* Free Undamped Linear
mx + kx =0

x(t) = Ay cos w,t + A, sin w,t
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wpAy = \0
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* Free Undamped Torsion

JoO + k0 =0

0(t) = Ay cos w,t + Ajsin w,t
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* Damped
mx +cx +kx =0

Casel. Underdamped system

x(1) = t’_{‘""’{C,'cos mw,,t + Ch sinmw,,r}
Xo + {wuxg
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x(t) = XO(’_{m"'Sin<mw,,t - qb(,)
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Case 2. Critically damped system

Ci = x Ch =

X = V(c)? +(cp)?

Xo = V(C)? +(CY?
x(1) = (Cy + Cat)e™
C] = X9 C2 — \O + WX

Case 3. Overdamped system

(1) = Cel~¢+VENwt 4 0 p(~-VE-Nan

Ap = b Ay = oo/wn  xow({ + V1) + % - —xow({ =V — 1) = %o
F 3 20,V -1 ’ 20,V -1
* Logarithmic Decrement * Coulomb Damping
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* Free Vibration with Hysteretic Damping * Damped System”

F =kx + cx WL SRY S
F(1) = kx + coVX? — x? 1f(1')é 1)

x(t) = Cycos wyt + Cysinw,t + X cos wt
AW = whX?

y — Fy - Ogt
X; ST 2 )
J k — mw 2
0 = In ~In(l +7B) = wp l—(i
Xj-+—l Wy
Foy X0
. . /I C = X0 — Y C: =
Dimension less B = T Y k- me? o,
ficati & 8y = Fo/k
magnification factor (M) = st — £0/
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if(0<§ <03) & =2mw(

. B h o
éeq _?_E if(r=1)
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o x(1) = xgcos @t + 2 sin w,t + =S sin @,
. w &
Ceq = Cc*beq = 2V mk * " ¢ L"
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* Forced “Harmonic” & Damped * Base excitation Underdamped
mx + cx + kx = Fycos wt mx + ¢x + kx = ky + ¢y = kY sinwt + cwY cos wt

= Asin(wt — a)
- Tw,t

><(+]:XOQ O¢ (vugt-¢.) +Xaog(wd—¢\
A=YVE + (cw)Z
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[(k — mo?)? + P?]'/?

” cw o 2r
¢ = tan™ - —tan‘( ,)
k — mw” I =r

=

x(t) = X sin(wt — ¢)

X [ K+ (cw)? ]"2 - 1+ (2¢r)? 1/2
r (k — me?)? + (cw)? a (1 = r?)? + (22r)?

, | . » [ W 3
Xo= |:( xg = X cos §)* + —(Lw,xg + X9 — {w,X cos ¢ — wX sin d))‘:| é = tan~} '""w o |p——— %
Wy k(k — mo”) + (wc)” 1+ (42 —1)r?

lwuxy + xog — {w,X cos ¢ — wX sin
tan ¢y =

wq(xp — X cos @)

* Rotating Unbalance Damped

Mi + ci + kx = mew® sin ot [(k = Mo?)? + (cw)?]? me  [(1 = )%+ (22r)?]'/?

x,(t) = Xsin(wt — ¢) é = tan"( Cw > & = tan-! ( 20r )
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* Damped

*Response Under a General Periodic Force
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*Response Under a Periodic Force of Irregular Form

M=
s>
o
]
7
&
3

i=1,2

)

4=
o

»

5

o
-
Il

ji=12,

Z|o =

*Convoruuon inegrai
Impulse = FAt = mx; — mx,

Response to an Impulse — mx +cx + kx =0
e Xo + {w,xo .
x(t) = e 9! {.\'(, Cos wyt + >0 in wdt}
Wy
Thus the initial conditions are givenby xp =0 {, = —
m
lf‘()_gwll’
x(t) = ———sinwygt = Fg(t)
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Response to a General [ 11 & )
Forcing Condition x(1) = F(7) e~ gin wy(t — 7) dt
mwg Jo
Time-Delayed Step 'S F ,, _ J
Force x(1) = —==—=| VI = % — 780l cos{ w1 — 10) — b}
VI = 2

*Free-Vibration Analysis of an Undamped System

maXo(t) — kaxy(t) + (ko + k3)xo(1) =0

xi(1) = X, cos(wt + ¢) —> x,(1) =-wX; sin(wr + ¢) —> x,(1) =-wX, cos(wt + ¢)
.\'2(1) = X: COS( wt + d)) —_ .\:2(1) :—(UX: Sin( wt + d)) %.'\:2(1) :—Q;Xj_ COS( wt + d))
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*Coordinate Coupling and Principal Coordinates

m 0] )% (b +k) (ki —kb) | [x] o
uncoupled {0 JJ {9} + [_(k,ll — kaly) (k1 + 1\212):| {9} - {0}
Coupled m . me |yl | (ki +k) (kals = katf) | Jy| _ Jo

me Jp | 0 (—kli + k) (Kl + kal5?) | |6 0



*Forced-Vibration Analysis o Damped
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(—@’myy +iwepy + kpy)  (—wymy + ey + ky) | | Xa Fx

[Z(iw)]X = F, X = [Z(iw)] ' Fy
i) = 1 |_ Zy(iw)  —Zjy(iw) o T Znlio)Fo + Zy(io) Fy
[Z( )] Zl](iw)ZZZ(iw) - lel(lw) I_—le(iw) le(lw) :| XZ( Iw) Z”(iw)Zzg(iw) - Z]zz(lw)

k K 12 ()L’ —12 ()L7
[ke] = [ - ] k] = El: 1 6L 41> —6L 2L?
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*Potential and Kinetic Energy Expressions in Matrix Form

1 | [ R D
Vi=ZFxi v =2XT[k]x r=zx[mx T=2qmlgq
*Lagrange s Equations
1 [ oT ar aVv
‘—’—' _._+_:Q(j")' j=1.2.....n
dt \ g ; aq; dq;
*Eigenvalue Problem
Characteristic Equation
- N | p— = .
[Ak] —[m]]X =0 A== ANX =[D)X (D] = [k]'[m]
Orthogonality of Normal Modes

;(’“”klfln];(,(") =1
*Unrestrained Systems

T = IE( mX7 + myx3 + myx3) = IE_\”{ m]?

. N2 b fe — oA = Y27

! E{I\,(.rl —x1)° + ky(x3 — x5)°} 7% (k] x
*Forced Vibration of Undamped Systems Using Modal Analysis

[m]x +[k]X =F

o m)X =[k]X

x(1) =[X]q(r)

4(0) \ . 1 [ _
q1) = q{0) cos wit + ( ——= Jsinwit + — [ Q(7) sinw;(1 — 7)dr, i=1,2 ....n
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*Forced Vibration of Viscously Damped Systems

Melx Gl1) + 2Lwg(n) + ofq(r) =0fr), i
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L] = alm] + BlK]
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(1) = e cos wyt + i sin wg;t g/ 0) U o ; 1 ‘ —~Lwf1-7) o
‘, qi S Wy \/]—_{2 dil (4i + {——e @ sinwgit 0Go(0) + — [ Q(7)e N sinwy(t — 7) dr
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