range airspeed for a piston-prop is

2(W/S) 1/2 K 1/4_
Vbr_[ pSLG:‘ <C_DO> = (10-15)
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The lift-to-drag ratio can be written as

2 2
E=<4L> Ep
n+1 (10-16)
and the range equation in the presence of a wind becomes
2knpEqn+ WF) n 1
X= = n In -
¢ nt+1 1—¢ (10-17)

Maximizing the range with respect to » results in the best-range condition that

( 21y, + WF >’ @
Mo = 5o

2y +3WF p (10-18)
Again using the uncorrected best range for a given fuel weight'as the baseline, the
relative range is ’
9 < n n+ WF
n*+1/\1+WF (10-19)

Figure 10-3 shows both the relative best-range airspeed and the best relative
range as a function of the wind fraction, and Fig. 10-4 shows the relative range as a
function of the relative airspeed for several values of the wind fraction. Comparison
with Figs. 10-1 and 10-2 shows similar relationships with corresponding values for

Relative best-
range airspeed

4 __ _ __ Bestrelative
range

08—

L_l 1 l 1 1 1 l 1 ] L l 1 l L l 1 I J
-08 -06-04-02 0 02 04 06 08
{ Headwind) ( Taitwind)

Wind fraction {WF}

FIGURE 10-3

Relative best-range airspeed and best relative range for a
piston-prop.
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Relative range as a function of the relative airspeed and
wind fraction for a piston-prop.

the piston-prop generally lower than those for the turbojet. The airspeed limit for
an increasing tailwind is the minimum-power airspeed.

10-2-2  Flight Time and Fuel Consumption

The results of the preceding section will now be applied to a fixed range, such as an
airline route segment, in order to determine the effects of wind on both the flight
time (and thus the block time) and the fuel consumption. The relative flight time
(RFT) is defined as the ratio of the flight time with an airspeed correction to the
flight time using the no-wind best-range airspeed. An expression for the RFT
that is applicable to both turbojets and piston-props is

n+ WF (10-20)

Figure 10-5 shows the RFT as a function of the relative airspeed for various wind
fractions, again with emphasis on headwinds.

The relative fuel consumption (RFC) is defined as the ratio of the cruise-fuel
weight fraction with a corrected airspeed () to the cruise-fuel weight fraction with
the no-wind best-range airspeed ({,). The expression for the RFC, again applicable
to both turbojets and piston-props, is

f L

1—(1 =) R
RFC=S¢ = (1-<)

u Cu

(10-21)

ey

In Eq. 10-21, the value of R to be used in the exponent is obtained from Eq. 10-12
(or Fig. 10-2) for a turbojet and from Eq. 10-19 (or Fig. 10-4) for a piston-prop.
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Relative flight time as a function of the relative airspeed and
wind fraction.
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FIGURE 10-6

Relative fuel consumption as a function of the relative range
and the uncorrected cruise-fuel weight fraction.
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Relative fuel savings as a function of the relative range and the
uncorrected cruise-fuel weight fraction.

Figure 10-6 shows the RFC as a function of the relative range for two values of the
uncorrected cruise-fuel weight fraction: the larger the weight fraction, the greater
the actual range.

The fuel fraction savings AL and the actual fuel savings Wi are of greater interest
and significance than the RFC and can be found from the relationships

W .

Al = W ={,(1—-RFC)
where W, is the gross weight of the aircraft at the start of cruise. A negative Al
represents an increase in the fuel consumption rather than a savings. Figure 10-7
shows that the greater the range to be flown (the larger the {.), the larger the fuel
fraction savings are. In addition, Eq. 10-22 also shows that the heavier the aircraft
is at start of cruise, the greater the actual fuel savings.

In view of the similarity of the relative airspeed and relative range curves for
turbojet and piston-prop aircraft, no attempt has been made to develop specific
relationships for turbofans and turboprops. Instead, the turbojet and piston-prop
solutions will serve as upper and lower limits, respectively, using wind fractions
based on the manufacturer’s posted no-wind best-range airspeed. For turboprops,
the piston-prop solutions can be used with very little loss in accuracy, but turbofans
will require some judgment, based on the bypass ratio, as to the values to be used.

(10-22)

10-2-3 Conclusions and Examples

Since the endurance of an aircraft is unaffected by the wind, there is no need to
correct the no-wind airspeed for endurance. The range, however, is obviously
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affected by the wind, beneficially by a tailwind and adversely by a headwind. The
range can be improved by decreasing the airspeed for a tailwind and increasing it
for a headwind. An improvement in range translates into a fuel savings for a fixed
range, or into a payload increase.

With a knowledge of the magnitude of the tailwind or headwind component and
of the no-wind best-range airspeed, it is possible to determine the effects of a wind
upon the range performance along with the airspeed corrections to be made. For a
given wind fraction, a turbojet requires larger airspeed changes but achieves larger
improvements in range than do the piston-prop and turboprop. The turbofan falls
somewhere in between, depending upon the bypass ratio.

In the presence of a tailwind, the improvement in range (and fuel savings) is
small, being less than 2 percent for a wind fraction of +0.5 and is accompanied
by a 10 percent reduction in the airspeed. If the airspeed is to be reduced in order to
meet scheduled block times, the fuel consumption will also decrease until the
best-range airspeed for that particular tailwind is reached. Further airspeed
reductions, however, will progressively increase the fuel consumption.

In the presence of a headwind, relatively large increases in airspeed are required,
and the improvement in range is appreciably larger than that for a tailwind but
does not become significant until the wind fraction becomes of the order of —0.3
or larger. The increased airspeed also reduces the flight time and thus the block
time. For a given headwind and two different aircraft, the aircraft with the lower
no-wind best-range airspeed will experience a higher wind fraction, leading to
larger increases in both airspeed and relative range. In addition, the larger the
specified range is, the greater the fuel savings will be. For each wind fraction, there
is a best-range relative airspeed which yields maximum benefits but which may
not be operationally attainable. In such a situation, fly as fast as possible.

Let us now look at the range performance of a series of aircraft, ranging from a
large M 0.8 transport down to a single-engine piston-prop, in the presence of a
headwind. In the interests of uniformity, a headwind component of 106 mph and
an uncorrected cruise-fuel fraction of 0.3 will be used for all of the examples, whether
completely realistic or not. We shall use the appropriate equations, rather than
the figures, to obtain any values needed for our solutions. Remember that any
fuel savings obtained by correcting the airspeed for the wind effect can be ex-
changed for additional payload.

Let us first consider a wide-body turbofan with a no-wind best-range Mach
number of 0.8 (528 mph in the stratosphere) and a drag-rise Mach number of 0.85.
Long-range aircraft such as this one are characterized by high wing loadings and
high cruising altitudes, resulting in theoretical no-wind best-range airspeeds that
approach and even exceed the drag-rise Mach number. These high airspeeds not
only make it impossible to increase the airspeed to the best relative airspeed but
also tend to keep the value of the wind fraction low, even for the strongest winds.
For this aircraft, for example, the wind fraction is — 0.2 and the maximum relative
airspeed is 1.06. A wind fraction of —0.2 calls for an n, of 1.085 for a turbojet and
of 1.06 for a piston-prop. With an n of 1.06, the relative range for a turbojet is
1.009, and for a piston-prop 1.007. Making allowance for the bypass ratio, let us
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use a value of 1.008 for R. For a fixed range, the flight time will be reduced by
approximately 7 percent and, with our fuel-cruise fraction of 0.3, the reduction
will be 1.98 x 10~ 2. If the initial gross weight is 600,000 1b, the savings in fuel will
be 1,190 Ib (176 gal), or 0.6 percent of the uncorrected fuel consumption.

General aviation aircraft are characterized by lower wing loadings and lower
no-wind best-range airspeeds, shorter ranges, and much lower gross weights than
commercial aircraft. For example, a current corporate turbojet with a gross weight
of the order of 20,000 1b has a no-wind best-range airspeed of 463 mph and a
maximum cruise airspeed of 528 mph. Now the wind fraction is —0.23, and the
uncorrected best-range ground speed is 357 mph. With the appropriate value of
s, which is 1.10, the corrected best-range airspeed and ground speed are 509 and
403 mph, respectively, and the relative range is 1.014. For a fixed range, the flight
time is reduced 11 percent, and the fuel savings will be of the order of 69 Ib, or
1.2 percent of the uncorrected fuel consumption.

Now consider a twin-engine turboprop with a gross weight of 12,000 1b and a
no-wind best-range airspeed of 250 mph. The wind fraction is —0.42, and the
corresponding best relative airspeed is 1.16. Consequently, the corrected airspeed
and ground speed are 290 and 184 mph, respectively, and the relative range is
1.053. The flight time for a fixed range will be reduced by 22 percent, and the fuel
savings will be approximately 152 Ib, or 4.2 percent of the uncorrected fuel con-
sumption.

The final example is a single-engine piston-prop with a gross weight of 3,400 Ib,
a no-wind best-range airspeed of 156 mph, and a maximum cruising airspeed of
200 mph. The wind fraction increases to —0.68 so that n, is of the order of 1.33 and
the corrected airspeed should be 207 mph. Limiting the airspeed to the maximum
cruising value of 200 mph (a ground speed of 94 mph) reduces  to 1.28, and the
corresponding relative range is 1.3. The flight time will be reduced by 47 percent,
and the fuel savings will be 206 1b, or 22 percent, with an uncorrected cruise-fuel
fraction of 0.3.

Let us examine this last example in more detail in order to see what these savings,
corrections, and parameters really mean in a practical sense. First, a cruise-fuel
fraction of 0.3 is reasonable for a long-range aircraft but not for the low-perfor-
mance aircraft of this example. A more realistic value is 0.1, which for this aircraft
corresponds to a fuel load of 340 1b. Let us also assume that the aircraft has a
maximum lift-to-drag ratio of 16, a propeller efficiency of 85 percent, and a specific
fuel consumption of 0.5 Ib/h/hp. With no wind whatsoever and flying at 156 mph,
the range would be 1,075 mi with a flight time of 6.9 hours. With a headwind of

106 mph, maintaining the airspeed at 156 mph results in a ground speed of only
50 mph: the flight time does not change but the range is drastically reduced to
345 mi. If we fly this 345 mi at 200 mph, the flight time is cut almost in half, {rom
6.9 to 3.7 hours, and there will be 75 1b of fuel in the tanks at the destination. If all
the fuel is used, the range will be increased by 30 percent (the R of 1.3) to 448 mi.

We will close this section with a brief discussion of the assumptions leading to
this simplified and analytic approach. Neglecting the wind and crab angle effects
introduces maximum errors of the order of only 1.5 percent for a direct crosswind
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and a wind fraction of 0.5. A computer solution is required to properly account for
the effects of the other assumptions. The assumption of a constant headwind or
tailwind component ignores the variations of the wind velocity with range and
altitude. The variations with range can be handled by updating‘lhe wind fraction
and the resulting effects: treatment of the altitude dependence leads to trajectory
optimization. The assumption of a constant specific fuel consumption implie's
opgralion at the engine design point with a flat curve and ignores the off-design
point variation with altitude, Mach number, and thrust. The parabolic drag pol;r
assumption can only be considered valid up to the region of the drag-rise Mach
number and even then should be limited to aircraft of conventional design for
which the parabolic drag polar is applicable. -

10-3 OTHER FLIGHT

We are all aware of the operational practice of taking off and landing as directly
into the wind as possible so as to maximize the headwind, but we may not be
aware of how effective this practice is in shortening the take-off and landing rolls
For take-off the headwind has the effect of increasing the airspeed, increasing tht;
lift and drag, affecting the thrust, and reducing the time (and distance) required to
achieve the lift-off airspeed, which is determined by aerodynamic considerations
On landing, the headwind reduces the touchdown ground speed for a prescribe(i
touchdown airspeed.

Returning to Sec. 4-1, the simplified take-off equation can be rewritten as

w
r Wy dh
g dX (10-23)
which, when integrated from zero ground speed to lift-off, becomes
_ Vo
29(T/W) (10-24)

Using Eq. 10-1, the lift-off ground speed can be expressed as

Ve
Vao=VNo (1 tV—>

Lo (10-25)

where VL.O is the lift-off airspeed, determined by the techniques of Sec. 4-1, and we
have a wind fraction based on the lift-off airspeed. Expanding Eq. 10-25 gives

14 2
Vio=Wo’ {1 +2 7'”—+<£> :I
o \Mo (10-26)

Sincc'e take-off wind fractions are of the order of 0.3 or less, the square of the wind
fraction term can be neglected, leaving the approximation

Vo Vio? (1 +2 ﬁ)
LO

(10-27)
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Substituting Eq. 10-27 into Eq. 10-24 yields the expression

‘/1() I/w
(152 25) |
2(T/W) Vo (10-28)

where the minus sign is associated with a headwind and the plus sign with a tail-
wind. Comparing Eq. 10-28 with Eq. 4-3, we see that they are identical with the
exception of the wind factor 1 +2(V,/V.¢), which shortens the take-off roll for an
upwind take-off and lengthens it for a downwind take-off.

Similarly, we can show that the time to lift off in the presence of a wind can be
found from the expression

g(T/W) (10-29)

In Sec. 4-1, we found that a long-range subsonic transport with a T/W ratio
of 0.25 and a lift-off airspeed of 170 mph (260 fps) had a minimum take-off roll of
4,200 ft and an elapsed time of 32 seconds. If the component of the wind down the
runway has a magnitude of 30 mph (44 fps), the wind fraction is equal to 0.176.
Consequently, for a take-off into the wind, the take-off roll will be shortened to
2,722 ft, a 35 percent reduction, and the time to lift off is shortened to 26 seconds,
an 18 percent reduction. If, however, the pilot for some unknown reason decides
to take off downwind, the take-off distance increases by 35 percent to 5,678 ft and
the elapsed time increases 18 percent to 37.6 seconds.

The wind has a similar effect on the landing roll and elapsed time. In the example
in Sec. 4-1, the aircraft touched down at a stall speed of 108.4 mph (159 fps) and
had a deceleration factor of 0.4 ¢’s for a landing roll of the order of 5,000 ft with
an elapsed time of 12 seconds. With the same runway wind component of 44 fps,
the wind fraction becomes equal to 0.277. Landing into this wind reduces the
landing roll to 2,230 ft, a reduction of over 50 percent, and shortens the time of
roll to approximately 9 seconds. Landing downwind, on the other hand, increases
the landing roll and time to 7,770 ft and 15 seconds.

Before leaving the effects of wind on take-off and landing, we must remember
that all our analyses are simplified and approximate and have not considered the
impact of rotation phases, nonstandard-day temperatures and pressures, nor of
the requirements of the Federal Air Regulations (FARs) with respect to balanced
field lengths, etc. For example, in operational take-off and landing calculations, the
FARs state that only 50 percent of the reported headwind values can be used and
that 150 percent of the reported tailwind values must be used.

With respect to climbing flight, a detailed analysis of all the effects of wind is not
simple and not relevant to this book. We can say a few words about the subject,
however. First of all, a horizontal wind with a constant velocity will not affect the
rate of climb but will affect the climb angle and the horizontal distance traveled. A
headwind component will increase the climb angle, whereas a tailwind component
will decrease the angle. If the magnitude of the headwind or tailwind component
changes with altitude, which is normal. we speak of a wind gradient, which does
affect the climb performance. An increasing headwind during climb is called a
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positive gradient. A positive gradient will increase both the climb angle and the
rate of climb. Conversely, a negative gradient will decrease the climb angle and
rate of climb. Changes in the wind direction will change the magnitude of the
headwind or tailwind component and have the same effect as a gradient.

Sudden or rapid changes in the magnitude of the horizontal wind component,
either with time or with a change in altitude, are called wind shears. They usually
occur close to the ground, often on a final approach to a landing, are hard to
handle, and have been the cause of some major accidents. Vertical wind compon-
ents are transitory and can contribute to wind shear. The vertical components
often appear as gusts, which are oscillatory, usually in a random manner, and
manifest themselves as turbulence, which stresses both the aircraft and its occu-
pants.

PROBLEMS

10-1.  Aircraft D is scheduled for a 500-mi flight at the best-range airspeed at
15,000 ft.

a. Find the no-wind cruise fuel required (Ib and gal) and the associated
flight time (h).

b.: Do (a)at the same best-range airspeed but in the presence of a 30-mph
headwind component.

¢.  With the proper headwind correction, what will the new cruise air-
speed be? Find the fuel required and flight time and compare with
the resuits from (b).

10-2. Do Prob. 10-1 for Aircraft D, only this time the baseline airspeed will be the
no-wind 75 percent maximum power airspeed. Is this an improvement
over the best-range airspeed? /

10-3. Do Prob. 10-1 for Aircraft D but with a 30-Ihph tailwind.
10-4. Do Prob. 10-2 for Aircraft D but with a 30-mph tailwind.

10-5. Do Prob. 10-1 for Aircraft E at 20,000 ft for a range of 750 mph and with a
45-mph headwind.

10-6. Do Prob. 10-2 for Aircraft E with a 45-mph headwind.
10-7. Do Prob. 10-1 for Aircraft E with a 45-mph tailwind.
10-8. Do Prob. 10-2 for Aircraft E with a 45-mph tailwind.

10-9.  Aircraft 4 is flying at 25,000 ft at its best-range airspeed with 4,000 Ib of
fuel available for cruise. Use a sfc of 0.85 1b/h/Ib.

a. What is the best-range airspeed and how far can the aircraft fly (mi)
and how long will it take (h) with a no-wind condition?

10-10.
10-11.

10-12.
10-13.

10-14.
10-15.

10-16.

10-17.
10-18.
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b.  With a headwind component of 75 mph, do (a) without changing the
airspeed.

c. Correct the airspeed for the headwind. What is the new airspeed?
Find the range and time of flight using this airspeed.

Do Prob. 10-9 for a tailwind component of 75 mph.

Do Prob. 10-9 for Aircraft B flying at 30,000 ft at its best-range airspeed

and with 24,0001b of fuel available for cruise. Use an sfc of 0.8 Ib/h/lb

and do not exceed the drag-rise Mach number.

Do Prob. 10-9 for Aircraft B with a tailwind component of 75 mph.

Do Prob. 10-9 for Aircraft C flying at 35,000 ft at its best-range airspeed

or drag-rise Mach number, whichever is lower. The fuel available for

cruise is 150,000 Ib. Use a sfc of 0.70 1b/h/lb and a headwind component

of 150 mph.

Do Prob. 10-9 for Aircraft C with a tailwind component of 150 mph.

What effect will a 20-mph headwind have on the sea-level, standard-day

take-off performance of

a. Aircraft 4?
b. Aircraft B?
c. Aircraft C?
d. Aircraft D?
€.

Aircraft E?

What effect will a 40-mph headwind and a density ratio of 0.8 have on the
take-off performance of

a. Aircraft A7
b. Aircraft B?
c. Aircraft C?
d. Aircraft D?
e. Aircraft E?
Do Prob. 10-15 with a tailwind.
Do Prob. 10-16 with a tailwind.



Chaprer Eleven

Stability and
Control Considerations

11-1  INTRODUCTION

In our performance analyses and preliminary designs the aircraft has been treated
as a point mass, and no consideration has been given to whether or not it is flyable.
Obviously an aircraft that cannot be flown at all or cannot be flown inan acceptable
manner is of little value, no matter how excellent its theoretical performance
might be. In other words, in addition to meeting performance specifications, an
aircraft must meet flying (handling) quality specifications as well.

The term stability and control is customarily used in the examination and
description of the flying qualities of an aircraft. With an aircraft initially in equi-
librium, stability can be thought of as the response of the basic, or bare, aircraft
to a disturbance or to a specified input. Control can be thought of as the techniques
and hardware involved in shaping or modifying this response so that the aircraft
flies and maneuvers in an acceptable manner, acceptable being defined by the
operational requirements and specifications.

Since the study of stability and control can be quite complex and is definitely
beyond the scope of this book, the treatment in this chapter will of necessity be
sketchy and brief. The objectives are to impart an awareness of the significance and
possible implications of stability and control upon the design and performance
of an aircraft and to introduce the reader to some of the vocabulary. The emphasis
is primarily on longitudinal static stability, which deals with the sizing of the
horizontal stabilizer, the location of both the stabilizer and the center of gravity
of the aircraft, and the effects of these on performance.

Returning to stability, we differentiate between static stability and dynamic
stability. The test for static stability is to consider an instantaneous and small
displacement of the aircraft from a static (steady-state) equilibrium condition.
If the first motion of the aircraft is back toward the original equilibrium condition,
the aircraft is statically stable. If the first motion is away from the equilibrium
condition, in the direction of the displacement, the aircraft is statically unstable.
If the aircraft remains in equilibrium in the displaced attitude, i.e., does not move,
the aircraft is neutrally stable. At this point you may wish to return to Sec. 3-2 and
review the static stability of points I and 2 in Fig. 3-2.

To be dynamically stable, an aircraft must be statically stable; however, static
stability does not guarantee dynamic stability. Consider, for example, a statically
stable aircraft in level steady-state flight with its nose on the horizon. The nose is
suddenly displaced a few degrees above the horizon by a force that is just as

241
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suddenly removed. Since the aircraft is statically stable, the nose will initially move
toward the horizon. If the nose comes to rest the first time it reaches the horizon,
the aircraft is dynamically stable and its transient response is said to be overdamped.
If the nose oscillates about the horizon with an ever-decreasing amplitude so that
it eventually comes to rest on the horizon, then the aircraft is still dynamically
stable but has an underdamped transient response. If, however, the nose drops
below the horizon and does not come back up or if the nose oscillates about the
horizon with an ever-increasing amplitude, then the aircraft is dynamically unstable.
The basic criteria for dynamic stability are that, in response to a disturbance, the

resulting transient response disappears with time and that the aircraft returns to
its original equilibrium attitude.

11-2 EQUATIONS AND
COORDINATE SYSTEMS

Since we are now interested in the attitude of the aircraft, i.e, its rotational mode,
we must consider the moment equations as well as the force equations. In their
most general form, Newton’s laws of motion can be written in vector form as

F= J.adm (11-1)

and .A M—eradm (112)
where r is the vector moment arm from the point about which the moments are
taken to a particle mass. This point is generally the center of mass of the aircraft,
customarily referred to as the center of gravity or cg.

With the assumption of rigidity, an aircraft has 6 degrees of freedom; 3 are trans-
lational and the other 3 are rotational. Stability and control analyses use body
or Euler axes. They are similar to the wind axes that are used in performance
analyses except that they are fixed to and rotate with the aircraft. The attitude of an
aircraft with respect to the surface of the earth is described in terms of the three
angles that relate the body axes to the local horizon axes. These three angles are
called the Euler angles, have the symbols ©, y, ¢, and are respectively referred to
as the pitch angle, the yaw angle, and the roll angle.

Moments about the center of gravity, the cg, follow the right-hand rule. There-
fore, moments about the y axis, which are called the pitching moments, are positive
when the nose comes up. The moments about the z axis are the yawing moments
and are positive when the nose goes to the right. The moments about the x axis
are the rolling moments and are positive with a roll to the right.

In examining the stability and control of a rigid symmetrical aircraft, it is
customary to separate the 6 degrees of freedom into two groups of three each.
The first group is called the symmetric degrees of freedom, describes the longi-
tudinal motion of the aircraft, and comprises the x and z force equations and the
pitching moment equation. The second group is called the asymmetric degrees of
freedom, describes the lateral motion of the aircraft, and comprises the remaining
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three equations, namely, the y force equation and the yawing and rolling moment
equations.

11-3 STATIC STABILITY

For an aircraft to be in static equilibrium, the sum of all the forces and momf:nts
must be equal to zero. Consequently, the longitudinal static-equilibrium equations
are

F.=0 (11-3)
F.=0 (11-4)
M,=M=0 (11-5)
and the lateral static-equilibrium equations are
F,=0 (11-6)
M,=L=0 (11-7)
M. =N=0 (11-8)

The conventional notation for the rolling, pitching, and yawing mqments cal_ls
for script L’s, M’s, and N’s rather than the style used above, primarily to avoid
possible confusion with the symbols for lift and Mach number. . 3y

The vertical stabilizer on a conventional aircraft gives it inherent static st.ablh.ty
in yaw. If the aircraft is given a slight change in yaw so as .to proéuce a sxde§lxp
angle, the vertical stabilizer (part of the tail or empennage) will pr(')\.flde‘a restoring
moment that will swing the nose back toward its equilibrium position in the same
manner as the feathers of an arrow. An aircraft may or may not have inherent §tatlc
stability in roll. Actually, most aircraft are slightly unstable in roll, bo.th statically
and dynamically (this instability is known as spiral divergence), soas to improve th.e
Dutch Roll characteristics. Wing dihedral is helpful in increasing roll stability if
such is desired. S

Longitudinal static stability is of the greatest concern of the three since it is very
sensitive to the location of the center of gravity of the aircraft (and thus to the cargo
and passenger loading) and to the sizing and location of the horizontal stabilizer,
both of which affect the structure (and thus the aircraft weight) and the pf:rfor-
mance of the aircraft. Consequently, we shall spend most of this chapter looking at
longitudinal static stability and even then not in great detail.

11-4 LONGITUDINAL
STATIC STABILITY

The governing equation for longitudinal static stability is the pitching moment
equation, Eq. 11-5. The sum of the pitching moments can be written as

M =¢Se¢C,, (11-9)
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where C,, the pitching moment coefficient, is a function of the angle of attack (and
thus the lift coefficient) and is defined by the expression

M
Y (11-10)

In Egs. 11-9 and 11-10. S is the wing area, ¢ is the dynamic pressure (;p¥'?), and
¢ is the mean aerodynamic chord (mac), which is not necessarily equal to the mean
geometric chord that we used in our performance analyses. It is close enough in
value, however, for us to use the value of S/b for the mac in our examples and
problems.

The pitching moment coefficient is plotted as a function of the lift coefficient
in Fig. 11-1 for two different aircraft. When C,, is equal to zero, Eq. 11-5 is satisfied
and the aircraft is in equilibrium. We see that both aircraft have the same equi-
librium lift coefficient, Cy. If Aircraft 1 is pitched up by some disturbance, such as a
vertical gust, the immediate effect will be to increase the angle of attack and thus
Cl, say, to point B. For this new Cy the corresponding pitching moment is positive
(corresponding to point C), further increasing the angle of attack and C,, which in
turn increases C,, so that the nose comes up even farther, and so on. If no action
is taken by the pilot or by an autopilot, the aircraft will continue to pitch up until
it stalls. Aircraft 1 is statically (and dynamically) unstable.

If Aircraft 2 is disturbed in a similar manner to the same point B, the resulting
pitching moment at D is negative, producing a pitchdown of the nose and moving
the aircraft back toward Cp,. Aircraft 2 is statically stable, but not necessarily
dynamically stable. A disturbance that decreases C,, to point E by nosing the
aircraft down results in a negative C,, and a further pitching down for Aircraft 1,
an unstable reaction, and a positive C,, and pitchup for Aircraft 2, a stable reaction.

Cm
+Cino 1
C
0 o2
£ Cra [ Cp
D

"Cmo 2
FIGURE 11-1

The pitching moment coefficient C,, as a function
of the lift coefficient C,.
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Figure 11-1 can be used to establish a criterion for static stability 1/1({1 the ‘Y.I(f”"
of 111:' pitching moment curve be negative (dC,,,/dCL<0.). If thf: slope is p95{1|\'e
(Ach,,,/dC,‘>0), then the aircraft is statically unstable. Fmally, if the slope is Ler.o
(dCp/dC,=0), then the aircraft is neutrally stable. For an aircraft to be useful, it
must also have an equilibrium condition, which simply means that there mgsl be a
C; at which C,, is equal to zero. The curves of Fig. 11-2 show that the requlremem
for equilibrium adds the condition that Cy, be greater {/um zero. wlllere.CE? is
the pitching moment coefficient when Cp is zero. (Cpo is the zero-?xft pitching
moment coefficient.) When the pitching moment curve can be approxxm.ated by a
straight line, it can be represented by the equation for a straight line, written as

dCn,
szcmo'*'ECL (11-11)

The two principal contributors to the pitching moment of a .convent.iongl
aircraft are the lift of the wing and the lift of the horizontal §tab1}’1z§r, which is
usually a tail. For aircraft without a horizontal stgbilizer (“tailless alrcraf't), t.he
pitching moment of the wing about its aerodynamic center (a(f) can be of_ 51gn.1ﬁ-
cance. The drag of the wing and of the tail can be neglected toa h.rst approximation
as can the pitching moment of the tail about its aer.odynamlc center and any
pitching moments generated by other elements of the aircraft, such as the fuselage,
engine nacelles, and engine thrust. .

Figure 11-3 shows the major pitching moments about'the cg of the aircraft, to
include the wing’s pitching moment about its aerodynamic cente?r, Mac. The angle
of attack of the wing is assumed to be sufficiently small so that its sine can be set
equal to zero and its cosine equal to unity. The distances to the aeroc?ynamnc center
of the wing and to the cg of the aircraft are measured from the leading edge of the

o \\

~Cimo

CL

FIGURE 11-2

Equilibrium for a statically stable aircraft as a
function of Cpo-
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FIGURE 11-3

Major pitching moments from wing and tail.

Yo

mac (which is located and marked on the fuselage reference line) and are positive
to the rear. This figure shows the horizontal stabilizer to the rear of the cg and
called a tail; this is the conventional location. The horizontal stabilizer can be
mounted ahead of the cg, in which case it is called a canard. Orville and Wilbur
Wright used a canard, and canards are reappearing on certain modern aircraft.
Tail, and canard, lengths are measured from the cg to the ac of the horizontal
stabilizer.
Summing moments about the cg yields the following equation:

M =q,,54¢Cp=Mac+ L(xcg — xo0)— Ly, (11-12)
Dividing through by ¢,S..¢ leaves the expression for the pitching moment co-
efficient as
Con=Conac+ (ﬁ - x—) Cr,— ("-) (&) L
c ¢ gw) \Swc/) (11-13)
t

The Cnac of the wing is independent of the angle of the attack, and thus of the
lift coefficient. It is zero for a symmetrical-airfoil wing, negative for a wing with
positive camber, and positive for a wing with negative camber. The dynamic
pressure of the tail can be less than that of the wing due to wing wake, slipstream,
etc. The ratio of ¢, to g, is called the tail efficiency and is given the symbol »,.
Every attempt is made to keep it as close to unity as possible. The ratio of S,/,
to S,.c is called the rail volume coefficient, given the symbol Vy, and is of the order
of 0.6 for a conventional subsonic transport. For a canard, this ratio would ob-
viously be called the canard volume coefficient and would have a smaller value.

The slope of the pitching moment curve with respect to the lift coefficient of
the wing can be written as

ACn (X Xac) () . dn
ac, \¢ ) \a)""" (11-14)

where a,, is the slope of the wing lift curve and a4, is the slope of the tail lift curve.
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Since Cpac is independent of Cy,,, it does not appear in Eq. 11-14 and therefore
has no influence on the stability. The first term on the right-hand side of Eq. 11-14
reveals the importance of the cg location with respect to the ac of the wing. When
the cg is behind the ac, x¢, > X, the term is positive and thus destabilizing. If the cg
is ahead of the ac, x., <x,, the term is negative and stabilizing. The slope of the
pitching moment curve and the cg location, expressed as a percentage of the mac,
have a one-to-one relationship. If x,/¢ is increased a tenth (the cg is shifted 0.1¢ to
the rear), the slope becomes a tenth more positive and correspondingly less stable.

The second term on the right-hand side represents the contribution of the
horizontal tail to the static stability of the aircraft. The first factor is the ratio of
the slope of the tail lift curve to the slope of the wing lift curve. If the tail is aero-
dynamically similar to the wing, this factor is unity. [For large aircraft the aspect
ratio (AR) of the tail is usually less than that of the wing so that this factor is a
little less than unity.] The next two factors are the tail efficiency and the tail volume
coefficient: they have already been mentioned. The remaining factor in this term is
the derivative of the tail angle of attack with respect to the wing angle of attack,
namely, du,/d,,, which will be shown in the next paragraph to be always positive.
Consequently, since all the factors are positive and the sign of the term is negative,
the contribution of the horizontal stabilizer is always negative and stabilizing if it
is located behind the cg (a tail) and positive and destabilizing if ahead of the cg
(a canard).

The incidence angles of the wing and tail, i,, and i,, are the angles that their mean
chord lines make with the fuselage reference line. The downwash angle € is the
change in the relative wind direction as it passes over the wing. From the relation-
ships shown in Fig. 11-4, the angle of attack of the tail can be written as

=ty — 6+ = (11-15)
Therefore,

do, de

du,, di,, (11-16)

and Eq. 11-14 can now be written as

de_<ﬁ_x_ac>_<l_ de a v
ac., \7 T dr,)\a, )" H (11-17)

Relative
wind

FIGURE 114
The tail angle of attack relationships.
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The downwash angle can be expressed as

de
E=to+

%y
dr, " (11-18)
where ¢, is the zero-lift downwash angle: it is small and is equal to zero for a
fl);mrn.etric;":hairfoil wing. The slope, di/dx,,, is a complicated relationship among
€ wing characteristics an i ati ai is alway itive
Al of s haracteriscs O.ds‘the size and location of the tail. l} is always positive
If we express the tail lift coefficient as the product of its lift-curve slope and its
angle of attack, Eq. 11-13 can be rewritten as

X X
Con = Crnac + <¥ - __§> Cr—MVyao,
¢ ¢ (11-19)
where g, is defined by Eq. 11-15.
c Xn'addi(tiion to; negative pitching moment slope, an aircraft must have a positive
mo I Order to have an equilibrium condition. Setting ;. eqgual t i
11-19 and making use of Eq. 11-15 yields & G caual o zeroin £q

Cmo =Cmac_’71 VHat({wa'—EO'*'ir_iw) (11'20)
Without a horizontal stabilizer C,,, has a fixed value, namely, the value of Cpae

which is established by the wing camber. If the wing airfoi ion i i
. g airfoil section is symmetrical
then Cpac =00 =8, =0 and Eq. 11-20 reduces to ’ e

Cmo__'r]tVHat(iw*it) (11'21)
for an aircraft with a tail. We see that the tail may be needed to provide a suitable
C,,,o‘an'd that its value may be controlled by varying the incidence angle of the tail
Changing Cy, by changing i, does not affect the slope of the pitching momeni
lc;;;vc;,la;d thus the stability, but does shift the equilibrium Cy, as can be seen in

Returning to Eq. 11-11, the general form of a straight-line pitching moment
curve, Gy, can be found from Eq. 11-21 (or 11-20), and dC,,/dC,, from Eq, 11-19.

+

%

\ “
\ i, = —5deg

=0
i, = +5 deg

FIGURE 11-5

The static equilibrium condition as a function of the
incidence angle of the tail.
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The wing characteristics are determined by the wing design and the cg location
by the operational requirements. The horizontal stabilizer is then used to obtain
the desired stability or the desired equilibrium condition, or both. Table I1-I
shows some possible wing-stabilizer combinations along with one possible tailless
configuration.

Horizontal stabilizers normally have svmmetrical airfoil sections. as they have
to generate negative as well as positive lift, and lower aspect ratios than wings, of
the order of 4, primarily for structural and aeroelastic reasons. For most subsonic
aircraft the ac of the wing is located in the vicinity of the quarter-chord point,
that is, x,c=0.25¢. As an aircraft becomes supersonic the ac moves toward the
trailing edge.

Let us use the equations that we have developed in a numerical example, using a
conventional subsonic aircraft with a wing loading of 100 Ib/ft*, a symmetrical
wing with a sweep angle of 35 deg, and an aspect ratio of 8. The horizontal stabilizer
has a symmetrical airfoil section, an aspect ratio of 4, and the same sweep angle as
the wing, a customary design practice. The tail volume coefficient is 0.6, a typical
value. The design cg is located 0.47¢ behind the leading edge of the mac, that is,
Xeg/ ¢ =0.47.

Let us first find the slope of the pitching moment curve and see if the aircraft is
statically stable. We will assume the tail efficiency to be unity and de/dx,, to be
0.33, a typical value for cruising flight. Using Eq. 2-9, we find the lift-curve slopes
of the wing and tail to be 0.07 per degree and 0.06 per degree, respectively. Sub-
stituting values into Eq. 11-17, we get, with x,¢/c=0.25,

dC 0.06

" — —(1-0.33 — .
ac, 047-025)—-(1 0.3_)x(0'07>x1x06
dcC,,
—=-0.12
dc,,

TABLE 11-1
Wing-Horizontal Stabilizer Combinations

CG Location Wing Characteristics Stabilizer Purpose
I. Behind ac, ie., a. Positive camber a. Provide+ Co and
Xeg— Xac>0 Crmac<0 negative slope.
and wing alone is unstable. b. Negative camber b. Provide negative slope
Crac>0 only.
c. Zero camber c. Same as (a).
Crac =0
2. Ahead of ac, ie., a. Positive camber a. Provide+Cpp,.
Neg = Xae <0
and wing alone is stable. b. Negative camber b. None.
(tailless)
¢. Zero camber c.  Same as l(a).
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Since the slope is negative, the aircraft is statically (but not necessarily dynamically)
stable.

If the aircraft is designed to cruise at M 0.8 at 36,000 ft, let us find the C,, re-
quired for equilibrium. The equilibrium C, is

o J2WS) o 2x100

= = - =0473
LT psia VT psL x0.297(774)°

Setting C,, =0, the equilibrium condition, in Eq. 11-1, we find
0=Cno—0.12x0.473
so that C,,=0.057. But from Eq. 11-21,
' 0.057 =1 x 0.6 x 0.06(i,,— i,)
and iw—I =158 deg

If the fuselage reference line (FRL) is horizontal and we would like the aircraft
to be level in cruise so that the flight attendants will not have to push the beverage
carts uphill, then the wing incidence angle should be set equal to the cruise angle
of attack. With the cruise C; equal to 0.473 and a,,=0.07, the cruise angle of attack

is 6.76 deg. Thus, i, is set equal to 6.76 deg, and the tail incidence angle should be
set equal to

i;=6.76—1.58 =5.18 deg

The angle of attack of the tail can be found from Eq. 11-15, using Eq. 11-18 to
find ¢, to be

#,=6.76 —(0.33 x 6.76)— 1.58) =2.95 deg

The tail lift coefficient is 0.06 x 2.95=0.177. ‘
We shall develop this example further after we examine other aspects of longi-
tudinal static stability.

11-5 STATIC MARGIN AND TRIM

An aircraft is designed with a design cg location, that is, a specific X/ for a given
set of design conditions. As the cg is moved toward the rear, the slope of the pitching
moment curve becomes more positive (the aircraft becomes less stable statically),
and the slope will eventually become equal to zero. That particular cg location,
where dC,,/dCp =0, is the neutral point and is denoted by N,. At that point the
aircraft is neutrally stable, as you might suspect. If the cg is moved to the rear of
the neutral point, the aircraft will become statically unstable with the degree of
instability increasing with increasing distance behind the neutral point. The
location of the neutral point, with respect to the leading edge of the mac, can be
found from Eq. 11-17 by setting dC,,/dC, equal to zero and replacing Xee by No.
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So doing and solving for Ny/c vields

No  xac de at
— =41~ —
N < dozw> <aw> Vi (11-22)

The neutral point locates and specifies the most rearward position of the cg of a
statically stable aircraft. The static margin (SM) of an aircraft indicates how far the
cg can be moved behind the design cglocation before the aircraft becomes neutrally
stable, and then unstable. The static margin, by definition, is

_No Xeed
SM=7-= (11-23)

where x4 is the design cg position. The static margin is numerically equal to the
magnitude of dC,/dC, when the cg is actually at its design location. For the
example of the previous section, the static margin is 0.12 and the neutral point is
located 0.12¢ ft behind the design cg location and 0.59¢ ft behind the leading edge
of the mac of the wing.

The static margin is of significance in loading all aircraft, especially transport
aircraft. A typical value for the SM of a large cargo transport is of the order of
0.2 or less. This means that a C-5 transport with a mac length of approximately
30 ft and an SM of 0.2 must have its 200-ft cargo compartment so loaded that the
actual cg position is less than 6 ft behind the design cg. If the mac were 10 ft, the
maximum allowable cg shift to the rear would be 2 ft. If our example aircraft
weighs 150,000 b, the wing area will be 1,500 ft?, the wing span 109.5 ft, and the
mac will be of the order of 13.7 ft. The design cg will be 6.4 ft behind the leading
edge of the mac. Since the static margin is 0.12, the neutral point will be only 1.6 ft
behind the nominal cg and 8 ft behind the leading edge of the mac.

An aircraft with a given C,,0 and a given slope of the pitching moment curve has
only one static equilibrium condition, such as at point 4 in Fig. 11-6a. In level
flight, the lift is equal to the weight and C,=2(W/S)/pV?, so that the value of C,,
at point A is unique for a specified combination of W, p, V, and, S. If we wish to
cruise at a lower airspeed or with a larger weight without changing any of the
other flight parameters, we must increase the lift coefficient, say, to point B, and
find some way to set the pitching moment to zero so as to establish a new equi-
librium point.

One way to increase the equilibrium lift coefficient the desired amount would be
to shift the location of the cg an appropriate distance to the rear. C,, will not
change but the slope will become more positive, and the static stability will be
reduced. The effect of a cg shift to the rear is shown in Fig. 11-6b. Shifting the cg
forward decreases the equilibrium lift coefficient (also shown in Fig. 11-6b) and
increases the static stability, still without changing C,,,. In addition to affecting the
static stability, shifting the cg is not very practical even though the required cg
movement is not necessarily large. For example, decreasing the airspeed of the
aircraft of the preceding section from M 0.8 to M 0.75 increases the lift coefficient
from 0.473 to 0.538. Using Eq. 11-11, the slope required for equilibrium decreases
from —0.12 to —0.106, requiring a rearward shift of the cg of 0.014¢, or 0.2t
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FIGURE 11-6

(a) Pitching moment coefficient curve for nominal cg location;
(b) effect of moving cg.

Incidentally, the Wright Brothers put the pilot on a sliding pallet so that he could
shift the cg somewhat and trim the aircraft.

A second way to change the equilibrium, or trim, condition is to add a movable
section, called an elevator, to the trailing edge of the horizontal stabilizer. Deflecting
the elevator generates a pitching moment that will change the equilibrium position
without affecting the slope, and thus the static stability. If the elevator deflection is
defined as in Fig. 11-7a, a positive deflection will result in a positive (pitchup)
moment and will shift the trim point, as shown in Fig. 11-7b. The generalized pitch-

A

e AT e

(a) +8,

(b)
FIGURE 11-7

(a) Positive elevator deflection; (b) the effect of
+&e on pitching moment coefficient curve.
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ing moment equation, Eq. 11-11, cun now be expanded to

C C + < (/Cm ( (’/d(‘m )
m= Lmo “ — | oc¢
ac) ST\l (11-24)
where the elevator effectiveness is
dC, Y v,
g, nas, (11-25)

In Eq. 11-24, the term dx,/dd. (the change in the tail angle of attack due to an
elevator deflection) is an empirical function of the ratio of the elevator area 1o the
total area of the stabilizer. It ranges from zero, for no elevator, to —one for all
elevator and is usually of the order of —0.5. The product of the elevator effectiveness
and the maximum elevator deflection (of the order of 25deg) represents the
maximum incremental pitching moment that can be generated by the elevator and
is sometimes referred to as the elevator strength.

The neutral point defines the most rearward location of the cg in terms of static
stability. The most forward cg location is determined by the elevator strength and
the most demanding pitchup requirement, usually the landing flare. A good
landing flare puts the aircraft in equilibrium at an airspeed close to the stall speed
and thus at a lift coefficient close to the maximum lift coefficient. This is illustrated
in Fig. 11-8, showing the steepening of the curve as the cg moves forward as well

Must forward cg, +8, max

mo ¢
Designcg, 8, =0 / C; forlanding
c,0
m B N
|
Maximum
| elevator
Most forward cg, 5, = 0 | effectiveness
|
|
FIGURE 11-8

Most forward cg location as function of the maximum
C . required and maximum elevator effectiveness.
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as the positive elevator strength. If the cg moves ahead of the most forward point,
the elevator cannot produce enough positive pitching moment to make the total
pitching moment equal to zero. In addition to trimming the aircraft, the elevator is
also used for maneuvering.

As mentioned in Sec. 11-3 changing the tail incidence angle changes C,,, and
thus the trim condition in the same manner as does an elevator deflection. Let
iy=ix + i, where iy, is the design incidence angle. Then Eq. 11-15 can be written,
with the effect of an elevator deflection included, as

€

o =(oy ~E+io—iy)+0i il )
(T T E T e Tl OL T 55 ) %€ (11-26)

and Eq. 11-24 can be further expanded to

dc, dC,\ . [dCn) ..
Cm)se+ (Tm) s
Ca C"'°+<chw> CL“’+<d52> e+<d()i,> " (11-27)

where the tail effectiveness is

ac, v
i, e (11-28)

Most large transport aircraft have variable incidence horizontal stabilizers with
a limited range of Ji, to aid in trimming the aircraft as well as elevators for man-
euvering. Many modern fighter aircraft, on the other hand, have no elevators per
se and use the entire horizontal stabilizer as the sole longitudinal control surface.
Such configurations are referred to as all-movable horizontal stabilizers or simply
as flying tails. Comparing Eqs. 11-28 and 11-25 shows the greater effectiveness of
the flying tail since du,/dd, is always less than unity’ and da,/ddi,, which does not
appear explicitly, is unity. \

The pitching moments about the cg, and thus the static stability and trim
conditions, are affected by such things as the fuselage and engine nacelle charac-
teristics, vertical location of the cg with respect to the wing ac, thrust and slip-
stream, dive brakes, spoilers, flaps, and extended landing gear. The design of the
elevator and its associated hardware is not a trivial task, especially if the elevator
is connected directly to the pilot’s control column. Among the factors that must be
considered are stick forces per g, variations of the pitching moment curve and stick
forces with airspeed and altitude, reversibility of controls, etc. Most modern air-
craft, other than light-weight low-performance aircraft, use power-boost controls,
analogous to the power steering in an automobile, to move the control surfaces.

11-6 STABILIZER SIZING,
LIFT, AND DRAG

The tail volume coefficient of our example aircraft was arbitrarily chosen. Let us
now actually determine the tail volume coefficient required to satisfy a set of
operational requirements. Let us leave the cruise condition (M 0.8 and 36,000 ft)
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and the design SM (0.12) unchanged. The value of the SM is determined by dynamic
stability considerations which are beyond the scope of this discussion. The most
rearward cg position allowed will be the neutral point, although in practice it
would be somewhat forward of this point. We would like the maximum allowable
cg shift to be 0.3¢, or 4.11 ft, for this particular aircraft. This cg shift is the distance
between the most forward and most aft locations and is generally given the symbol
AXce max. The most forward cg position is to be determined by the landing flare
and touchdown at a wing lift coefficient of 2.0. The maximum elevator deflections
are +25 deg up and — 15 deg down, typical values.

Since the slope of the pitching moment curve with the cg at its design location
is equal to —SM, Eq. 11-17 can be used to find an expression for x,q in terms of
Vi, as follows

0.06

XIXVH

—012= (xigd —0.25> —(1-0.33)
[

.\‘ng
=0.574V,;+0.13
z 0.574Vy + @

A similar expression for the neutral point can be found by setting the slope equal to
zero in Eq. 11-17 or by remembering that the neutral point is SMc units behind the
design cg location.

=0.574Vy + 025 = °g"+012

No

¢ (»)
The next step is to find C,,, from Eq. 11-24 using the design equilibrium conditions
with C,, and 6, both set equal to zero.

0= Cpo—(0.12) x0.473

so that
Cno=0.057
The elevator effectiveness can be found from Eq. 11-25, with de,/dd, = —0.5, to be
‘fg"': — I xVygx006x—-05=003Vy

Equation 11-17 is used again to find the slope at the most forward cg location,

to wit
dCr _ (‘_“ _o.zs>—o.574 Vi
dCL C

This expression is substituted into Eq. 11-24, with C,, =0 and 6., = +25 deg,
to give an expression for the most forward cg location.

0= 0057+<°“—02> 0574VH>><2+003VH><25
C

Xegf
=0.199V,;+0.222
z 0.199V, + (©)
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At this point a solution can be found either mathematically or graphically.
The mathematical solution is obtained by subtracting Eq. (¢) from Eq. () and
setting the difference equal to 0.3, the maximum allowable cg shift. Doing so
vields a value for the tail volume coefficient, which can be then used to solve for
the other values of interest, namely,

~

Vi =0.725
Xxed =0.546¢
Ny =0.666¢
Xeer=0.366¢
iw—i, =131 deg

The graphical solution shown in Fig. 11-9, obtained by ploting Egs. (a), (b), and (c),
shows the effects of varying Vy. For example, since the value of 0.725 is a bit on the
high side, we might wish to reduce it to 0.6. The cg shift is reduced to 0.25¢, or
from 4.11 to 3.42 ft, which may be acceptable, and the design cg moves forward,
which may be desirable.

The requirement for a horizontal stabilizer introduces problems for the aircraft
designer. First, it adds weight and introduces structural complexities that call for a

09—
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Neutral point
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FIGURE 11-9

Graphical solution for sizing a horizontal stabilizer.
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judicious trade-off between the tail length and the stabilizer area. If. for example,
the former is increased in order to reduce the area and weight of the stabilizer, the
weight of the connecting structure should be minimized, leading to the possibility
of aeroelastic problems. If the tail length is kept short, the increased stabilizer area
is accompanied by an increase in weight and by increases in the lift and drag
generated by the stabilizer. These increases are directly proportional to the
stabilizer area.

Let us look first at the lift. Figure 11-10a shows that with the cg behind the ac
of the wing the tail lift is positive, thus increasing the net lift of the aircraft. Note
that with this configuration the aircraft without a tail is statically unstable. If,
however, the cg is ahead of the ac, as in Fig. 11-105, the tailless aircraft is statically
stable but the tail lift is negative, reducing the net lift of the aircraft. Accordingly,
the wing area must be increased as well as the final approach and landing air-
speeds. To give an idea as to the size of the tail lift, for our illustrative aircraft with a
tail length three times that of the mac (41.1 ft), it is approximately one-tenth of the
wing lift for design cruise with no elevator deflection required.

L
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(a)

’ !

(b)
FIGURE 11-10

Relationships among tail lift, cg location, and net
lift: (a) cg behind ac; (b) cg ahead of ac.

Conventional

FIGURE 11-11

Pitching moment coefficient curves with a conventional
static margin and with relaxed static stability (RSS).
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The tail drag poses an even greater problem that is independent of the relation-
ship between the cg and the ac. With our aircraft still in design cruise, the tail
drag is of the order of 15 percent of the aircraft drag. This translates into a con-
siderable loss in performance and increase in fuel consumption. If the static margin,
and thus the stability, can be reduced, then the elevator strength required for
equilibrium at high angles of attack is correspondingly reduced, as can be seen in
Fig. 11-11. Consequently, a much smaller tail volume coefficient will suffice.
There is, therefore, much interest in the concept of relaxed static stability, whereby
a bare aircraft that is not flyable because of its lack of inherent stability is given the
necessary stability, both static and dynamic, by an automatic control system.

11-7 DYNAMIC ‘
STABILITY AND RESPONSE

Static stability, as mentioned earlier, does not guarantee dynamic stability; it
merely means that the first motion of an aircraft disturbed from an equilibrium
condition is back toward the equilibrium position. Dynamic stability, on the
other hand, is concerned with the behavior of the aircraft over a “long” period of
time, where “long” may mean only a few seconds of time. Although static stability
is a necessary condition for dynamic stability, it is not a sufficient condition; in
fact, excessive static stability may result in dynamic instability.

Whereas static stability considers only the effects of small disturbances, dynamic
stability deals with both disturbances and commands. Commands are control
actions to change the flight path of the aircraft, e.g.,/Change altitude, direction,
airspeed, etc., in order to maneuver the aircraft. The dynamic response to a com-
mand or a disturbance input is the set of time responses (the time history) of the
flight variables over a significant period of time. The time response can be separated
into a transient response and a steady-state (final) response. If we are examining
the pitch angle ©, for example, its time response can be written as

O) =04 (1) + 04 (2) (11-29)

The aircraft is dynamically stable if the transient response ©(t) goes to zero in
the limit as time increases, leaving only the steady-state response O (r) as an
equilibrium condition. For disturbance inputs this equilibrium condition will
normally be the original one, whereas for command inputs it will be a function of
the type and magnitude of the command. The transient response can be expo-
nentials, damped oscillations, or various combinations thereof. Typical time
responses of a dynamically stable aircraft to a disturbance and to a command are
shown in Fig. 11-12.

The transient response of an unstable aircraft will theoretically increase without
limit as time increases, and there will be no steady-state response as such. In
actuality, the transient response will be terminated by a stall or some other physical
limitation, such as a structural failure or a crash. Typical unstable responses to any
input are shown in Fig. 11-13. If the transient response is a bounded oscillation, as

GROUP III. TURBOJETS AND TURBOFANS

PLATE 20.

The Douglas DC-10. Manufactured by McDonnell Douglas Corporation. A wide-body long-
range turbofan (three high bypass ratio turbofans of the 52,000-1b thrust class) with a
maximum gross weight of 572,000 lb, a wing area of 3,958 ft?, and an AR of 6.9.

PLATE 21.

The Canadair Challenger 601. Manufactured by Canadair Limited. A 24-passenger. wide-
body business transport (two 8,650-1b thrust turbofans) with a maximum gross weight of
36,000 Ib, a wing area of 450 ft2, an AR of 8.5, a cruise airspeed of 495 mph (M 0.75), and a
maximum range of 4,000 mi.
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PLATE 22. PLATE 24.

The Lockheed L-1011 TriStar. Manufactured by Lockheed-California Company. A long-
range wide-body transport (three high bypass ratio turbofans of the 50,000-1b thrust class)
with a maximum gross weight of 496,000 1b, a wing area of 3,456 ft?, and an AR of 7.

The Boeing 727-200. Manufactured by the Boeing Commercial Airplane Company. The
world’s best-selling airliner, a medium-range narrow-body transport (three low bypass
ratio turbofans of the 14,000-1b thrust class) with a maximum gross weight of 210,000 Ib, a
wing area of 1,700 ft2, and an AR of 6.9.

N

PLATE 23. PLATE 25. . . '
The A300B2 Airbus. Manufactured by Airbus Industrie. A medium-range wide-body
transport {two high bypass ratio turbofans of the 52,000-1b thrust class) with a maximum
gross weight of 360,000 Ib, a wing area of 2,800 ft?, and an AR of 7.7.

The BAe 146. Manufactured by British Aerospace Limited. A short-range, 70-90 passenger
feederliner (four high bypass ratio turbofans of the 7,000-Ib thrust class) with a maximum
gross weight of 80,000 Ib, a wing area of 832 ft?, an AR of 9, a cruise airspeed of 436 mph
(M 0.66), and a range of the order of 1,000 mi.



GROUP IV. PISTON-PROPS AND TURBOPROPS

PLATE 26.

The Gates Learjet 56 Longhorn. Manufactured by Gates Learjet Aircraft Corporation. A

13-plafe executive transport (two 3,700-1b thrust turbofans) with a maximum gross weight PLATE 28.

of 20,500 b, a wing area of 265 ft?, an AR of 7.2, a cruise airspeed of 508 mph (M 0.77), The Bellanca Scout. Manufactured by Bellanca Aircraft Corporation. A two-place piston-
and a range of 3,000 mi. prop (one aspirated 180 hp engine) with a maximum gross weight of 2,150 1b, a wing area of

165 ft2, an AR of 7.9, a maximum cruise airspeed of 125 mph, and a range of 385 mi.

PLATE 27.

The Boe.ing 767. Manufactured by Boeing Commercial Airplane Company. A medium-
range wide-body advanced technology transport (two high bypass ratio turbofans of the
48,000-1b thrust class) with a maximum gross weight of 310,000 Ib, a wing area of 3,050 ft2,
and an AR of 8.

PLATE 29.

The Cessna 210 Pressurized Centurion. Manufactured by the Cessna Aircraft Company. A
six-place turbocharged piston-prop (one 300 hp engine) with cabin pressurization to an
equivalent 12,125 ft at an altitude of 23,000 ft. Has a maximum gross weight of 3,800 Ib, a
wing area of 179 ft>, an AR of 7.7, a maximum cruise airspeed of 197 mph, and a range of

1,200 mi.
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PLATE 30. PLATE 32. | |
The de Haviland DHC-2 Beaver. Manufactured by de Haviland Aircraft of C:anada Lim-
ited. An eight-place single-engine (450 hp) aspirated piston-prop ».mh a maximum gross
weight of 5,100 Ib, a wing area of 250 ft2, an AR of 9.2, a cruise airspeed of 143 mph, and a
range of 500 mi.

The Beech Super King Air 200. Manufactured by the Beech Aircraft Corporation. A ten-
place business turboprop transport (two 750 eshp turboprop engines) with a maximum
gross weight of 11,000 Ib, a wing area of 280 ft2, an AR of 7.5, a maximum cruise airspeed of
307 mph, and a range of 1,800 mi.

PLATE 33. )
PLATE 31. The EMBRAER EMB-121 Xingu. Manufactured by Empresa Brasileira de Aeronautica.
The Cessna 402. Manufactured by Cessna Aircraft Company. A ten-place turbocharged SA. A nine-passenger pressurized turboprop (two 680 eshp engines) with a maximum gross
piston-prop (two 325 hp engines) with a maximum gross weight of 6,850 Ib, a wing area of weight of 12,300 Ib, a wing area of 296 ft*, an AR of 7.3, a cruise airspeed of 250 mph, and a

226 ft2, an AR of 8.6, a maximum cruise airspeed of 245 mph, and a range of 1,100 mi. range of 1,600 mi.



PLATE 34.

The Mitsubishi Solitaire. Manufactured by Mitsubishi Aircraft International, Inc. A nine-
place pressurized turboprop (two 727 eshp engines) with a maximum gross weight of 10,470
Ib, a wing area of 178 ft2, an AR of 8.6, a maximum cruise airspeed of 370 mph, and a range
of 1,650 mi.

PLATE 35.

The BAe 748. Manufactured by British Aerospace Limited. A short/medium-range tur-
boprop transport (two 2,280 eshp engines) with a maximum gross weight of 51,000 Ib. a

wing area of 829 ft2, an AR of 12.7, a cruise airspeed of 281 mph, and a maximum range of
1,500 mi.

148883

Pl AN

- " NAVY B

PLATE 36.

The Lockheed P-3C Orion. Manufactured by Lockheed-California Company. An anti-
submarine warfare (ASW) patrol aircraft (four 4,910 eshp turboprop engines) with a gross
weight of 142,000 1b, a wing area of 1,300 ft?, an AR of 7.5, and a patrol airspeed of 237
mph. This aircraft is a derivative of the Lockheed Electra, which was used in the 1950s as a
commercial airliner.

PLATE 37.

The Pilatus PC-6 Turbo Porter. Manufactured by Pilatus Aircraft Limited. An 8-to 11-place
STOL utility single-engine turboprop (680 eshp derated to 550 eshp) with a gross weight of
4,840 1b, a wing area of 310 ft, an AR of 8, a cruise airspeed of 150 mph, and a maximum
range of 600 mi.
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The Rutan VariViggen (RAF 27). Manufactured by the Rutan Aircraft Factory. An ad-
vanced-design experimental piston-prop (one aspirated 150 hp engine), using a canard and
a pusher engine, with a gross weight of 1,700 Ib, a wing area of 119 ft>, an AR of 3, a cruise
airspeed of 150 mph, and a maximum range of 400 mi.




_ GROUP V. MILITARY AIRCRAFT AND THE SST

PLATE 39.
The de Haviland DHC-6 Twin Otter. Manufactured by de Haviland Aircraft of Canada

PLATE 40.
Limited. A STOL turboprop transport (two 650 eshp engines) with a gross weight of 12,500 . A, R .
Ib, a wing area of 420 ft2, an AR of 10, a maximum cruise airspeed of 210 mph, and a T!le Hawk. Mar'lufactured by British Aero§pace Limited. A two-place advan'ced jet trainer
. . with an operational role as an attack aircraft. Has one low bypass ratio (0.75) non-
maximum range of 850 mi.

afterburning turbofan of the 5,200-1b thrust class with a maximum gross weight of 17,000
1b, a wing area of 180 ft2, an AR of 5.3, and a maximum level airspeed of M 0.88.



PLATE 41.

The McDonnell F-15A Eagle. Manufactured by McDonnell Douglas Corporation. A one-
place air superiority fighter with two low bypass ratio (0.63) turbofans (with afterburning)
of the 24,000-1b thrust class and with a maximum gross weight of 56,000 Ib, a wing area of
608 ft?, an AR of 3, and a maximum airspeed greater than M 2.5.

PLATE 43.

The McDonnell F-18A Hornet. Manufactured by McDonnell Douglas Corporation. A one-
place multimission fighter aircraft with two low bypass turbofans of the 16,000-Ib thrust
class with afterburning, a maximum gross weight of 48,000 Ib, a wing area of 400 ft2, an AR
of 3.5, and a maximum airspeed in excess of M 1.8.

PLATE 42.

The Grumman F-14 Tomcat. Manufactured by Grumman Aerospace Corporation. A two-
place multimission aircraft with two low bypass ratio (0.9) turbofans of the 21,000-1b thrust
class with afterburning and a maximum gross weight of 74,000 1b. Has a variable sweep
wing with a maximum wing area of 565 ft? and an associated AR of 7.3. Has a maximum
airspeed of M 2.4,

PLATE 4.

The Av-8A Harrier. Manufactured by British Aerospace Limited. A true VTOL ﬁghter
aircraft with a single low bypass ratio turbofan of the 21.500-1b thrust class and with a
maximum gross weight of 25,000 Ib, a wing area of 210 ft*, and an AR of 3.2.



PLATE 45.

The Vulcan Medium Bomber. Manufactured by British Aerospace Limited. The first delta
wing bomber, it became operational in the 1950s equipped with four turbojet engines of the
20,000-1b thrust class. It is still operation as a low-lvel bomber and has on occasions been
used as a tanker. It has a a maximum airspeed of M 0.94, in the transonic region.

ST S

PLATE 46.

The Concorde SST on final approach to a landing. Note the large angle of attack and the
drooped nose to provide the pilot with a view of the runway.
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FIGURE 11-12

Typical responses of dynamically stable aircraft: (a) and (b): disturbance inputs; (c) and (d):
command inputs.
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FIGURE 11-13
Transient response of dynamically unstable aircraft to a disturbance input.
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FIGURE 11-14
Transient responses of a marginally stable aircraft: (a) disturbance input; (b) command input.
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shown in Fig. 11-14, the aircraft is described as being marginally stable. It should be
noted that a bare aircraft that is unstable may still be useful and flyable if the degree
of instability does not exceed the ability of a pilot or a flight control system to
control the aircraft. In effect, the combination of an unstable bare aircraft and a
suitable pilot or flight control system can form a stable system.

The dynamic analysis of a rigid aircraft with a vertical plane of symmetry
customarily uses a specific coordinate system known as disturbed or stability axes.
This right-handed orthogonal system is fixed to the aircraft with the origin at the
cg, x in the plane of symmetry and aligned with the relative wind at the start of the
analysis, z in the plane of symmetry, and y perpendicular to x and z.

Since the duration of the dynamic response is relatively brief, we can assume
that the weight of the aircraft remains constant and that the earth is flat and non-
rotating. Writing the Newtonian equations of motion in scalar form yields six
ordinary differential equations. Unfortunately, these equations are nonlinear.
For example, the three longitudinal equations of motion are:

Fo=m(U—RV +QW) (11-30)
=m(W+ PV —QV) (11-31)
M=1,0+u—I,.)PR+ I,(P*~ R?) (11-32)

where U, ¥, and W are the scalar components of the velocity of the aircraft with
respect to mert1a1 space and P, @, and R are the angular velocities about each of the
aircraft axes. /

Since nonlinear equations generaily do not have analytic solutions and require
numerical methods which yield numerical solutions, it is customary to linearize
these equations about an equilibrium condition. There are many techniques
available for analyzing linear systems, and the closed-form analytical solutions
provide information as to the physical significance of the system parameters. The
right-hand sides of Eqs. 11-30 to 11-32 are the inertial terms and can be linearized
by direct application of small perturbation (disturbance) theory. The left-hand
sides of these equations represent the external forces and moments, which are
nonlinear functions of the flight and aircraft variables. They are linearized by a
Taylor’s series expansion about the reference equilibrium condition with rejection
of the higher-order terms using the small perturbation assumption.

After linearization, the equations of motion will form a set of linear ordinary
differential equations with coefficients that can be taken to be constant. These
coefficients are usually put into a special nondimensionalized form and called the
NACA stability derivatives. These stability derivatives are functions of the aircraft
characteristics and of the flight conditions. They strongly influence the dynamic
characteristics and behavior of the aircraft. Evaluating the stability derivatives is
an important, and in many cases a difficult task. The following techniques are all
used: analytical evaluation, wind tunnel testing, ground and airborne simulation,
and flight tests of the actual aircraft itself.

The dynamic analysis of the linearized aircraft equations requires an under-
standing of the transfer function concept of classical control as a minimum and
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may often get into the techniques of modern control theory. We shall limit our-
selves to a general discussion of the transient modes of the longitudinal dvnamics
to be followed by a discussion of the lateral transient modes. The characteristics
of these transient modes are determined by the roots (eigenvalues) of the charac-
teristic equation of the aircraft, which is the determinant of the coef’ﬁcxem matrix
of the set of linearized equations.

With respect to the longitudinal dynamics, the three flight variables of interest
are the changes in the forward airspeed, in the angle of attack, and in the pitch
angle. By changes, we mean the changes from the values at the initial equilibrium
condition, which is taken to be straight, unaccelerated, coordinated flight with
the wings level. The primary aerodynamic control is the elevator or a flying tail.
Some aircraft may have a canard for either primary or auxiliary control, and
spoilers are used by some aircraft as a fast-response longitudinal control, usually to
complement one of the other types of controls.

Nearly all aircraft have two longitudinal transient modes, each second-order and
representing a damped oscillation composed of a sinusoid multiplied by a decaying
exponential. One oscillation is characterized by a low frequency (long period) and
very light damping and is called the phugoid mode. It consists primarily of varia-
tions in both the airspeed and the pitch angle with the angle of attack remaining
essentially constant. The phugoid is a gentle mode and is easily controlled by the
pilot, even if it is slightly unstable. In fact, most pilots are unaware of the presence
of the phugoid and of their control of it. The other oscillation is known as the
short-period mode. It is characterized by a high frequency (short period), much
higher damping, and by variations in the angle of attack and the pitch angle with
very little change in the airspeed. It tends to be a brief but somewhat violent mode.
It is the short-period mode that throws passengers and cabin crew around in clear
air turbulence.

The periods and damping of the longitudinal modes vary with the aircraft
characteristics and with the flight conditions. If our aircraft is cruising at the design
conditions with a lift-to-drag ratio of the order of 17, the phugoid mode will have a
natural frequency of the order of 0.07 rad/s (a period of 86 seconds) and a damping
ratio of 0.03, which is virtually undamped. One way to indicate the amount of
damping of an oscillation is by the time required for the amplitude to decay to
5 percent of its maximum value; this time is called the settling time. For this
phugoid, the settling time is approximately 1,280 seconds, or 21.3 min. The short-
period mode, on the other hand, has a natural frequency of the order of 1.15 rad/s
(a period of 5.5 seconds) and a damping ratio of the order of 0.35. The corresponding
settling time is only 7.4 seconds.

Figure 11-15 is a qualitative sketch of the response of the aircraft to a sharp
pulse deflection of the elevator whereby the elevator is deflected +6 deg for
approximately | second and then returned to zero. Note the brief but compar-
atively violent nature of the short-period mode, particularly with respect to the
change in the angle of attack. The initial two oscillations represent substantial
vertical velocity changes that correspond to pulling approximately 1.4 g’s. There is
no sign of the phugoid in the angle of attack response. The airspeed response,
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FIGURE 11-15

Transient responses for a pulse elevator deflection of + 6 deg
for 1 second.

however, is all phugoid; the short-period mode is too brief to have any apparent
effect on the airspeed. The pitch angle response shows both the phugoid mode and
the short-period mode.

With respect to the phugoid mode, it can be shown that the damping ratio (DR)
can be approximated by the relationship

G 1
J2¢, J2E (11-33)

and an order of magnitude value for the undamped natural frequency (w,) can be
obtained from

rad/s

n

_9v2
U (11-34)
where g is the acceleration of gravity in ft/s* and U is the equilibrium airspeed
in fps.
Similar approximate relationships for the short-period characteristics are not as
straightforward. It can be shown, however, that the damping ratio is directly
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proportional to the square root of the atmospheric density and that the undamped
natural frequency is directly proportional to the product of the equilibrium air-
speed and the square root of the atmospheric density. For both modes the settling
time is approximately equal to 3 divided by the product of the damping ratio
and the undamped natural frequency.

Turning to the lateral dvnamics, the relevant equations are the y force equation
and the rolling and yawing moment equations. The three flight variables of interest
are the bank (or roll) angle ¢, the change in the yaw (or heading) angle ¥, and the
sideslip angle B. If the initial steady-state equilibrium condition is straight, un-
accelerated, coordinated flight with wings level, the equilibrium values of the roll
and yaw angles are zero.

The distinction between the yaw angle and the sideslip angle can be confusing.
It may help to think of the yaw angle as a heading angle that tells where the nose
of the aircraft is pointing with respect to some reference on the surface of the earth,
such as the north pole. The sideslip angle, on the other hand, only appears when the
velocity vector is not in the plane of symmetry and is approximately equal to the
y (or sideways) component of the velocity divided by the equilibrium airspeed.
When the sideslip angle is zero, we speak of coordinated flight but the yaw angle
and yaw rate can be either zero or finite. When the sideslip angle is not zero (un-
coordinated flight), there must be a yaw angle. In the one special case where the
flight path is straight and the aircraft is slipping with its wings level, the sideslip
angle is equal to the negative of the yaw angle. Normally, the sideslip angle and the
yaw angle are neither equal nor directly related.

The lateral characteristic equation, which determines the number and nature
of the transient modes, is fifth-order. One root of this equation is zero with the
result that an aircraft is insensitive to changes in the yaw angle. This means that if
the aircraft is disturbed, it will not return to its original heading; it cannot remember
which way it was heading.

There are three other transient modes: two first-order modes and one second-
order mode. A first-order mode is exponential in shape. If the mode is stable, the
exponent is negative and the mode decays to approximately 5 percent of its original
value when the magnitude of the exponent becomes equal to 3. If the mode is
unstable, the exponent is positive and the mode increases without limit unless
checked by some external control.

One of the first-order transients is slightly unstable and is called the spiral
divergence. If an aircraft is disturbed so that one wing drops, such as to the right,
there is no restoring moment. If the pilot or autopilot does not apply left aileron
to level the wings, the right wing will slowly continue to drop and a yawing moment
will be generated, causing the aircraft to start a turn to the right. The vertical
component of the lift will no longer be large enough to balance the weight and
the aircraft will lose altitude. The aircraft will start an ever-tightening spiral,
losing altitude, and will eventually crash. In very early aircraft, this spiral diver-
gence mode was sufficiently fast to be called “the death spiral.” In modern aircraft
the wing drop is so slow that a pilot or autopilot has no trouble in controlling it:
In fact, the average pilot is not even aware of this instability. This mode could
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easily be made stable but doing so would decrease the damping of the second-order
transient mode.

The other first-order mode is known as the roll subsidence mode. It is a stable
mode and primarily affects the roll rate and the roil angle: the aileron provides the
primary control force. This mode determines the rolling response of an aircraft
to an aileron deflection.

The second-order mode is called the Dutch roll mode. It is a damped oscillation,
characterized for modern aircraft by a high undamped natural frequency (a short
period) and light damping. It is primarily actuated by rudder deflection and yawing
disturbances. Although there is some change in the roll angle, the Dutch roll can be
approximated by considering only the sideslip and yaw angles. For our jet aircraft
flying at sea level at 300 mph, the natural frequency is of the order of 1.3 rad/s (a
period of about 5 seconds) and the damping ratio is of the order of 0.14 so that the
settling time is approximately 16 seconds. This mode, when excited during a
landing approach, can be too fast for a pilot to control and too violent to ignore.
Consequently, most modern jet aircraft use yaw-rate feedback to increase the
damping artificially in order to improve the transient response.

In order to make a coordinated turn (with the sideslip angle equal to zero), it is
necessary to use both aileron and rudder in the proper proportions so as to match
the roll angle with the turning (yawing) rate.

PROBLEMS

11-1.  For each of the aircraft, whose pitching moment coefficient equation is
given below, describe the static stability and state whether or not there is a
static equilibrium flight condition.

a. Co=-03C, b. C,=006+0.15C,
c. Cn=006-0.15C, d. C,=-003
e. Cn,=+003 f. C,=0020C,
11-2.  Fortheaircraft whose pitching moment coefficient equation is given below
C,,=0.06—-0.15C. +0.026¢
Note: Jde is expressed in degrees.
a. Determine the static stability.
b. Find the static margin.

¢.  Locate the neutral point, Ny, with respect to the design location of
the cg.

d.  What is the value of the equilibrium lift coefficient?
What is the value of the elevator effectiveness?

11-4.

11-5.
11-6.

11-7.
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f. If the maximum elevator deflections are +25 deg and —15 deg,
respectively, and if the landing flare lift coefficient is 2.2, locate the
most forward cg position with respect to the design cg location.

g.  What is the maximum allowable cg shift (from N, to the most forward
position) in terms of the mac?

Do Prob. 11-2 for

a. C,=0.03-0.1C.L+0.050e

b. C,=0.09—-025C,+0.0256¢

An aircraft has the pitching moment coefficient equation,

C,=0.06—-0.15C,+0.025¢

a. Plot the pitching moment coefficient as a function of the lift coefficient
for elevator deflections of —3 deg, 0 deg, and + 3 deg, respectively.
Find the value of the equilibrium lift coefficient in each case.

b. Plot the elevator deflection (deg) required to establish equilibrium as
function of the lift coefficient from 0 to 2.0.

c. Shift the cg forward a distance of 0.1 of the mac and do (b) on the
same plot.

d. Shift the cg aft a distance of 0.1 of the mac and do (b) on the same plot.

Do Prob. 11-4 for the pitching moment coefficient equations of Prob. 11-3.

Aircraft B (whose major characteristics are listed in the problems section
of Chap. 3) has a sweep angle of 20 deg for both the wing and horizontal
stabilizer (a tail) although the tail aspect ratio is 4. The design conditions
are best-range cruise at 30,000 ft, a SM of 0.10, and a maximum allowable
cg shift of 0.25 of the mac. Assume that the most rearward cg position is
the neutral point. The slope of the downwash angle curve at landing is
0.35, and the maximum elevator deflections are +25 deg and — 15 deg.

a. Find the minimum value of the tail volume coefficient, assuming a
tail efficiency of unity.

b. If the fuselage is to be kept horizontal during cruise, to ease the
burdens on the cabin crew, what should the wing incidence angle be?
What will the tail incidence angle be?

¢. Ifthe ratio of the tail distance to the mac length is selected to be equal
to 3, what is the tail area? Assume that the values of the zero-lift
drag coefficient and of the Oswald span efficiency of the tail are those
of the wing. Find the cruise-equilibrium tail drag and tail lift in
pounds and as a percentage of the wing drag and lift.

Aircraft E (whose major characteristics are listed in the problems section
of Chap. 6) has a straight wing and tail, the latter having an aspect ratio
of 4.2. The design conditions are cruise at 75 percent max power at
20,000 ft, a SM of 0.18, and a maximum allowable cg shift of 0.3 of the
mac. Do Prob. 11-6.
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11-8.

11-9.

11-10.

11-11.

Stability and Control Considerations

An aircraft has a tail volume coefficient of 0.65, a SM ‘of 0.15, and the
slopes 9f the wing and tail lift curves are 0.07 per deg and 0.06 per deg
respectxvely.. The aircraft has a flying tail with maximum deflections o;'
.i 142 deg with n?spect to the design (fixed) incidence angle. The wing
incidence angle is 3 deg, the equilibrium value of the lift coefficient is
0.33, and the maximum value of the lift coefficient is 2.5.

a.  Write the pitching moment coefficient equation.

b. What is the design (fixed) tail incidence angle (deg)?

c.  What is the slope of the pitching moment coefficient curve at the
most forward cg position?

d. What is the maximum allowable cg shift?

The following expressions represent the short-period time response of
the change in pitch angle to a constant elevator deflection. Which of these
represents the response of a dynamically stable aircraft? For the stable

aircraft, what will be the final value of the pitch angle when the transient
mode has died out?

a. O()=5-5¢"%sin(1.5t+1.57)

b. ©O(t)=—5+5¢~%3sin(1.5t +1.57)

C. O(t)=4—6e*%¥sin(1.07t+0.73) >

d. O(t)=—4+6e*%sin(1.07:+0.73) //

a. Find the damping ratio and the undamped nat\;ral frequency of the

phugoid mode of Aircraft C flying at M 0.8 at 35,000 ft.
b. Do (a) for Aircraft B at 30,000 ft at M 0.75.
Do (a) for Aircraft 4 at 20,000 ft at A 0.6.

a. Find t.he damping ratio and undamped natural frequency of the
phugoid mode of Aircraft D at 10,000 ft and 175 mph.

b. Do (a) for Aircraft £ at 20,000 ft and 275 mph.

Chaprer Twelve

Some Design Examples

12-1 INTRODUCTION

In this concluding chapter, we shall apply the knowledge and techniques that we
have acquired to perform a feasibility design of three transport aircraft. The first
two aircraft will have the same set of operational requirements: One will be a
turbojet and the other will be a turbofan. The third aircraft will have a different
set of operational requirements and will be a piston-prop.

There are many design techniques in use today, and the ones presented here are
not unique nor are they necessarily the best. They are, however, relatively simple,
they are compatible with a hand-held calculator, and they do give a feeling for
some of the elements of the design process. Aircraft design is essentially an iterative
process and, as such, is eminently suited for the high-speed and powerful computers
that are currently available and that are continually being improved. Their large
memories (that allow the storage of vast amounts of aerodynamic, propulsion,
and structural data), their graphics capability, and their ability to interact directly
with the designer are responsible for the great interest in and popularity of
computer-aided design and computer-aided manufacturing (CAD/CAM) in the
aerospace industry.

In our design examples, we will not perform any iterations but rather will stick
with our first configuration. We shall, however, take our first aircraft through a
typical mission profile and calculate the fuel consumed during each phase. Our
typical mission profile will comprise the following phases: taxi from the ramp to
the end of the runway, the take-off run, fastest climb to the cruise altitude, and
cruise. Our profile will end with the completion of cruise and the determination of
the amount of fuel remaining. We will not go through the descent and landing
phase nor the diversion to an alternate destination if the weather does not permit
landing at the original destination.

As mentioned previously, our designs will not be complete. There will be no
iterations or sensitivity analyses, nor will there necessarily be a complete set of
operational constraints, such as a minimum approach airspeed. Furthermore, we
will not have any technical groups, such as an aerodynamic section or a propulsion
group or a structures division, to provide us with the technical data we need, nor
will we have an extensive data base as is provided in many computer design pro-
grams. Instead, we will make estimates, educated and reasonable we hope, as to
the values of the data we need for our feasibility designs.

With these disclaimers out of the way, let us proceed with our design examples.

267



268 some Design Examples
12-2 A TURBOJET EXAMPLE

The operational requirements for this design example are for a turbojet that will
carry 200 passengers (at 200 Ib per passenger) plus 5,000 Ib of cargo for 2,400 mi at
a cruise Mach number of M 0.8 or better. Cruise is to start at 33,000 ft, where the
density ratio is 0.336 and the sonic ratio is 0.879. The overall runway length for
take-off is to be 5,000 to 6,000 ft or less, which means that our calculated take-off
ground run should be of the order of 2,500 to 3,000 ft or less.

Using our experience, judgment, and knowledge of the type of aircraft with
which we are dealing, we shall choose a zero-lift drag coefficient of 0.016, an aspect
ratio of 8, and an Oswald span efficiency of 0.85. These values will give us the
parabolic drag polar Cp=0.016+0.0468C? and a maximum lift-to-drag ratio of
18.3. In addition, we will assume a thrust specific fuel consumption of 0.95 Ib/h/1b,
a thrust-to-engine weight ratio of 5, and a maximum lift coefficient for take-off
of 2.2,

We are now ready to start our design analysis. There are many ways to start and
many approaches to use. Rather than assume a gross weight, we shall go im-
mediately to the cruise portion of the mission profile and find a cruise-fuel weight
fraction. For our first try, we will cruise at the best-range conditions with a best-
range airspeed of M 0.8 (784.8 fps or 535 mph at 33,000 ft) and with a best-range

lift-to-drag ratio of 15.8 (0.866 x 18.2). Substituting into the Breguet range equation
and solving,

535x15.6
2,400 —W In MR

1.3096 — 1
MR=1309 (="

yields a value of 1.3096 for the mass ratio, which translates into a cruise-fuel weight
fraction of 0.236.

Since this will be a reasonably large aircraft, let us now assume that 10 percent
of the total fuel loaded aboard the aircraft will be used for taxi, take-off, and climb,
and that another 10 percent will be kept for the descent, landing, and reserve.
Consequently, the cruise-fuel weight fraction will be equal to 0.8 of the total fuel
load divided by the aircraft weight at the start of cruise. If we further assume, in the
interests of simplicity and conservatism, that the initial cruise weight and the
ramp gross weight are identical, then the fuel-weight fraction of the aircraft will
be 0.295 (0.236/0.8).

Although we do not really need it vet, let us find the initial cruise wing loading
from the level-flight equation,

0016 \112
CL—<3xO.0468> =0338

=0.236

IR

=1psi x0.336 x (784.8)? x 0.338 =82.9 1b/ft2
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where the value of 0.338 for the best-range lift coet.ﬁcien} was .found frgm
(Cpo/3 K)''2. Making a small allowance for the decyc:’ase in weight prior to cruise,
let us set the maximum wing loading equal 10 85 Ibift. . ’

In order lo determine the maximum thrust-to-weight ratio, let us assume a
ceiling of 45,000 ft, where the density ratio is equal to 0.194, so that

T |

—=—— =028
W 0.194 x18.2

We will round off this value and set the T/W ratio equal to 0.3. With a thrust-to- ‘
engine weight ratio of 5, the engine weight fraction will be 0.06 (Q.S/S). '

With the assumption of a value of 0.45 for the structural weight fraction, the -
payload weight fraction can be found from

%
1=0.45+0.06+ % +0.254

to be equal to 0.1945. With this value and a total payload w;ight of 45,000 Ib, tk}:e
corresponding gross weight is 231,362 Ib. Let us round off this number and set the
iti ] i 0 7b.

initial gross weight of the aircraft equal to 230,00 : .

ml\r{’e vgvill now gick the size and number of the engines. The maximum total thrust

will be 69,000 1b (0.3 x 230,000). We need at least two engines, for reasons of saffety,

but other:)vise want the minimum number of engines. Let ugoi;e;;le for two engines
' 70 )

00 Ib of thrust each for a total maximum thrust of 70, ‘ .
Oflglso,i)v we c(;fn lay out some of the specifications for this first trial configuration,

as follows:

Powerplant:
Two turbojet engines, each with 35,000 b of thrust at sea-level.

Weights:
Gross weight. Ib 230,000
Operational empty weight. Ib 117.500
Maximum useful load. Ib 112,500
Payload. b 45.000
Fuel, Ib 67.500
Maximum wing loading. Ib/ft’ 85
Dimensions:

Wing area, ft* 2.703.9
Wing span, ft 147.1

Average wing chord. ft 18.4
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We lr.llow need‘ to evalua_te the performance of this configuration to see if it will
meet the operat'lonal requirements. In this particular case, let us take our aircraft
through a mission profile up to the end of cruise.

We shall allow 15 min for taxiing at a thrust level
of 20 percent of the maxi
thrust. The fuel consumed can be found from P o e masimum

AW,=cT Ar=0.95x 0.2 x 70,000 x é-g
=33251b

The amount of fuel consumed during taxiing and waiti - j
engines idle at thrust levels of the orger of 2(% percent (t)lfn riafl?(gr;ali(ri)oig;:iatrx'?\r/l;el (J::
some large. airports aircraft are often towed to the maintenance areas, and seri-o s
consideration has been given to towing aircraft to the end of the ru;xwa and :]
not starting the engines until the clearance has been received. ’ °
At the Zstart. of take-off, the aircraft weight is 226,675 Ib and the wing loading is
83.8 Ib/ft*. With a maximum take-off lift coefficient of 2.2, the sea-level stall speed
is 179 fps (122.2 mph) and the lift-off airspeed is 215 fps (146.7 mph). Using Eqp4~3
the take-off ground run is 2,394 ft, which satisfies the operational constraint‘anci
the.elapsed time is 22.2 seconds. Using the same fuel-consumption equation z;s fi
taxi, the fuel consumed at maximum thrust during take-off is 410 1b. >
At the start of climb, the aircraft weighs 226,2651b and has a winé loading of
83.6 Ib/ft?. The calculations for the maximum rate of climb at sea level are 5°

r=1 +[1 3 " /
(182 ><0.3)2:| =20 |

Lo ($37x03x20\12
FC=\ 3o <0016 )~ 0634fps=452mph=M0.59

. 2 3
sin ypc=0.3 (1 - —)— = -
6/ 2x2x(18.2)* x0.3 =0.1924

yrc =11.1 deg
(R/C)max =663.4 x 0.1924 = 127.6 fps =7,656 fpm

. Ifor _fastest climb to 33,000 ft, with maximum thrust and no restrictions or
limitations, the closed-form expressions of Chap. 4 are used to find the followin
values: a climb time of 8.97 minutes, a climb-fuel weight fraction of 0.195 and ag
fuel consumption of 4,414 1b, and a distance traveled of 67.6 mi. Incide:ntally the
amount of fuel used from start of engines to start of cruise is 8,149 1b. which is’12 1
pe’rlfzgnt gf thc;, total fuel loaded aboard the aircraft. ’ ’ .

€ aircraft weight at the start of cruise is 221,851 1 i ing i
82 1b/ft2, Wi.th this wing loading, the best-range airspe:daix;d7;3}(l)ef;rl(]5ug3éoxic:;g)gol:
M 0.795. Using the Breguet range equation, the cruise mass ratio for 2.400 mi is
found to be 1.312. The corresponding cruise-fuel weight fraction is 62376 o)
thaF thf: cruise fuel consumption is 52,706 1b. The fuel remaining at tf;e ené of
cruise is 6,645 1b, or 9.8 percent of the total fuel loaded aboard the aircraft.
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Let us now return to the climb phase and see what the climb performance would
be if we limited the thrust so that the maximum allowable load factor would be
2.5¢'s. The appropriate T/W ratio is 0.11, so that T is 2.2, the sea-level climb
airspeed is 423 fps (288 mph) or M 0.38, which by coincidence is the air traffic
control maximum airspeed of 250 knots, and the rate of climb is dramatically
reduced to 1,293 fpm.

If during the climb, the throttle setting is increased so as to keep the T/W ratio
equal to 0.11 as long as possible, the maximum T/W ratio at 33,000 ft will be 0.1
and the rate of climb will have increased to 1,779 fpm, primarily because the air-
speed has increased to 489 mph or M 0.73. The average rate of climb becomes
1,536 fpm and the time to climb is 21.5 minutes. With an average T/W ratio of
0.105, the climb fuel will be 5,831 Ib, which, though 32 percent higher than that for
fastest climb without restrictions, does not significantly affect our analysis.

We shall end our preliminary design of this turbojet at this point, although in
practice this would be just the beginning of many iterations and sensitivity analyses.
For example, knowing the order of magnitude of the gross weight, the wing area,
and the wing span, a more detailed breakdown of the weights can be made and
our technical estimates can be refined. Also, it may have crossed your mind as to
why it was decided to cruise at the best-range conditions inasmuch as the cruise
airspeed was specified. It seems more logical to cruise at M 0.8 and at the maximum
lift-to-drag ratio, and it is. This flight program will be examined in the turbofan
example of the next section, using the same set of operational requirements.

12-3 A TURBOFAN EXAMPLE

The operational requirements for our turbofan will be those of the preceding
example, namely, a payload weight of 45,000 1b, a M 0.8 cruise for 2,400 mi at
33,000 ft, and a calculated take-off run of the order of 2,500 to 3,000 ft.

Since the frontal area of a turbofan is larger than that of a turbojet, it seems
reasonable to increase the zero-lift drag coefficient to 0.018. If we leave the other
wing characteristics unchanged, the parabolic drag polar for the turbofan will be
Cp=0.018+0.0468C%, which leads to a maximum lift-to-drag ratio of 17.23.
Although this is lower than the typical value of 18+ that we would expect to find
in a modern high subsonic transport, we will not attempt to raise it, at least not
at this time. Perhaps the most important change from the turbojet values is the
decrease in the thrust specific fuel consumption to a value of 0.65 ata Mach number
of 0.8 and at an altitude of 35,000 ft. The thrust-to-engine weight will remain at 5
and the maximum lift coefficient for take-off will remain at 2.2. We shall also use a
structural weight fraction of 0.45 and a thrust-to-weight ratio of 0.3, as before.

Moving to the cruise phase, our first cruise will be at M 0.8 (784.8 fps or 535 mph)
and at the maximum lift-to-drag ratio. From the Breguet range equation, we find
that the mass ratio is 1.184 and that the cruise-fuel weight fraction is 0.1557. If we
assume that 80 percent of the total fuel loaded is available for cruise, the fuel
weight fraction can be taken as 0.1946, leading to a payload weight fraction of
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0.2954 and a gross weight of 152,336 1b. This should be the minimum-wei;ﬁt
configuration for this set of conditions. Since the cruise lift coefficient is 0.620 (?he
square root of the ratio of the zero-lift drag coefficient to K), the initial cruise wing
loading will be 152.5 1b/ft?, which seems high. Let us check the take-off ground
run, which with this wing loading and a maximum lift coefhicient will be 4,347 (i
with a lift-off airspeed of 197.6 mph. .

Since the take-off ground run is too large with a wing loading this high, we shall
reduce the wing loading to 130 Ib/ft?, keeping the airspeed at M 0.8. Knowing the
wing loading, airspeed, and altitude, the lift coefficient can be found from

_ 2x130
L7 pst x0.336 x (784.8)7

to be 0.5286. Using the drag polar to find the corresponding drag coefficient, the
new flight lift-to-drag ratio is 17. From the Breguet range equation, we can ok;tain
values of 1.187 and 0.1576 for the mass ratio and cruise-fuel weight fraction
respectively, leading to a payload weight fraction of 0.293 and a gross weight oE
153,600 1b. The corresponding take-off ground run is 3,706 ft, which is still too long

antinuing with a similar set of calculations for various values of the winé
loading, the results are shown in Fig. 12-1. One curve shows the gross weight as a
function of the wing loading, and the other the take-off ground run. If we use the
operational constraint that the take-off ground run be not more than 3,000 ft, we

=0.5286
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FIGURE 12-1

Trade-offs between gross weight and take-off run versus wing
loading for the turbofan example.
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find that we can satisfy this constraint with this configuration and set of charac-
teristics with a wing loading of 105 Ib/ft* and a gross weight of 159,000 /b. We could
have changed one or more of the aircraft characteristics and plotted the corre-
sponding curves in Fig. 12-1. For example, an increase in the T/W ratio would
decrease the ground run but increase the gross weight, whereas an increase in the
maximum lift coefficient would affect only the ground run. We could also have
superimposed other operational constraints, such as the ceiling with one engine
and a minimum approach airspeed, so that the figure would have been covered by
many curves. Such a figure is commonly referred to as a carpet plot, and the accept-
able configuration is the one that satisfies all the operational constraints.
The specifications for this preliminary configuration are:

Powerplant:
Two turbofan engines, each with 24,000 1b of thrust at sea level and a thrust
specific fuel consumption of 0.65 1b/h/lb at M 0.8 and 35,000 ft.

Weights:

Gross weight, 1b 159,000
Operational empty weight, 1b 81,100
Maximum useful load, Ib 77,900
Payload, b 45,000
Fuel, Ib 32,900
Maximum wing loading, 1b/ft? 105
Dimensions:
Wing area, ft2 1,514.3
Wing span, ft 110.1
.Average wing chord, ft 138

Looking now at the maximum sea-level rate of climb, with maximum thrust and
with no restrictions or limitations, the climb speed is 485.7 mph, or M 0.64, and
the rate of climb is 8,137 fpm. If the aircraft is limited to 2.5 g’s, the maximum
T/W ratio will be 0.145 and the corresponding sea-level rate of climb is 2,590 fpm
at an airspeed of 350 mph, or M 0.46. With the air traffic control restriction of
250 knots (288 mph) and keeping the thrust-to-weight ratio at 0.145, the sea-level

rate of climb is 2,164 fpm.

12-4 A PISTON-PROP EXAMPLE

The operational requirements for the piston-prop are a payload capability of
20 passengers and 1,000 Ib of cargo (a total payload weight of 5,000), a cruise range
of 1,000 mi at 25,000 ft at the highest airspeed compatible with a maximum calcu-
lated take-off ground run of the order of 2,000 ft (a balanced field length of the

order of 4,000 ft).
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We will use turbocharged engines with a total HP/W ratio of 0.1, a critical
altitude of 20,000 ft, a horsepower specific fuel consumption of 0.45 Ib/h/hp, a
horsepower-to-engine weight ratio of 0.5 hp/lb, and a design propeller efficiency
of 0.85. We will keep the aspect ratio of 8 and the Oswald span efficiency of 0.85
but will increase the zero-lift drag coefficient to 0.025. The corresponding parabolic
drag polar will be Cp=0.025+0.0468C7, and the maximum lift-to-drag ratio has
dropped to 14.6. )

Moving on to the cruise phase and flying at the best-range conditions of the
maximum lift-to-drag ratio, the Breguet range equation is

0.85x375x14.6
0.45

and the mass ratio is 1.1015, leading to a cruise-fuel weight fraction of 0.092.
Since this should be a much smaller aircraft than the two preceding aircraft, we
will allow 20 percent of our total fuel for taxi, take-off, and climb and the u,sual
10 percent for letdown, landing, and reserve, leaving 70 percent for cruise. With
these assumptions, the total fuel weight fraction for this aircraft becomes 0.13.
Leaving the structural weight fraction at 0.45 (which may be a bit on the low side),

1,000 = In MR

350 — 50 ] '
!_ 3000 \
300 | 45 —] 2500
E‘ 250 — 40 _ | — 2000
= | —
3 g ' E
% o0l a5 | E
3 00— 35 < I 1500 =
H £ ! 5
3 3 | :
3 © ' g
S 150 30 [ 1000 "
Take-off run !
|
100 - 25 ! 500
| |
1, '
I
\ | | | | L1
20 30 40 50 60 70
Wing loading (Ib/ft?)
FIGURE 12-2

Trad'e-offs among airspeed, take-off run, and ceiling versus wing loading for
the piston-prop example.
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the weight fraction equation becomes
154
1=0.45 +o.2+#+0.13

so that the payload weight fraction is 0.219. With a total pavload of 5,000 Ib, the
corresponding gross weight will be 22,831 Ib, which we will round off to 23,000 Ib.

With a horsepower-to-weight ratio of 0.1, the required horsepower is 2,300 hp.
Rather than two large engines, we shall use four smaller engines, each with 575 hp
at sea level, for a total power output of the 2,300 hp that we need. This is a standard-
size engine with a good production and maintenance history.

Since the range and, to a first approximation, the gross weight, are independent
of the airspeed, we can select the wing loading that will give us a cruise airspeed
that is acceptable. We must not forget, however, that the wing loading adversely
affects both the take-off run and the ceiling. Consequently, we have three factors
to consider in selecting the wing loading, namely, the cruise airspeed, the take-off
ground run, and the ceiling. These three are plotted as a function of the wing
loading in Fig. 12-2.

If we choose 300 mph as the cruise airspeed (this is a very good cruise airspeed
for a piston-prop and higher than typical), the corresponding take-off run is 2,050 ft,
the ceiling is 30,800 ft, and the wing loading is 56 1b/ft>. The specifications for this
configuration are:

Powerplant:
Four turbocharged piston-prop engines, each with 575 hp at sea level, a critical
altitude of 20,000 ft, and a specific fuel consumption of 0.45 1b/h/hp.

Weights:
Gross weight, [b 23,000
Operational empty weight, 1b 14,950
Maximum useful load, 1b 8,050
Payload, 1b 5,000
Fuel, Ib 3,050
Maximum wing loading, 1b/ft? 56
Dimensions:
Wing area, ft2 410.7
Wing span, ft 573
Average wing chord, {t 7.2

In addition to a ceiling of 30,800 ft, the maximum rate of climb at sea level is 1,900
fpm at an airspeed of 131.5 mph (192.9 fps).

It might be interesting to run through a mission profile for this aircraft. Taxiing
for 15 minutes at 20 percent max power would use approximately 52 1b of fuel.
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The take-off run would be 2,032 ft with a lift-off airspeed of 120 mph and a fuel
consumption of 6.7 Ib. Using the closed-form expressions of Chap. 7, the climb to
25,000 ft would take 16.4 minutes with a fuel consumption of 269 Ib and a distance
traveled of 43 mi. The amount of fuel used to the start of cruise is 327.4 Ib, which is
10.7 percent of the total fuel. The cruise {uel consumption is 2,089.7 Ib and the fuel
remaining is 633 Ib, or 20.7 percent of the total fuel loaded. These fuel figures
indicate that the assumption of 20 percent of the fuel needed prior to cruise was
overly conservative and that the fuel load and gross weight can probably be reduced
somewhat.

We shall conclude this section and chapter with the realization that these design
examples have been greatly simplified and are primarily tutorial. However, as
simple and superficial as they might be, they are very useful for roughly sizing a
propsed aircraft quickly and easily and for giving insight as to how a design can be
improved and as to the importance of the different aircraft and subsystem charac-
teristics. It might be interesting to go back over these examples and see just where
improvements could be made, always keeping in mind the penalties associated
with each improvement. Aircraft performance and design are classic examples of
the many trade-offs that are always being made in engineering and in life itself;
in other words, there is a price of some kind associated with each change and
improvement. The secret of success is to have the value of the change exceed the
cost or associated penalty. !

PROBLEMS

These sets of problems are designed to show that there are operating regions in
which a particular type of aircraft has an edge as well as to exercise you in the
techniques of feasibility designs that are somewhat rough and approximate but
that do give quick and easy answers.

This first set of operational requirements and constraints will apply, either as is
or as later modified, to all the problems to follow. You are to look at an aircraft to
carry 40,000 1b of payload (175 passengers and 5,000 Ib of cargo) 4,000 mi with a no-
wind condition, using a// the fuel loaded aboard, at a cruise Mach number of 0.8
with cruise starting at 30,000 ft. The aircraft regardless of its type or power plant,
is to have a wing loading of 100 Ib/ft?, a maximum lift-to-drag ratio of 18, an
Oswald span efficiency of 0.8, and a structural weight fraction of 0.44.

12-1.  The first look is at a jet aircraft with a zero-lift drag coefficient of 0.018, a
thrust-to-aircraft weight ratio of 0.25, a sfc of 0.8 1b/h/1b, and a thrust-to-
engine weight of 4. Find the minimum gross weight of the aircraft, along
with the fuel weight, the aspect ratio, and the wing span and area.

12-2. Now consider a piston-prop aircraft with a zero-lift drag coefficient of

0.025, an HP-to-aircraft weight ratio of 0.1 hp/lb, a sfc of 0.45 1b/h/hp, a
propeller efficiency of 80 percent, and an HP-to-engine weight of 0.5 hp/lb.
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Find the minimum gross weight of the aircraft, the total fuel weight, the
aspect ratio, and the wing span and arca.

12-3. Now consider a turboprop with a zero-lift drag coefficient of 0.023. an
ESHP-to-aircraft weight ratio of 0.1 eshp/Ib. a sfc of 0.5 Ib/h/eshp, a pro-
peller efficiency of 80 percent. and an ESHP-to-engine weight of 2 eshp/lb.
Find the minimum gross weight, the total fuel weight, the aspect ratio,
and the wing span and area.

12-4. Which of these three types of aircraft is best suited for this high-altitude,
high-airspeed, long-range mission?

The original operational requirements are now modified to reduce the cruise
airspeed to 250 mph and the wing loading to 40 1b/ft>. All other requirements and
constraints as well as the characteristics of the various tvpes of aircraft remain
unchanged.

12-5. Do Prob. 12-1.
12-6. Do Prob. 12-2.
12-7. Do Prob. 12-3.
12-8. Do Prob. 12-4.

This marks the end of the “design” problems. You are encouraged to construct
your own set of operational requirements and constraints in sufficient detail so
that you can define your configuration. Do not be reluctant to estimate missing
technical characteristics on your first try. Once you have an idea as to size of your
aircraft, you are in a much better position to refine these estimates. Finally, let
your imagination loose with regards to your operational requirements: you might
be surprised at the results. For example, an interesting requirement is to lay out
an aircraft to take 4,000 to 10,000 passengers on a nonstop trip half-way around the
world to see a soccer match.



Some Selected References

Anderson, J. D, Jr., Introduction to Flight, McGraw-Hill, New York, 1978.

Babister, A. W., dircraft Dynamic Stability and Response, Pergamon Press, Oxford,
1980.

Blakelock, J. H., Adutomatic Control of Aircraft and Missiles, John Wiley, New York,
1965.

Clancy, L. J., Aerodynamics, John Wiley, New York, 1975.

Dommasch, D. O,, Shelby, S. S., and Connolly, T. F., Aeroplane Aerodyvnamics,
Third Edition, Isaac Pitman, London, 1961,

Etkin, B., Dynamics of Flight—Stability and Control, Second Edition, John Wiley,
New York, 1982.

Hill, P. G, and Peterson, C. R., Mechanics and Thermodynamics of Propulsion
Addison-Wesley, Reading, Mass., 1965.

Houghton, E. L., and Brock, A. E., Aerodynamics for Engineering Students, Edward
Arnold, London, 1972.

Kerrebrock, J. L, Aircraft Engines and Gas Turbines, MIT Press, Cambridge,
Mass., 1977.

Keuthe, A. M., and Chow, C-Y., Foundations of Aerodynamics, John Wiley, New
York, 1976.

Kuchemann, F. R. S., The Aerodynamic Design of Aircraft, Pergamon Press,
Oxford, 1978.

McCormick, B. W., Aerodynamics. Aeronautics, and Flight Mechanics, John Wiley,
New York, 1979,

Miele, A., Flight Mechanics, Vol. I, Theory of Flight Paths, Addison-Wesley.,
Reading, Mass., 1962,

Nicolai, L. M., Fundamentals of Aircraft Design, University of Dayton, Dayton,
Ohio, 1975.

Perkins, C. D., and Hage, R. E., Airplane Performance Stability and Conrrol, John
Wiley, New York, 1949,

279



Appendix A

Properties of
the Standard Atmosphere

TABLE A-1
Standard Atmosphere Property Ratios (English Units)

Altitude Pressure Temperature Density Speed of Sound

103 ft (103 m) 5=P/P5L ®*=®/®SL 0'=p/p5L a* =a/05L

0(0) 1.000 1.000 1.000 1.000
5(1.52) 0.832 0.966 0.862 0.983
10 (3.05) 0.688 0931 0.738 0.965
15 (4.57) 0.564 0.897 0.629 0.947
20 (6.10) 0.460 0.862 0.533 0929
25 (7.62) 0.371 0.828 0.448 0910
30 (9.14) 0.297 0.794 0.374 0.891
35 (10.67) 0.235 0.759 0.310 0.871
36 (10.97) 0.223 0.752 0.297 0.867
40 (12.19) 0.185 0.752 0.246 0.867
45 (13.72) 0.145 0.752 0.194 0.867
50 (15.24) 0.114 0.752 0.152 0.867
55 (16.76) 0.090 0.752 0.120 0.867
60 18.29) 0.0708 0.752 0.094 0.867
65 (19.81) 0.0557 0.752 0.074 0.867

70 (21.34) 0.0438 0.752 0.058 0.867
75 (22.86) 0.0344 0.752 0.046 0.867

80 (24.38) 00271 0.752 0.036 0.867

82 (25.0) 0.0246 0.752 0.033 0.867
85 (25.91) 0.0213 0.761 0.028 0.872

Sea-level values:

P=2,116 Ib/ft* p=23.769 x 10~ * 1b-s7/ft*
©=519deg R=59deg F a=1,116 ft/s
k=14 R=17165 x 10* ft?/s*-deg R
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Appendix B

TABLE A-2
Standard Atmosphere Property Ratios (SI Units) TUl'bOJ et chge Equoﬂon Integ ranons
Altitude Pressure Temperature Density Speed of Sound
10° m 0="P/Ps, O*=0/0, o =p/psL a*=afas,
0 1.000 1.000 1.000 1.000
1 0.887 0.977 0.907 0.988
2 0.784 0.955 0.822 0.977
i 82(9)5 833% ggzg ggg; The general integral range equation, with ¢ constant, is
5 0.533 0.887 0.601 0.942 -1V
6 0.465 0.865 0.538 0.930 X=—| dW )
¢c LW D (B-1)
7 0.405 0.842 0.481 0.918
8 0.351 0.819 0.428 0.905
o 0303 0797 0.380 0893 B-1 THE CONSTANT ALTITUDE-CONSTANT
10 0.261 0.774 0.337 0.880 LIFT COEFFICIENT
11 0.223 0.752 0.297 0.867
12 0.191 0.752 0.254 0.867 FLIGHT PROGRAM
13 0.163 -0.752 0.217 0.867
14 0.128 0.752 0.185 0.867 D=W (2) =W (2) =_Wf
15 0.119 0.752 0.158 0.867 w W/ E (B-2)
ig g(l)g; g;g; gﬁg ggg; E=C./Cp but Cy is constant and Cp=Cpo+ KC? is also constant. Therefore,
18 0:074 0:752 0:098 0:867 E is constant along the flight path and
19 0.063 0.752 0.084 0.867 aw
20 0.054 0.752 0.072 0.867 X=-— V .
(B-3)
Sea-level values:
P=1013x10° N/m?*  p=1.226 kg/m® \/ »SC, \/ pSCL (B-3a)
©=288K=15degC a=340 m/s
k=14 R=287m?/s2K N Ye \/ j' Wl gw
SO that =——
pSCL 1 (B'4)
Performing the indicated integration progressively yields:
2 W 1/2 __ 1/2
\/pSC 2w ]
2 I [T
C pSCL WI
2EV, ( 1 )
= l _——_—
c JMR
so that XncL= J1=0) (B-5)
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B-2 THE CONSTANT
AIRSPEED-CONSTANT
LIFT COEFFICIENT
(CRUISE-CLIMB) PROGRAM

With D=W/E from Eq. B-2 and E constant by virtue of C, and thus Cp being
constant, Eq. B-1 can be written as

dw EV
X=— "c— Jl W_— [ln Wl—ln Wz]
EV Wi\ EV
= <Wz> =~ InMR (B-6)
With the MR =1/(1 —{), the range equation can be written as
EV 1
re="-ln (1 —c> (B-7)
B-3 THE CONSTANT
ALTITUDE-CONSTANT
AIRSPEED FLIGHT PROGRAM
v V¥ ,[ aw_ v JZ —dw
T ¢ )i D TcqSCpo )i 1¥aW? (B-8)
Kw?
with D=qSCD0+ qS
K
d wh =—
and where 75°Con (B-9)
Performing the integration yields
tan™'\/aW; —tan~'\/aW,]
qscpocJa [ian~'al¥; ~tan ™ a:] (B-10)
AW, .
so that with Eq. B-9, Eq. B-10 becomes
tan~'\/aW, —tan~'\JaW,(1 —
C\/KCDO[an VaW, —tan~'aW,(1 - {)] B-12)

The bracketed term represents the difference between two angles and can be
written as

@1—92 ——‘tan_—l [tan(@l—(az)] (B'13)
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where tan ©, =\/;2W1
tan ©, =~/aW,(1—{) (B-14)
Substituting for tan(®, — ©,) in Eq. B-13 yields
[ tan©®, —tan ©, :l
©,-6;=tn 1+tan ®, tan @,

which with the expressions of Eq. B-14 and B-9 becomes

K W1 .
Coo qS
©,-0,=tan"! 0o 9
K W?
1 + = C ZSZ(I )
which can be rearranged to become
 KCpo Wi{
_ -1
0,—-0,=tan - +KW12 KWt
423Cpo 7S 7S
2
But gSCpo + K ”S/l =D,, the total initial drag,
q

and % =Cy, so that

/ KCpo Wil (B-15)
p— = -1
0, -0, =tan 2 KCL‘W1C>
1 D,

Since W,/D, = E;, the initial lift-to-drag ratio, and «/ KCpo = 1/(2En.x) for a par-
abolic drag polar, we can rewrite Eq. B-15 and substitute in Eq. B-12 to obtain
the range equation in the form

UV Eil }
Xy = c arc ia 2E 1= KCL E\L) (B-16)
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Acoustic velocity, 179
Aerodynamic center, 245, 257
Aerodynamic efficiency, 14, 163. See also Lift-
to-drag ratio
Aerodynamic forces, 1, 7, 8-17
Afterburner, 19
Aileron, 264
Aircraft design, 2, 267
Airfoit, 9
asymmetrical, 9
cambered, 9-10
supercritical, 15
symmetrical, 9, 15
Airspeed, 24-26
maximum, 40, 120
minimum-drag, 164
Air traffic control, 46, 57, 84
Altitude, 8
critical, 20, 114, 170, 221
Angle of attack, 10, 261
Angles, 4
bank, 4-5, 263
downwash, 247
flight-path, 4, 34
roll, 4-5, 263
sideslip, 9, 263
yaw, 4-5, 263
Aspect ratio, 9
Asymmetrical aircraft, 3,9
Atmosphere, 7-8, 281-282
Atmospheric density, 8
Axes, 3-4
disturbed (stability), 260
ground (Earth), 3-4
local-horizon, 3-4
principal trihedral, 95
wind, 3-4

Balanced field length, 237

Bank angle, 4-5, 263
maximum, 101-103, 155

Best range, 49, 58-60, 123
piston-prop, 123
turbojet, 49

Breguet range equation, 46, 163
generalized, 164, 171
piston-prop, 123, 163
turbojet, 46, 163, 181
with wind, 227, 230

Buffeting, 185-187
Bypass ratio, 22

Calibrated airspeed, 24
Camber, 9-10
Canard, 246, 261
Carpet plot, 273
Ceiling, 39, 41
absolute, 39, 41, 119, 168
cruise, 42
service, 42
Center of gravity (mass), 1, 242, 245-246, 249
Characteristic equation, 261, 263
Chord, 9
geometric (average), 244
mean aerodynamic, 244, 246
Climbing flight, 70, 141
maximum-energy, 195
piston-prop, 141-151
turbojet, 70-85
Computer-aided design, 267
Computers, 2, 267
Control, 241
Coordinated flight, 33
Coordinate systems, see Axes
Cruise-climb, 45, 54-55

Damping ratio, 262

Degrees of freedom, 1

Derating, 170

Design, 263

Design dive speed, 187

Disturbed axes, 260

Downwash angle, 247

Drag, 7-8
wave, |5

Drag coefficient, 10
due-to-lift, 12
induced, 12
minimum, 13
parasite, [3
zero-lift, 12, 203

Drag polar:
generalized, 12
parabolic, 13, 36

Dutch roll mode, 264

Dynamic pressure, 10, 36, 180, 187

Elevator, 252
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Endurance, 60, 129, 225
Energy height, 192
Energy state, 191-198
Equations of motion, 3. 33
climbing flight, 70, 141
level flight, 35-36, 116
longitudinal, 260
turning flight, 95-96, 151-152
unpowered flight, 85-90
vertical plane, 33-35, 113-116
Equation of state, 8
Equivalent flat-plate area, 205, 215
Excess (specific) power, 193-194

Fastest climb, 74, 144
piston-prop, 144-15]
turbojet, 74-84

Fastest turn, 103, 155
piston-prop, 155-156
turbojet, 103-105

Figure of merit (FOM), 203
gross, 214

Flattest glide, 87

Flight envelope, 39, 185-191
maneuvering, 187
piston-prop, 121
turbojet, 39

Flight limits, 185

Flight-path angle, 4-5, 34, 55, 72

Flying tail, 254

Forces, 1,7
aerodynamic, 7, 8-17
field, 1
inertia, 1, 2
surface, |
thrust, 7

Fuel consumption rate, 54, 113

Fuel weight, 43, 215
gasoline, 113, 215
jet fuel, 43, 215

Gas generator, 169
Geometric chord, 9, 244
Gliding flight, 85

Gross figure of merit, 214
Ground axes, 3-4
Ground speed, 34-35, 225
Gust envelope, 188-191
Gusts, 238

High-speed stall, 100
Horsepower-to-weight ratio, 117, 167

Incidence angle, 247

Landing, 69, 141, 237
piston-prop, 141
turbojet, 69-70

Level-flight condition, 38

Lift, 7,9

Lift coefficient, 10, 36
best-range, 50
maximum, 108, 144, 152, 158
minimum-drag, 14

Lift curve slope, 11

Lift-to-drag ratio, 14, 27
maximum, 14

Load factor, 83, 97
allowable, 83, 102, 187-190
limit, 187
maximum, 83, 101-103, 154155
ultimate, 187

Local-horizon axes, 3-4

Mach-hole mode, 46
Mach number, 10, 179
critical, 15
drag-rise, 14 ;
Maneuvering envelope, 187 ‘\
Maneuver speed, 188
Mass ratio (MR), 43-44
Max cruise, 126
Maximum endurance, 60, 129
piston-prop, 129-132
turbojet, 60-62
Maximum-payload range, 206, 216
Maximum useful load, 204
Mean aerodynamic chord (mac), 244, 246
Minimum-drag airspeed, 164-165
Modes, |
rotational, |
translational, |
Moments, 243-245
Most-economical climb, 84

Natural frequency, 262
Neutral point, 250, 253
Never-exceed airspeed, 187

Operational empty weight (OEW), 23, 204
Oswald span efficiency, 13, 203

Phugoid, 261.
Piston-prop aircraft, 3, 215, 273
Piston-prop engines, 20-21
aspirated, 20
turbocharged, 20
Plane of symmetry, 4, 263
Power, 20
available, 116

curve, 39

drag (required), 116

loading, 117

minimum, 117-118

thrust, 20, 113-114
Propeller efficiency, 114, 138, 160, 203
Propulsion systems, 17
Propulsive efficiency, 163-164, 172

Quasi-steady-state flight, 2, 33, 191

Range, 42
best (maximum), 49, 123
cruise, 42
factor, 163
instantaneous, 43, 123
with specified airspeed, 58-60
Rate of climb, 70, 142
Rate of descent, 86
Relative wind, 4
Reynolds number, 10
Roll angle, 4, 263
Roll subsidence mode, 264
Rotational mode, |
Rudder, 264

Sailplane, 90
Short-period mode, 261
Side force, 9
Sideslip angle, 9, 263
Sonic ratio, 179
Span loading, 205, 215
Specific (excess) power, 193
Specific fuel consumption, 18, 22
equivalent shaft horsepower, 22
horsepower, 20
thrust, 18-19
Spiral divergence, 243, 263
Stability, 241-242
axes, 260
derivatives, 260
dynamic, 241-242, 258-264
longitudinal, 243, 260
static, 243
Stability and control, 241
equations of motion, 242
Stabilizer sizing, 255-256
Stall point, 10
Stall speed, 10, 26, 99, 107, 152, 188
take-off, 67, 138
turning flight, 99, 107-108, 152-154, 158-160
Static margin, 250-251
Static thrust, 166
Steady-state response, 258

Index

Steepest climb. 72, 142
piston-prop, 142-144
turbojet, 72-73

Stepped-altitude flight, 51, 54-58

Stratosphere, 7

Sweep angle, 1!

Take-off, 67, 137, 236
piston-prop, 137-141
turbojet, 67-69
Thickness ratio, 9, 15
Throttle setting, 18
Thrust, 7
augmentation, 19
jet, 21
loading, 40
power, 20, 113-114
static, 11, 114, 167
Thrust-to-weight ratio, 38, 68, 167
Tightest turn, 105, 156, 158
Transient response, 258
Translational mode, !
Transonic region, 16
Tropopause, 7, 8§, 19
Troposphere, 7
True airspeed, 25, 35, 225
Turbofan aircraft, 3, 163, 171, 205
Turbofan engines, 22, 168-170, 271
Turbojet aircraft, 3, 163, 205, 268
Turbojet engines, 17-19
Turboprop aircraft, 3, 163, 171, 222
Turboprop engines, 21-22, 169-170, 215
Turning flight, 95, 151
fastest turn, 103-105, 155-156
maximum bank angle, 101, 154-155
maximum load factor, 101, 154-155
tightest turn, 105-108, 156-158

Unpowered flight, 85-90
Useful load, 23
maximum, 204

V-n diagram, 187-190

Weight fraction, 23-24
cruise-fuel, 43-44
operational-empty weight, 214

Wind-axes, 3-4

Wind effects, 225
onclimb, 237-238
on endurance, 225
on flight time, 231-233
on fuel consumption, 231-233
on range, 226-231
on take-off and landing, 236-237
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Wind fraction, 227
Wind gradient, 237-238
Wind shear, 238
Wing, 9
area, 9
aspect ratio, 9
chord, 9

span, 9

thickness ratio, 9, 15

sweep, 15,17, 111
Wing loading, 26

Yaw angle, 4, 263



