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CHAPTER 5
THE SLOPE - DEFLECTION METHOD

5.1 Force and displacement methods of analysis

In all the methods of elastic structural analysis, two basic conditions
must be fulfilled. These are :

(1) Static equilibrium.
(2) Compatibility of deformations.

Two main methods of analysis are possible. In the first, static equil-
ibrium is always satisfied and equations are established to express the
second condition; compatibility of deformations in the structure. Since
these equations use forces as unknowns, the method is referred to as the
force method. The method of consistent deformations presented in chapter
2 and the method of the equation of three moments presented in chapter
3 are examples of the force method. In the second method,compatibility of
deformations in the structure is always maintained and equations are
established to express the first condition static equilibrium of the structure.
Since these equations use displacements as unknowns, the method is
referred to as the displacement method. The slope-deflection method to
be considered in this chapter and the moment distribution method to be
considered in the following chapter are examples of the displacement
method.

5.2 Degree of freedom

The number of possible joint rotations and independent joint transla-
tions in a structure is called the degrees of freedom of the structure.

There are three types of degreesof freedom :

(1) The degree of freedom in rotation

The degree of freedom in rotation of a beam or a frame is equal to
the number of possible joint rotations. It follows that if,

s, = degree of freedom in rotation,
j = number of joints including supports,

f = number of fixed supports,
s, =j—fF e |
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(2) The degree of freedom in translation

The degree of freedom in translation of a frame is equal to the number

of independent joint translations which can be given to the frame.

Since in general each joint has two joint translations, the total number
of possible joint translations = 2 j. Since, on the other hand; each fixed
or hinged support prevents two of these translations, and each roller sup-
port or connecting member prevents one of these translations, the total
number of the available translational restraints is (2f 4 2h 4+ r 4 m),

where

f = number of fixed supports,

h = number of hinged supports,
r = number of roller supports,
m = number of members.

The degree of freedom in translation, s,, is thus given by :
s =2j— (2f 4+ 2h + r 4 m) D2

(3) Combined degree of freedom

The combined degree of freedom of a frame, s, is the sum ofits degrees
of freedom in rotation and translation. Thus,
8 — s 8 5.3
As opposed to the degree of statical indeterminancy, n, which refers
to the number of redundant forces, s is sometimes called the degree of
kinematic indeterminancy. If s = 0, the structure is said to be kinematically
determinate. The fixed beam is an example of a kinematically determinate

structure.

5.3 Outlines of the slope-deflection methced

The slope-deflection method is applicable to the analysis of statically
indeterminate beams and frames. It is particularly useful for the analysis
of highly statically indeterminate structures which generally have a low

degree of kinematic indeterminancy.
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Fig. 5.1

This is demonstrated by the frame shown in Fig. 5.1. The frame is
nine times statically indeterminate. This calls for the simultaneous solution
of nine equations if the force method of analysis were to be used. On the
other hand, the frame has only two unknown rotatjons, a, and a, and
is thus kinematically indeterminate to the second degree. This calls for
the simultaneous solution of two equations only if the slope-deflection

method is used.

The general procedure for the analysis is outlined below :

(1) The degree of freedom in rotation and translation are found
separately. This is done either by inspection or by the application of
equations 5.1 and 5.2,

(2) The moments acting on the ends of individual members of the
structure are expressed in terms of the rotations of the joints at the ends
of the member, the rotation of the member itself (if any) and the load
acting on the member. This is done by the slope-deflection equations to
be derived in section 5.5.

(3) The conditions of static equilibrium provide as many equations
as there are joint and member rotations. When solved simultaneously,

these equations give the unknown rotations.

(4) Back-substitution of the thus-determined rotations into the slope-
deflection equations yields the moments acting on the ends of individual

members.

5.4 Sign conventions

Before proceeding to derive the basic slope-deflection equations, it is
necessary to establish specified sign conventions for the moments and

rotations.
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Moments acting on the ends of members, joint and member rotations
are considered positive when occuring in a clockwise direction. For
example, a fixed beam acted upon by a downward load will have negative
and positive moments at its left and right ends respectively. Also, if the
right end of a member sinks with respect to the left end, the member
rotation is positive,

This sign convention, though suitable for considering joint equilibrium,
contradicts the graphical presenfation of the bending moments along the
length of 2 member where moments producing tension in the lower fibers
of the member are considered positive and vice versa. Nevertheless, once
the end moments are obtained it is quite easy to change over to the usual
graphical convention for plotting B.M.Ds.. This is done by drawing free-
body diagrams for individual members with the end moments indicated
according to the sign convention used in the slope-deflection method.

5.5 Derivation of the slope-deflection equations

Fig. 5.2a shows a single member ab of a continuous beam or a frame.
As a result of the loads applied to the structure, the member considered
will assume the given general deformed shape. Ends a and b have been
caused to rotate through angles o, and a, and the axis of the member
hasrotated an angle 4 = A/L as a result of end b settling an amount A

Fig. 5.2

relative to end a. It is now required to find expressions for the final mom-
ents M, and M, acting on ends a and b in terms of the rotations a,
and g, atjointsa and b, the rotation of the member, ¢, and the loads

acting on the member.
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First assume, asin Fig. 5.2b, that ends a and b are fixed, i.e. with zero
rotation at the ends. The loads on the member produce the fixed-end
moments MF,, and MF,, indicated in Fig. 5.2b in their assumed positive
direction. These fixed-end moments must be corrected to allow for the
end rotations a, and a, and the member rotation . The effects of
these rotationy will be found separately and the final result will then be
obtained by superposition.

In Fig. 5.2c the tangent to the elastic curve at a is rotated by a moment
M’, while end b is kept fixed. Using the second moment-area theorem
it may be easily shown that M, = + M’,, and from the first moment-
area theorem, a, = M’',L/4EI. Hence,

M, =4El ¢/ and M', = 2 EI q,/L.
Similarly, with reference to Fig. 5.2d it may be shown that :

M", = 2 El ayfL. and M”, — 4 EI a /L

In Fig. 5.2¢, end b is shown displaced relative to end a by an amount A
while the tangents to the elastic curve at a and b are kept fixed against
rotation. The end moments M"’, and M"’, may again be expressed in
terms of the member rotation ¢ using the moment-area theorems. Thus,

M”’a = Mutb S BIET AILZ = —6 EI l,b[L-

If now, for each end of the member all the end moments corresponding
to the various deformations are added to the fixed-end moments, the fol-
lowing expressions are obtained :

M, = MF,, + 2EIJL (2 a5 + a, — 3 ¢)
5.4
My, = MF,, + 2EI/L (20, + a. — 3 §)

Equations 5.4 are the basic slope-deflection equations. If there is no
relative displacement between the ends of the member, 4 = 0 and these
equations reduce to :

M,, = MF,y + 2EI/L (2 o, + a;)
5.5
M, = M%, +2EI/L (2 a, + q,)
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It should be noted that the coefficient (2EI/L) appearing in the slope-
deflection eguationsis generally different for each member in the structure.

If the (2EI/L)-values for all the members are made n times smaller (or
larger), the effect will only be to make all the rotations n times larger (or
smaller) while the products (2 EI/L) (2 a, + a, — 3 ¢) and (2 EI/L)
(2 ap +a,— 3 $) in equations 5.4 or (2 EI/L) (2 ¢, + «,) and (2 EI/L)
(2 ey, 4 @,) in equations 5.5 remain unchanged, and consequently the
values of the end moments remain ‘also unchanged. Thus, if the
actual values of the rotations are not of interest, as is usually the case,
the relative values of (2 EI/L) rather than their absolute values may be
used in the slope-deflection equations. If the relative values of (2 EI/L)
are denoted by K, the slope-deflection equations in 5.4 and 5.5 may be
restated as :

Mab = MFab =+ Kab (2 a, I L 3 il‘)

5.6
Mba__‘MFba_l"Kab 2 a, + @, — 3 4)
and
Mab = MFab + Kab (2 a + ab)
5.7

Mba = MFba 1= Kab (2 ay = aa)

5.6 Fixed-end moments

MF,, and MF, appearing in the slope-deflection equations are the
moments that develop at the ends of a member assuming it to be restrained
against translation and rotation as in the case of a fixed-end beam.

Expressions for these moments due to common cases of loading are
given in Fig. 5.3. Expression for other cases of loading may be found
from the first principles or from the given expressions using the principle
of superposition. It should be remembered that the given expressions arg

for prismatic members,
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5.7 Applications to statically indeterminate beams

In this section, the application of the slope-deflection equations to the
analysis of statically indeterminate beams will be considered. Beams
without joint translation or known joint translation are dealt with.

It should be noticed that only the relative values of K need be known
for the analysis of beams having no joint translation. On the other hand,
the absolute values of K must appear in the slope-deflection equations for
beams with known joint translation.
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Example 5.1 Draw the B.M. and S.F.Ds. for the beam shown in
Fig. 5.4a if the moment of inertia varies as indicated.

8t

(a) % 1 l_r]l|||3|t{r?lllll
ﬁa 1 b 21 <.

| 3 ke 3_$__‘ 6m
10
65 lBt Tmt St
(b) (‘ D(lnlnlnnu

3.75t 425 85 95

55 7mt }
(c)BMD. l\\/,/\ =3
P

3|.75 375 \
@sFol___+ i
425 225 \

Fig. 5.4

Solution : Since there is no joint translation, form 5.7 of the slope-deflection
equations may be used. The relative stiffnesses and fixed-end moments

are found first.

K, :Ky.=1/6:2I6=1:2
MF,, = —8 % 6/8 = — 6m.t, MF, =8 x 6/8 = 4 6 m.t.
MF,_=—3 X 6212 = — 9mt, MF, =3 X 62/12 = + 9 m.t.

The slope-deflection equations are :

M, = —6+1 (o)
M, =—9+2(2a)

Mcb=+9+2(a’b)

For the single unknown o, appearing in the slope-deflection equations,
one equation of statics is required. This is provided by the condition of
equilibrium at joint b; LM, = 0. Thus,
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Mbn A Mbc = 0.

Substituting from the slope-deflection equations into the joint equili-
brium equation,

6+ 2a,—9 440, =0, a,=1/2

By back-substitution in the slope-deflection equations,

My, =—6+1(1/2) =—55m.t.
My, =+6+1(2x1/2) = + 7m.t.
My, =—9+ 2 (2x1/2) = — 7 m.t.

M,=+4+942(1/2) = + 10m.t.

With the end moments thus determined, the free-body diagrams for
the two members may be drawn as shown in Fig. 5.4b. The corresponding
B.M. and S.F.Ds. are obtained in the usual manner and are as shown in
Figs. 5.4c and d respectively.

It should be noted that in this problem there are three unknown
moments and one unknown angle. It is obvious therefore that a solution
by the displacement method will be simpler than a solution based on the
force method.

Example 5 Draw the B.M. and S.F.Ds. for the beam shown in
Fig. 5.5a if EI = constant.

1-72 Zt‘
(a) _”u : bm-n—ng}!;iln—n-rm;
— 3 . 2 @' ém 2 .I

4943 7 2t 6.314 Lmt 2
2tIm
' [ i) ) ) (3 G [ ) P
‘k
3372 3.828 6.386 5614 2
4943 6.314mt :

{c)B.MD. > /_\ Palbeie
v S

. 6386
3372 3372
SEDL & +\\ e
3828 3.828 -
Fig. 55
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Solution : Since there is no joint translation, form 5.7 of the slope-deflec-
tion equations may be used. :

The relative stiffnesses and fixed-end moments are as follows :
Kp K =1I6:16=1:1

MF, — —PLJ8 = — 7.2 X 6/8 = —5.4m.t,, MF,, = + 54 m.t.

MF, = —wL2/12 =—2 X 62/12=— 6m.t.,, MF,, — 4 6m.t.

Here o, is known to be zero and there are two-unknown a - values; ay
and a,. The slope-deflection equations are :

Mab:"—5'4+l(2aa+ab)x Mab=—‘5.4+ab
M,=+54+12a,+a), My =+54+2aq
M, =—6 +1Q2a,+a), Mye =—6 420y, + a,

My=+6 +1(2a +a), Mjp =+6+9,+2aq

(Note that a slope-deflection equation needs not be written for can-
tilever cd as it is statically determinate. Considering a section just to the
right ofc, My = —2 X 2 = — 4 m.t. The negativesign for the moment
is required since the moment acting on the end of member cd is
anticlockwise.

With two unknown rotations, two equations of statics are required.
These are provided by the conditions of equilibrium at joints b and c.

At joint b, M, + M, =0

At jointe, M, ,—4 =0

It is of particular importance to note that all the unknown moments
should be assumed positive while any known moment should be substituted
forin the equilibrium equation with its known value and sense of direction.

Substituting from the slope-deflection equations into the joint equili-
brium equations,

4a,+a,—06 =0, (i)
a, +2a.+2 =0 (i1)

Solving equations (i) and (ii) simultaneously,

a, = 0.457 and ¢, = — 1.23
Substituting these values in the slope-deflection equations,

M,, = — 54 -+ (0.457) = — 4.943 m.t.

M, = + 54 4+ 2 (0.457) = 6.314 m.t.

M, = —6 1+ 2 (0.457) + (— 1.23) = — 6314 m.t,

M., = + 6 + (0.457) + 2 (— 1.23) = 4.000 m.t.
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Having thus determined the end moments, the free-body diagrams
for all the members may be drawn as shown in Fig. 5.5b. The correspond-
ing B.M. and S.F.Ds. are obtained in the usual manner and are as shown
in Figs. 5.5¢ and d respectively.

Example 5.3 Analyse the continuous beam shown in Fig. 5.6a if the

moment of inertia varies along the beam as indicated. -

9t 4 4
{a) Kl|l21”fnlll_lllb I c l l d
1 1.21 I
E 6m @2 | L—éZ—L—ZJ—Z@'
i 8.05mt IQ! = 618 l‘
(b) ITIJ[IrPEII
-
466 734 6.31t 269 503 .97
805

/Xﬁ _____ 6 1Bmt
(¢)BMD.|e=—" -L e

I\LLV W 8 + 8

assr 311 503 503
(@sFp. K L + L_103
\ 269 269 2;97—'2'97
734
Fig. 5.6

Solution : The relative stiffnesses and fixed-end moments are as follows :
Ky Ky :Kig=1/6:12I/6:1/6=5:6:5
MF, = —wL%12=—2 x 6%/12=—6mt, M =-46mt
MF,_ — —Pab2[LZ= —9 X 2 X 42/62= — 8 m.t.
MF,, = Pba?L2 =9 x 4 X 2262 = 4 4 m.t.
MF,;=—Pa(L—a)L=—4X2X 4/6 = — 5.33 m.t.,
MFy. = + 5.33 m.t.
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The slope-deflection equations are :

Mab=_6+5(2aa+ab) E] Mab:—6+10aa+5a’b
My,=+6+5Q2a,+a) » Myy=+6+5a,+104q,
My,=—8+6Q2a +a) , Mp=—8+12q,+6q,
M,=+4+6(2a ta) , My=1+446aq+124q,
My =—533+5(Qa, +ag) » Mgg=—>533+10a, + 5 a4

Mdc:+5'33+5(2ad+ac)’ Mdc=+5‘33+5a‘c+10aﬁ

It should be noted that in keeping with the general development of the
slope-deflection equations, the fixed-end moments MF_ and MF; must
be included although it is known that the final moments at a and b are
zero. Later, M,;, = 0 and M, = 0 provide two ofthe required equations
of statics.

Inspection of the above slope-deflection equations shows that there
are four unknown rotations; a, , a, , @, and ay. Therefore, four equa-

tions of statics are required. These are provided by the conditions that
the sum of the moments at each of joints a,b,c and d is zero. Thus,

M, =0, M, + M, =0, M, + M, = 0and My, = 0.

Substituting from the slope-deflection equations into the joint equil-
ibrium equations,

10a, + 5a — 6 (i)
S5a, +22a +6 a, =@ (i)
6a, +22a +5 e =133 (iii)

5e + 10 g4 = —35.33 (iv)

Solving equations (i) - (iv) simultaneously,
o, = 0.663, oy =—0.126, o, = 0245 and ay = — 0.66

Substituting these values into the slope-deflection equatiens,

M,, = —6 4 10 (0.663) + 5 (—0.126) = —6 + 6.63 —0.63 = 0
M,, = 4 6 + 5 (0.663)+10 (—0.126) = + 6 + 3.31—1.26 =8.05 m.t.
M, =—8+ 12 (—0.126) + 6 (0.245) = —8— 1.512 + 147

= — 8.05 m.t.
M,=+4+6 (—0.126) +12 (0.245) =14—0.756+2.940 = 6.18 m.t.
M,y =—5.33 410 (0.245) + 5 (— 0.66) = —5.33 +-2.45 — 3.30

= — 6.18 m.t.

M,, — +5.33 + 5 (0.245) + 10 (—0.66) = +5.33 + 1.23 —6.6 = 0
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Having thus determined the end moments, the free-body diagrams for
all the members are obtained and the B.M. and S.F.Ds. are constructed
in the usual manner. The resultis shown in Figs. 5.6 b-d.

It should be noted that in this problem there are two unknown
moments only although by the slope-deflection method four unknown
angles are involved. It follows that a solution by the force method will be
simpler than that worked out above.

Example 5.4 Analyse the beam shown in Fig. 5.7a in the absence of loads

for the following simultaneous support movements :

A downward movement of 0.3 cm. in addition to a clockwise rotation
of 0.001 rad. at support a, a downward movement of 1.2 c¢m. at support
b, and a downward movement of 0.6 cm. at support c. EI = 5000 m2t

(a) Aa b ¢ £.0d
BN Gen 6 ‘@'2 -
qiﬂ ; X
1.19¢ 119 0.66 0.66
3.22mt
(c)BM.D.
+
393
119t 119
{d)S.FO. * :
0.66 066
Fig. 5.7

Solution : Since there are finite joint and member rotations, form 5.4 of
the slope-deflection equations should be used with the absolute (2EI/L)-
values. Further, as there are no loads all the fixed-end moments are zero.
In this case it is known that :

1.2-0.3 12—0.6

a, ==0.001, ;= — 0.0015 and ¢, = o 0.001

a
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The slope-deflection equations are thus as follows :
M,, = 2 (5000/6) (2 x 0.001 4 a5 — 3 x 0.0015)
M,, = 2 (5000/6) (2 a, + 0.001 — 3 x 0.0015)
M. = 2 (5000/6) (2 a;, + a. + 3 x 0.001)

M_, = 2 (5000/6) (2 a, + &y + 3 x 0.001}

There are two unknown rotations; a, and «_ . Fhese may be found
from the conditions of equilibrium at joints b and ¢. Thus,

M, + M, =0 and M,=20
Substituting from the slope-deflection equations into the above two

equilibrium equations,

4 ap 4 a,—0.5 x 1073=10 (3)
a2 ap +-8 x 16-8—=10 (ii)

Solving equations (i) and (ii) simultaneously,

ay, = 0.57 X 103rad. and o, = — 1.79 X 103 rad.

Substituting these values into the slope-deflection equations,

M,, = 2 (5000/6) (2 x 10~3 + 0.57x1073—4.5x1073) = — 3.22 m.t.
M, = 2 (5000/6) (2 x 0.57 x 10~3 4 1 x 1073 — 4.5 x 1073)
= -—3.93 m.t.
M,. = 2 (5000/6) (2 x 0.57 x 1073 — 1.79 x M3 4 3 x 1073
= 393 m.t.

M., = 2 (5000/6) (—2 x 1.79x 1073 +0.57 x 10734 3 x [0 =40
In this type of problem, particular care should be taken with regard
to the proper signs of the known o and ¢ angles and also the units used.
Having determined the end moments, the free-body diagrams for
individual members are obtained and the B.M. and S.F.Ds. are construc-
ted as shown in Figs. 5.7 b-d.

Example 5.5 For the restrained beam shown in Fig. 5.8, determine the
fixing moment at end a if support b settles 8 per unit load and EI = con-

stant.
IP
Aa b
e
Fig. 5.8
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Solution : A, = 8X Yy = 8 (PJ2 + M,,/L). Hence, = 3 (P2 + M, /L)/L.
Since there is finite rotation of member ab, form 5.4 of the slope-deflection
equations should be used. Thus,

M,, =—PL/8 + (2 EI/L) [a, — 3 3 (P/2 -+ My,/L)/L]
— — PL/8 + 2 EI a,/L. — 6 EI 5 (P/2 4 M,,/L)/L2

M,, = + PL/8 + (2 EI/L) [2 o, —3 3 (P2 + M/L)/L]
— + PL/8 + 4EI o/JL — 6 EI 5 (P2 + M,,/L)/L2

There is one unknown rotation, a,. This is obtained from the con-
dition : M, = 0 = PL/8 4 4 EI ¢,/L —6EI & (P/2 + Mab/L)/L2 or,
2EI oL = 3EI 8§ (P|2 + M_/L)/L2— PL[16

Substituting this value into the first slope-deflection equation,

M,, — — (PL/16 - EI 8 Pj2L2) [ (1/3 + EI 3 [L3)

If support b does not settle, 8 = 0 and M_, = — 3PL/ 16 which is the
known value for a restrained beam subject to a central corcenirated load
P. It is also noticed that sinking of support b reduces the reaction at b
and increases the end moment at a.

5.8 Applications to statically indeterminate frames with no joint
translation

Frames that do not involve translation of the joints may be solved using
form 5.5. or 5.7 of the slope-deflection equations. In this case, as for static-
ally indeterminate beams, there will be as many joint equilibrium equations
as there are unknown joint rotations. After solving these equaticrs, the
joint rotations obtained are back-substituted in the slope-deflection equa-
tions to determine the moments acting on the ends of the various members
and the analysis is then completed in the usual manner.

Translation of the joints is generally prevented as a result of the dis-
position of the supports and the supporting conditions of the frame or
complete symmetry in both frame and loading. Fig.5.9 shows cxamplés of
frames with no joint translation. Joint translation of the frames in .
Figs. 5.9a and b is prevented due to the supporting conditions. On the
other hand, joint translation of the frames in Figs. 5.9¢ and d, while gen-
erally possible, do not occur due to the complete symmetry in frame and
loading. It should be noticed that strictly speaking there are slight joint
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(a) 777

T T | S 2 0 I 0 B i B B P
(c) (d)

Fig. 5.9

translation due to the axial deformation of the members but this is norm-
ally neglected in the analysis of such frames.

Example 5.6 Draw the S.F. and B.M.Ds. for the frame shown in Fig. 5.10a
if the moment of inertia varies as indicated.

5t 8mt 5t 8
5t/ 8.5t 8.5
= l":.llsl |n? 24% EEETE] ].Sf’rf"\ 24t
2 8/-_)\\../ VA8
Bmiy 2.4t 8.5t 85| 24
o,
e e pite s A | 1+ DL 24
Lmt [
T el o(F5
o (a) 85t (b) 85

<
<

+

14 Z
24 24 4 4
(c)SFD. (d)BM.D
Fig. 5.10
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Solution : Since the frame is symmetrical and symmetrically loaded, there
will be no joint translation. The relative stiffinesses and fixed-end moments
are as follows :

K K :K4=1I5:2[[8:15=4:5:4
MF,, = — (wL2/12 4+ PL/8) = — (1.5 x 8%/12 4 5 X 8/8) = —13m.t.
MFc‘b = - 13 m.t.

Here it is known that @, = a, = 0, and hence the slope-deflection equa-
tions are as follows:
Mab=0+4(ab) sMyp =4,
M,=03+4(20q,) »My, =8¢,
My, =—13+5(2a,+ o) oM, =—13 110,45 o,
M,=+134+52a, + a,) sMy=+134+5a,+ 10 a,
My=0+4Q24a) : sMyg=8a,
My, =0+4(e) s My, =4 a,

There are two unknown rotations; a; and a,. These may be found
from the conditions of equilibrium at joints b and ¢. Thus,

My, +My =0 and M, +My=0

Substituting from the slope-deflection equations into the two joint
equilibrium equations and solving them simultancously, e, = <4 1 and
a, = — 1. The numerically equal values of ay, and a_ are consistent
with the symmetry of the frame. (This symmetry could have lead to appre-
ciable simplifications had it been utilized at the outset of the solution. This
will be discussed in detail in section 5.11).

Substituting the values of e, and <, into the slope-deflection equations,

M, =4 (1) =4m.t. )
M, = 8 (1) = 8 m.t.

M, =—134+10(1) +5(—1) = —8m.t.
M,=+13+5() + 10(—1) = 8m..
M,y =8(—1) = —8m.t.

My, =4 (—1) =—4m.t.

The free-body diagram for each member is shown in Fig. 5.10b while
the S.F. and B.M.Ds. are shown in Figs. 5.10c and d respectively.
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Example 5.7 Analyse the frame shown in Fig. 5.11a if EI = constant.

3t/m 1092t 10.25mt 18.875mt
372t /-1|||3|:T|||1 -\372

1025
4t % 3.73't€ *mm 13_oaj
" 4t

3
ta
'Ap.'__ | il
(a) 10.92t (b)
10.92 18 875
l\ 1025 ==
2 mm ]ﬁm
0281372 1308t H725mt
028
(c)S.FD. (d)BMD.

Fig. 5.11

Solution : All the joints in the frame are prevented from translation by
virtue of the supporting conditions. The relative stiffnesses and fixed-end

moments are as follows :

Ry K, —716:1T/8—4:3

MF,=—4Xx68=—3mt. s Mf, =+ 3m.t.
MF,_=—3x8%12=—16mt ,MF, = 4 16m.t.
Here a_ = 0, and the slope-deflection equations are as follows :

M, ——3+8a,+4aq,

Mab:ﬂs+4(2aa+ab)
My, =-1+-344a,}8q

M,=+34+42¢a,} a)
M, =—16+3(2aq,) s My, = —16 46 g4
M,=+164+3(q) sMyp=+1643 ¢

The two unknown angles ¢, and «, are found from the two joint .

equilibrium conditions; M, = 0 and M,, + M, = 0
Substituting from the slope-deflection equations into the joint equili-
brium equations and solving simultaneously, o, = — 5/48 and a, = 23/24.

Substituting these values back into the slope-deflection equations,
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M,, = — 3 + 8 (—5/48) + 4 (23/24) =0
M, = +344 (—5/48) + 8 (23/24) = 10.25 m..t.
M, = — 16 4 6 (23/24) = — 10.25 m.t.

M, = + 16 + 3 (23/24) = 18.875 m.t.

The free-body, S.F. and B.M.Ds. are shown in succession in Figs.5.11bc
and d.

Example 5.8 Construct the B.M.D. for the frame shown in Fig.5.12a if
the relative moments of inertia are as indicated.

. 15t/m 5’1
Z_[ EEERE TR EEEEE] EEEEEEEEERI
S

61 b L] < f]
151 1 6
d e
L 12m T it
(a)
2052mt
SN T 236044 10612
- 27 = 2 -

1.26
(b)B.MD.

Fig. 5.12

Solution : The relative stiffnesses and fixed -end moments are as follows :

Ko Ky 1 Kpg: K, =61/12 : 418 : 1.5/6 : I/6 =3 :3 : 1.5:1

MF,, = —1.5 x 12%/12 = —18m.t. ,Mf, = + 18m.t.
MF, = —15 x 8%/12=—8m.t. s ME, = 4+ 8m.t.
Here a, = a4 = 0, and the slope-deflection equations are expressed in

terms of a, , a, and a_.
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M, =—18 + 3 (ay)
My, = +18 + 3 (2 a)
M, — 8 {50 )
Mg =+8+4 320+ ay)
Mpya =0+ 1.5(2 ap)

My, =0+ 1.5 ( a)

M, =0+1Qa 4 o)
M,=0+1Q24q 4 a,)

ML —— 1B 1 8 gy
sMp, =+ 18 46 a,
My, =—8+ 60,1 3¢
sMyp=+84+3a,+6aq
:\Mbd=3ab
siMgp— 1.5 o

sMe =20, + q

sM,, =a. +2aqa,

The three unknown angles a,, a, and a, are found from the equili-

brium conditions of joints b,c and e. Thus,
M, + My, + Mpg =0
M, +M,—12=0
At jointe, M, =0

At joint b,
At joint ¢,

Substituting from the slope-deflection equations into the joint

equlhbrlum equations and solving simultaneously,

ay = — 084, o, = 0.868 and o, = — 0434

<

Substitutiug these values back into the slope-deflection equations,

M,, = —18 4+ 3 (—0.84) = —20.52 m.t.
M,, = + 18 + 6 (—0.84) = + 12.96 m.t.

M,, = —8 + 6 (—0.84) + 3(0.868)= —10 .44 m.t.
M., = + 8 + 3 (—0.84) + 6 (0.£63) = + 10.67 m.t.
M,y = 3 (—0.84) = —2.52 m.t.

My, = 1.5 (— 0.84) = — 1.26 m.t.

M, =2 (0.863) —0.434 = + 1.34 m.t.
M, = 0.868 4+ 2 (— 0.434) =0

The final B.M.D. is thus as shown in Fig. 5.12b.
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5.9 Applications to frames with a single degree of freedom in
translation

In general, joints in frames translate as well as rotate. Joint translation
may occur as a result of applied lateral loads or lack of symmetry in either
frame or loading.

| [ O [ I 1 5 i 1) 8 4 | l

i W
7 7 T T T

(a) (b) (c)

Z 7
(d) (e) ram 77
(f)
R B2 ) P
o= o .
(9) (h)
Fig. 5.13

Fig. 5.13 shows several examples of frames with different degrees of
freedom in translation. This can be found either by inspection or by the
application of equation 5.2 and the result is presented in Table 5.1.
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Frame | j| flh |r |m s =2j — (2f + 2h + r + m) ’
a 4 12| —|—|3|2x4—(2x24+3) =1

b flofE S g igd (o q gy

c 612 1] —]5|2x6—2x2 12 xtt5=1]

d Gilsong e to lapbalent oy LAy LY

e 6 [2 | —|—|5|2x6—(2%x2+5)=3

£ 6 |12 | —|—|6[2x6—(2x2+6)=2

g 713 | —|—|[6|2x7—(2x%x34+6)=2

h 10| —[ 1 1 13]2x10—2x1+1-+4+13) =4

Table 5.1

It should be noticed that although frames d and e have two and three
degrees of freedom in translation, yet under symmetrical loading all joint

translations can be expressed in terms of a single joint translation.

In the analysis of frames with joint translation, urkrncwn member
rotations ¢ in addition to unknown joint rotations a arise. The number
of the unknown y-values corresponds to the degree of freedcm in transla-
tion of the frame at hand. The calculation of the y-values requires special
consideration, '

Take, for example, the frame shown in Fig. 5.14a which has a single
degree of freedom in translation. Due to the lack of symmetry, the tops
of columns ab and dc will translate some amount A.

ThlIS, 'lbab == ln”cd v 'ﬁ - A/h

e e o =

SR A D
I
hl
] i
4 d.

(a)

Fig. 5.14

Of course at the beginning of the solution, the magnitude of the trans-
lation A, and hence the member rotation i, is not known.
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Referring to Fig. 5.14b, the moments acting on the ends of the columns
are shown in their assumed positive direction. From statics,

Xa= Mz + M, )/h and X,= My, + M_)/h

and since there are no horizontal loads acting on the frame, the sum of
these reaction components must be zero. Thus,

(Mab _I_ Mba)f’h =+ (Mdc + Mcd)/h =0

This equaticn is commonly known as the shear equation. There will
always be as many shear equations as there are unknown member rotat-
ions. The student should note in particular that in the shear equations,
as in the joint equilibrium equations, all unknown moments should be
assumed positive.

The simultaneous solution of the shear equation and the other two
equations provided by the conditions of equilibrium at joints b and c;

My, + M,, = 0 and M., + M_; = 0, yields the unknown rotations
a,, ap and .

Once these rotations are determined, the moments acting on the ends
of the various members may be found by back-substitution in the slope-
deflection equations and the analysis completed in the usual manner.

Example 5.9 Calculate the reactions of the frame shown in Fig. 5.15a if
the relative moments of inertia are as indicated.

10

10t 10 237mt 10t 2205 20.1
2t l lasst/" N9 §

b 41 e € \| \.V
295 |295t 7.05 17_05|10
237mt 2.05mt 4~

Sl I 2_6_.\__0.95: (—.-O.SGt
l a d
7 77

B el SEEal e
|2 a

j.-lOt.t . Q.._o.gst
11385mt  369mtNlA

17.05t
o 2.95t (b)

Fig. 5.15

IS=cs8me
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Solution : There are three unknown rotations; two joint rotations a; and
a, and one member rotation ¢ (= i,, = 4). The relative stiffnesses
and fixed-end moments are as follows :
KK K ,,=16:4I/8:1f6 =1:3:1
MF,, = —10 x 3.2 x 4.8%8%2 = —11.52 m.t.
MF,, = + 10 x 4.8 x 3.2%/8%2 = 4 7.68 m.t.

The slope-deflection equations are as follows :

My,=0+1(a,—34) s Myp = ap— 3¢

My, =0+1(2¢,—3¢) My, =2 a,— 3¢

M, =—1152+32a,+ a) ,My,=—1152+6a,+3¢a,
My,=+768+3Q2ce +ea,) ,My=+768+3a,+6¢a
My=0+1(2a.—34) sMyy =2a,—34

Mg =0+1(a.—34) s My = ag— 3¢

At joint b, M, 4+ M, =0
At jointe, M_, +M_;—20=20
Shear equation, (M, + M.,)/6 + (Mg + My)6 4+ 2 =0

Substituting from the slope-deflection equatiors into the three equations

of statics,
8ay,+3a,—3 4=11.52 (1)
3a,+8a,—34=—768 (ii)
—3a,—3e, + 12¢=12 (ii1)

Solving equations (i), (ii) and (iii) simultaneously, a, = 149, a, = 1.65
and § = 1.78.
Substituting these values into the slope-deflection equations,

M, =149 —3(1.78) = — 3.85 m.t.

M,, =2(1.49) — 3 (1.78) = —2.37 m.t.

M, = — 11.52 4 6 (1.49) + 3 (1.65) = +-2.37 m.t.

M,, = + 7.68 + 3 (1.49) + 6 (1.65) = + 22.05 m.t.

M.y = 2(1.65) — 3 (1.78) = —2.05 m.t.

M, = 1.65—3 (1.78) = — 3.69 m.t.

The free-body diagram of each member of the frame is shown in
Fig. 5.15b. Indicated on the same diagram are the reactions at supports
a and d.
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Example 5.10 Construct. the B.M.D. for the frame shown in Fig. 5.16a
if EI = constant.

2t/m
'._D EE R EEEEEEEE c_f
63m s
:
!' d
3 7//721
be
e 7 12m
e Mar i s O

T 1= 205 \ A19.99
ba } 2(
6t d\
xd= M de*Mac d 9 \:
- e.ﬁdc J 848

af—eX =MabtMpa 3
Mab 6

413
(b) (c) BMD.

Fig. 5.16

Solution : The relative stiffnesses and fixed-end moments are as follows:
Ky oK, 2Ky =16 : /19 -0 —9 :1:3
Mfp=—6xX68=—45mt. ,MFf, = +45mt.

MF. =—2 x 122/12 = —24m.t. ,MF,, — + 24 m.t.

Neither the frame nor its loading is symmetrical. Thislack of sym-

metry will cause member bc to translate horizontally some amount A.
Thus,

l/’ab = A!G = '1[J 3 'lbbc =0 and ‘pcd = A/4 = 1'5‘1’

There are three unknown rotations; two joint rotations a;, and a_ and
one member rotation i.

The slope-deflection equations are as follows :

Mp=—45+2(e,—3¢) ,Mu=—454+20,—64¢
Mbaz +45+2(2 c"b—3 Il’) ’N‘[ba: +4'5+4a’b'__6¢
My =—2441(@2a, + a) s My =—24+2a,+ a,
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MCb:—l—Q‘lr-i—l(Qachab) Mo =+24+ e, +2 @
M,;=0+32a—3X 1.54) ,M_4=6a,—13.5 ¢
Mg, =0+3(a,—3 x 15%) s My, =3 o, — 135

At joint b, M, + M, =0
At joint ¢, My + M= 0
To construct the shear equation refer to Fig. 5.16b, which shows the

free-body diagram of the frame. Consideration of the horizontal equili-

brium of the frame as a whole leads to the following shear equation:

M M M M
( ab: ba_3)+( cdl‘ dc)+6=0

Substituting from the slope-deflection equations into the three equations

of statics,

6 ap + a.— 6} = 19.5 (i)
a,+ 8 a,—135¢=—24 (i)
— 6a,— 135 o, + 525 ¢ = 18 (ii1)

Solving equations (i), (ii) and (iii) simultaneously, a;, = 3.665, a;= — 3.838
and ¢ = — 0.225

Substituting these values into the slope-deflection equations,

M, = — 4.5 + 2 (3.665) — 6 (—0.225) = +4.13m.t.
M,, = + 4.5 + 4 (3.665) — 6 (—0.225) = + 20.51 m.t,
M, = —24 + 2 (3.665) 4+ (—3.838) = —20.51m.t.
M,, — 24 | (3.665) + 2 (—3.838) = +19.9m.t.
M,, = 6 (—3.838) — 13.5(—0225) ~=—19.99m.t
M, — 3 (—3.838) —13.5(—0.225) = —848m.i.

The B.M.D. is thus as shown in Fig. 5.16c.
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Example 5.11 Construct the B.M.D. for the frame shown in Fig. 5.17a

if the moment of inertia varies as indicated.

3t b (=
¥ 121
Lm 1
a d
9 bmo k3
(a)
M M.
S X 4
Mbg*Mch 2mt
6
2
2
(d) (e)BM.D.

Fig. 5.17

Solution : In the previous examples on frames involving joint trapslaticn,
all the members were normal to each other. This resulted in obvicus rela-
tionships between various member rotations. In the given frame, and
similar frames having inclined members, such relatiorshigs are rot cbvicus
and must be established. To do so, the members are imagined to be pin-
connected. Since the length of each member does not change and the
deflections are small, the displacement of one end of a2 member relative to
its other end is normal to the axis of this member. This leads to the joint
displacements indicated in Fig. 5.17b. It should be remembered that the
dashed lines in this figure represent the chords of the members after defor-
mation not the elastic curve of the frame. Triangle c c¢'c”, enlarged in
Fig. 5.17c, shows the relationships between A, Ay and Ay . Taking

A as a reference value,

Mgy — Acd:A/msa:5A14and Ap. = 2Atana _—_F N2

$up = P =dA[AXS=Al4t= 14
bpe =—3ARXE6=—Al4=—04¢

Note that §,_  is negative as member bc rotates anticlockwise.
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Since no loads act on individual members, the fixed-end moments are

all zero. The relative stiffnesses are as follows :
B oK, K —I:12H6_I5=1:1%1

The slope-deflection equations are as follows :

My =1 (ay —3 )
M,=12a, —3 ) ‘
Mbc=1(2‘1b + e +3¢)
Mcb=1(2“c S 34)
Myg=12a —34)
Mdc:]-(ac_s ‘1’)

At joint b, M, + M, =0
At joint ¢, M, + M= 0

The shear equation requires special consideration as the horizontal
reaction components at a and d involve not only the end momentson
;rembers ab and c¢d and any lateral load acting on these members, but
also the vertical reaction components. Referring to Fig. 5.17d which shows
the free-body diagram a nd by considering the equilibrium of member
ab,

Xﬂ = (Mab 15 Mba) /4 == (Mbc o Mcb)lls
Similarly, by considering the equilibrium of member cd,
Xy = (Mg + My)/4— (Mye + Mg)/8
Substituting these values into the shear equations, X, + X4 +3=0,

(M, + Mg)/4 + Meg + Mg)/d — Mye + M)/t +3 =0

Substituting from the slope-deflection equations into the three equations of
statics and simplifying,

4a,+a =0 (i)
a, +4a =0 (ii)
34=2 (iii)
Solving equations, (i), (ii) and (iii) simultaneously, ¢, = 0, e, = 0 and
¢ = 2/3. Substituting these values into the slope-deflection equations,
M, =M, = M,y = M, = —2m.t. and My, = M, = 2 m.t.

The final B.M.D. is thus as shown in Fig. 5.17e.
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Example 5.12 Construct the B.M.D. for the frame shown in Fig. 5.18a.

if the moment of inertia varies as indicated.

Q—__—xa 1.06
Mab v X Mac i3
? d (e)BM.D
(d) Y,
Fig. 5.18

Solution : The displacement diagram is shown in Fig. 5.18b. The relative
displacements between the ends of each member are shown enlarged in
Fig. 5.18c. Referring to this figure,

A 5 3
Aab:A:Abc:COSa:TAandAbc:Atana:?A
Al =it 3A
Pap iﬁhc:lﬁcd:? Eme 1.33 :— ¢ = o

Note that i, is negative as member bc rotates anticlockwise.
I 29 31
KECK:KC =— : — :—=5:10:9

b be d 3 3 5
' The slope deflection equations are as follows :
My, =5(a,—44)
My, =520aoq,—4 )
My, =10 (2 ap, + o, + 3 )
M, =10(a, +2a, +34)
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My =9@2a —34¢)
Mo = 9 (ac —3 ¢)

At joint b, M, + M, =0
Atjointc, M., + M =0
Referring to Fig. 5.18d which shows the free-body diagram, and by

considering the horizontal equilibrium of the whole frame,

Mp + My Mg +Mge 3 (M, + M, 12-0
i v 4 3

Substituting from the slope-deflection equations into the three equations
of statics,

30a L 10a § 10 ¢=0 (1)
10e, }38a.+ 3 ¢$=0 (ii)
100, +3 a } 167.33 § =8 (iii)

Solving equations (i), (ii) and (iii) simultancously,

a, = — 0.016416, o, = 0.000468 and 3 = 0.04878
Substituting these values into the slope deflection equations,
M, =5 (—0.016416) — 20 (0.04878) = — 1.06 m.t.
M,, = 10 (—0.016416) — 20 (0.04878) — — 1.14 m.t.

M, = 20 (— 0.016416) + 10 (0.000468) +30 (0.04878)= +1.14 m.t.
M,, = 10 (—0.016416) -+ 20 (0.000468) +30 (0.04878)— +1.31 m.t.
M,, = 18 (0.000468) — 27 (0.04878) — — 1.31 m.t.

- M, = 9 (0.000468) — 27 (0.04878) — + 1.31 m.t.

The final B.M.D. is thus as shown in Fig. 5.18 e.

5.10 Applications to frames with multiple degrees of freedom in

translation

The principles discussed in the preceding section in regard to frames
with a single degree of freedom in translation are applicable to frames
with any degree of freedom. In this case, however, there will be as many
shear equations as there are independent joint translations. The difficulty
associated with such problems arise mainly from setting the necessary
shear equations and the simultaneous solution of the relatively large
number of equations involved. Since solving of equations is of no concern
in this book, only the slope-deflection equations and the necessary condi-
tions of equilibrium will be given in the following examples.
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Example 5.13 Write down, without solution, the slope-deflection equa-
tions and the conditions of equilibrium necessary for a complete analysis
of the two-storey frame shown in Fig. 5.19. The relative stiffaesses of the

various members are as indicated.

1tim
2t T 5 B I
‘ c K=2 d
3m|1 S 1
st} oo
b 4 e
4 |3 3
a f7/_
70 6m T
Fig. 5.19

Solution : From equations 5.1 and 5.2, the degree of freedom in rotation
s, = 4 and the degree of freedom in translation s, = 2. Denoting the
rotation of members ab and fe by ¢; and the rotation of members bc and
ed by ¢, the slope-deflection equations will be as follows :

My, = 3 (0, — 3 ¢1)

M,, =3(2a,—3 ¢)

My, =1 (20, + a.—3 ¢)
M, =1@2a, + a,—3 )
M, =—61+4(20a+ q)
Mnb=+6+4(2a=+ﬂb)
Mcd=—3+2(2¢c+ﬂd)

Mdc=+3+2(‘1d+‘lc)

My =1Q2a3+ o —3 $)

M,y =1(2a + ag—3 #)

My =3(2a—3 1)

M, =3 (e, —3 )

The equations of equilibrium should be equal t6 the combined degree
of freedom — 4 | 2 — 6. Four equations are provided by the joint equi- -
librium conditions at b,c,d and e, and two equations are provided by the
horizontal equilibrium of each of the two étoreys. Thus, the required

conditions are :
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Mba+Mbc+Mbe:0 (1)
M. M., —a (ii)
Mooch M — 0 (iii)
Med + Meb _{_ Met' =0 (IV)
M M M

bc+ cb_I__ de+Med+2=0 (V)

3 3

M

ab:Mba+Mef1_Mfe+2+4=0 (Vl)

Example 5.14 Write down the shear equations required for the determina-
tion of the independent member rotations in the frame shown in Fig. 5.20a.

sl

e f P
hy . I I
#D c b C -JC
Xe
h2
] a d g a d o]
7.\, 77 L, 727 X, X, —"xg
(a) (c) (b)
Fig. 5.20

Solution : From equation 5.2, the degree of freedom in translation s, = 2.
Joints a,d and g are fixed in position while joints b and ¢ may move hori-
zontally an amount A; and joints e and f an amount A,.

Ay Ax —Iq JAY!
s = P fac e S d e e
et e T by R )

Form 5.6 of the slope-deflection equations is to be used for all the verti-
cal members and form 5.7 for the horizontal members. Further, it is
necessary to have two shear equations in order to determine the two inde-
pendent displacements A; and A,.

Considering members ec and fg as free-bodies,

M M M M,
e Mo — and X, —— = i

XC
h, (hy + hy)
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Referring to the free-body diagram of part cefg shown in Fig. 5.20b,

X, +X,—P=0 r
Considering members ab and cd as free-bodies,
o Mt M iy Mat M
h, k.
Referring to the free-body diagram of part abed shown in Fig. 5.20c,
X, L e

The two shear equations (i) and (ii) in addition to the joint equilibrium
equations are sufficient to determine the four unknown joint rotations;

ap, g, a, and a; and the two independent displacements A; and A,.

5.11 Applications to statically indeterminate frames with support

movements

The slope-deflection method is applicakle to the analysis of statically
indeterminate frames with known support movements. In this regard,
form 5.4. of the slope-deflection equations is used. On so doing, the
absolute values of member stiffnesses should be used and the known joint
and member rotations should be expressed in radians. Further, it should
be noticed that in the absence of the applied loads all the fixed-end mom-
ents are zero.

Consider, for example, the frame shown in Fig. 5.21, and let it be
required to determine all the end moments resulting from a clockwise

rotational slip at support a= 8§ and a vertical settlement at support d=—A.

b o e
1 21 i
L |1 ' 1 I
X_WO d f
fii W TP T
Fig. 5.21

Before writing up the slope-deflection equations, it is noticed that
a, = + 0 and that . = A [2L and ¢, = — AfL. Thus, one is
left with three unknown joint rotations; a;,, a, and q, and one unknown

member rotation § ; i, = Yog = Pbor = - The values of these un-
knowns may be found from the three conditions of equilibrium at joints

b, ¢ and e and the shear equation.
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Example 5.15 Analyse the frame shown in Fig. 5.16a in the absence of
load if support a has a clockwise rotational slip = 0.002 rad. and support
d settles by 4 cm. EI = 12000 m2t.

Solution : The absolute (2 EI/L)-values of the various members are first

evaluated and are as follows :
2Bl .2 % 12000

member ab, = = 4000 m.t.

2 ELl 9 12000
member bc, — - 1 = 2000 m.t.

2EL- 20 . 12000
member cd, = = 6000 m.t.

L 4
Member rotations :

A 4 A
e s = d e
i =500 * Yo T a0 ™0 Yt = g0

Here it is known that a, = + 0.002 and e¢; = 0. Thus, the slope-deflection

equations are as follows :
A
M, = 4000 [2 (0.002) + o, — 3 (= ]

A
2 002 — 3 [—
M,, = 4000 [ 2 a, 4 0.002 (600)]

4
M,, :2000[2 st ac—3(T2—06)]
' _ 4
M., =2000[2%+%'—'3 %]
: A
M, = 6000[2 ““-*3(400)]

| A
M, :6000[%—3 4_06]

Joint equilibrium equations :
At joint b, M, + M, =0
At joint ¢, Mg, + M, =0
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Shear equation :

Mab e Mba. _E' Mcd o Mdc

=0
6 4
Substituting from the slope-deflection equations into the three equations
of statics,
600 a;, + 100 a, — A =086 (i)
100 o - 800a —295 A =10 (ii)
iy — 295, - 0.0M58 N — 0002 (iii)

Solving equations (i), (ii) and (iii) simultaneously,

a, = 0.0017, «, = 0.0031 and A = 0.7316

0.7316
M,, = 4000 [ 2 (0.002) + 0.0017 — 3 (_E()H_)] — 4= BAm b

0.7316
M,, = 4000 [ 2 (0.0017) + 0.002 — 3( )] — 1 7O mt

600
M,, = 2000 [2 (0.0017) + 0.0031 — 0.01] = — 7.0 m.t.
M,, = 2000 [2 (0.0031) + 0.0017 — 0.01] = — 4.2 m.t.
M 6000[2 0.0031) — 3 sl 4.2 m.t
cd ( )"_' 400 ]—+m.
0.7316
M,, = 6000 [ 0.0031 — 3 ] = 144ame.
400

5.12 Special simplifying technique
The application of the slope-deflection equations to the analysis of

beams and frames has been general with no reference being made to any
special procedures that may be taken to reduce the labour involved. Such

procedures, however, are possible and exist when :

(1) hinged supports are present,
(2) there is symmetry in the structure.
The corresponding simplifications will be considered separately below :

(1) Modification for hinged ends

a DV
S v
' I= o
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Consider a member ab having a hinged support at a as shown
in Fig. 5.22. The basic slope-deflection equaticns for this member are:

2 EI
M,, = MF, +T(2aa+ab_3 )

2EI
M, — M7 1 = (2ay + a,—3 o)
Since M,, = 0, the first equation, may be re-arranged to give :
L a 3
a, = — MF = -
¢ e (4 EI) 2 vz ¥
Substituting this value of a, into the second equation,
F
M, BT
M,, = (Mf;a ——== )+ — (o — ) e 38
2 L
Equation 5.8 may be re-expressed as :
= 3 El
M, = M., +*L—(ab—¢) . 5.9
where M, — Mf, — MF_ 2 -~ 510 '

A study of equation 5.10 shows that 1\71Ea represents the fixed-end moment
at end b when end a is hinged. Also, l\rIEb adds to the numerical value

of MEa. For example if beam ab shown in Fig. 5.22 carries a uniformly
wlL 2 ( wlL 2 ) wL?

distributed load, ﬁtff 1_2' T 2 % 12 8

Equation 5.9 expresses M,, in terms of @, and ¢ without involving

a,. This results in one less unknown to be determined.To illustrate the
simplification resulting from the application of equation 5.9, two problems
previously solved using the basic slope-deflection equations will be con-

sidered.

Example 5.16 Re-analyse the beam in example 5.3(Fig. 5.6) using the
modified slope-deflection equations.

Solution : The slope-deflection equations are :
2 X 62 s
My, =——+3x5(a) =+9+15q
My =—8+4+2xX6(2a,+a)=—8+24a,+ 120,
Myp =4+ 2X6(2a, + o) =4+ 12q, + 244,

My=—8+3x%x5(a)=—8+15q,
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Two unknown rotations appear in the slope-deflection equations. These
rotations may be determined from the equilibrium conditions at joints b
and ¢; M,, + M, = 0 and M, + M4 = 0. Thus,

39qg, 12, = — 1 (1)
"12a, + 39 ¢, =4 (ii)
Solving equations (i) and (ii) simultaneously, a;,= — 0.63 and o,=0.122.

Substituting these values into the slope-deflection equations,
M,, = +9 + 15 (—0.(63) = + 8.05 m.t.

M,, = — 8 + 24 (— 0.063) + 12 (0.122) = —8.05 m.t.
M., = + 4 + 12 (—0.063) + 24 (0.122) = 6.18 m.t.
M, = —8 + 15 (0.122) = —6.18 m.t.

These moments are identical to those obtained by the lengthy solution

presented in example 5.8.

Example 5.17 Re-analyse theframe in example 5.7 (Fig. 5.11) using the
modified slope-deflection equations.

Solution : The slope-deflection equations are :
M, = + 4.5+ 3 x 4 ()
M,, =—16+2 x 3(2a,)

Mcb=+16+2 Xg(ab)
There is but one unknown rotation which may be determined from the

equilibrium condition at joint b; My, + M, = 0. Thus,

11.5
—11.5 + 24 a,, = 0, from which a, = P 0.48

Substituting this value into the slope-deflection equations,

M,, = + 4.5+ 12 (048) = + 10.25 m.t.

My, = — 16 + 12 (0.48) = — 10.25 m.t.

M., = + 16 + 6 (0.48) = + 18.87 m.t.
These values are identical to those obtained by the lengthy solution presen-
ted in example 5.7.

(2) Allowance for symmetry

When a structure is symmetrical, rotations of the various joints on
one side of the axis of symmetry are related to those of the corresponding
joints on the other side of the axis of symmetry. The type of loading then
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deaides the nature of this relationship. Loads may be unsymmetrical,
symmetrical, or antisymmetrical. Simplification results from the latter
two cases of loading. This is illustrated with reference to Fig. 5.23.

o

Ry
— ——

s (b) i
ﬁ’l l'? | %I R
g b c
W
o, & o, 4
(c)
Ffl Bl |
e Dt ¢ ~—d
.&5{? AT ‘D‘;"Po,c Pocd
(ay ‘
l I
E s c P2 L ——PI2
l
| l |
i g '
% ] 3 ‘4 I 73
(e)
Fig. 5.23
Symmetry : A study of the elastic curve of the structures in Figs 5.23a
and b, which have a centre span, shows that a, = — a4 and @, = — a,
and thus there are two unknown rotations only instead of four. In
Fig. 5.23 ¢, which shows a structure with no centre span, a, = — a,
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=

and e,; = — a,. Since, however, the elastic curve is continuous, the
only way for a,; to be numerically equal and of opposite sign to a;, is
that both of them to be equal to zero. In other words, the given beam
may be considered as one-span beam simply supported at one end and
fixed at the other end.

~Antisymmetry : It is seen in Fig. 5.23d that Vo — &, and e = o
Similarly, in Fig. 5.23¢, @, = a.. Thus,in each of these two structures
the number of unknown joint rotations is reduced by one half.

Unsymmetry : In general, loads are unsymmetrical, but any unsym-
metrical load system may be divided into a symmetrical and an antisym-
metrical load systems, to which the above simplifications apply. Consider,
for example, the frame shown in Fig. 5.24a. The given loading is equi-
valent to the sum of the symmetrical loading shown in Fig. 5.24b and the
antisymmetrical loading shown in Fig. 5.24c. The original frame involves

the solution of six simultaneous equations in six unknown rotations; a,,

Bt B2 oorrrRi2 B2 R/2
c z

P R/ e R/2 B2 B2

2 | B B A 22||tllr111 2 2!
e

= +

a f

Yo T T om0 i

(a) (b) (c)

Fig. 5.24

Qs Ggy %y Pap (= ) and Py (= ¥ .4). The frame under symmetrical
loading involves the solution of two simultaneous equations in two
unknown joint rotations; o, (= — a,) and e, (= — ). The
frame under the antisymmetrical loading involves the solution of four
simultaneous equations in four unknown rotations; e, (= a,), e. (= ag),
Yo (= g ) and . (= th,q). Thus, the original problem which
involves the solution of six equations is replaced by two component pro-
blems; the first involving the solution of two equations and the second
four equations, and it is this procedure which causes a reduction in the
computation time.
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Example 5.18 Re-analyse the frame in example 5.6 (Fig. 5.10a) making
use of the symmetry in the frame and loading.

Solution : From symmetry there is no joint translation and a, = — a,-

The slope-deflection equations are :

Mab:0+4(a’b) JMab:4db
M, =0+4(a,) s My, =8 g
Mbc:-ﬁ13+5(2ab~—ab) s My, = — 13 4+ b ay

These moments are expressed in terms of a single rotation a;,. This
is found from the equilibrium condition at joint b, My, 4+-M, =0. Thus,

8a, —13 4+ 5a, =0,from which ay = 1.
By back-substitution, into the slope-deflection equations, My, = + 4,
My, = + 8 and M, = — 8 m.t.

These moments are identical to those previously obtained in example5.6

Example 5.19 Re-analyse the frame in example 5.11 (Fig. 5.17a) making
use of the antisymmetry in loading. i
Solution : From the antisymmetry of loading, a, = o, and one is left.
with one unknown joint rotation a, and one unknown member rotation .
The slope-deflection equations are : -

My =(a,—3 4)

My, = 2a,—3 ¢)

My, = (2 0, + o + 3 4)

Mg = (2 ay + a, + 3 ¢)

My =(2a,—34¢)

My, = (0 —3 ¢)

The two unknown rotations involved are determined from the equi-
librium condition at joint b and the shear equation.

My, + M, == 0

M, + My, Moy + Mye My + M.y

s 3 =0
4 E 4 4 i

Substituting from the slope-deflection equations into the two equations

of statics and solving simultaneously, @, = 0 and ¢ = 2/3.
Substituting these values into the slope-deflection equations,

Mab = Mba = ed = Mdc = == 2 m.t. al’ld Mbc = Mcb - Qm-t
These moments are identical to those obtained by the lengthy solution

presented in example 5.11.
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EXAMPLES TO BE WORKED OUT

(1) - (11) Using the method of slope-deflection draw the B.M.D. for
each of the beams shown in Figs. 3.32-3.42. EI = constant.

(12)-(17) Re-solve problems 1, 2, 3, 5, 7, 9 if the moment of inertia
varies from span to span as follows :

Problem 1 (Fig. 3.82), I, : Ly, t Iy =2 : 1.2 : 1

Problems 2 and 3 (Figs. 3.38 and 3.34), Iip ¢ Ijp 3 Loy e 1Bl © 4
Problems 5 and 7 (Figs. 3.36 and 3.38), I, : I, = 1.5 : |
Problem 9 (Fig. 3.40), I, : I, : I,y =1:2: 1

(18)+(20) Dstermine the moments at the supports of the beams in

problems 1, 4 and 6 in the absence of the applied loads due to the follow-
ing support movements :

Problem 1 (Fig. 3.32), 8, = 2 cm. and §, = 0.5 em. EI = 4000 m 2.

Problem 4 (Fig. 3.35), i— §, = 2.5 ¢m.
ii—a, =0.005cm. EI = 4000 m2t.

Problem 6 (Fig. 3.37), i — a, = 0.0045 rad. anticlockwise.
ii — §, = 3.6 cm. EI = 5000 m 2t.

(21)-(24) Using the slope-deflection method, draw the B.M.D. for
each of the frames shown in Figs. 3.45-3.57 if the moment of inertia varies
as indicated.

(25)-(42) Using the slope-deflection method, draw the B.M.D. for
each of the frames shown in Figs. 4.23, 4.24, 4.25, 4.27, 4.98, 4.30, 4.32
and 4.34 if the moment of inertia varies as indicated.

445
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(43)-(44) Using the slope-deflection method, draw the B.M.D. for
each of the frames in Figs. 5.25 and 5.26. Check your results by any con-
venient method.

2t
—2'_ ElEEEEL |2rtil';n| ) L [N =5 = |
m 2t/m
t_nlllliz'lilnll ?-m
L 1 I 4
l% 8m b % 12 m .
Fig. 5.25 Fig. 5.26

(45)-(52) State the degrees of freedom in rotation and translation of
each of the frames shown in Figs. 5.27-5.34, then write down the equations
of statics (in terms of member end moments) which are necessary for the
determination of the independent joint and member rotations.
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H ¢ d r 3 f
hy hy _{
| lw; | 179_ f b ]
oY hy
h2 h, ’_1
i
lu L a h f:
el T e e __I -L,Zz?i L ﬂL3 =]
Fig. 5.31 Fig. 5.32
e =k
H d e
2 : d
Hy'b ¢ i f g
S h 4h
h, b i
J h a j
Z Z i 7 T
e Fel e Bl = F
Fig. 5.33 Fig. 5.34
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